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craBy KoMapoBy, KOTOpEI# yKa3aa Ha OOABIIIOE KOAXYECTBO ONIEYATOK ¥ HETOYHOCTEN.



1 HausHasa Teopusa MHOXecCTB

1.1 MmHoxecTBa

AUTEPATVPA: [K1], ra. 1, § 5, m. 1; [vdW], ra. 1, § 1.

Mzer He 6yaeM AaBAThb TOYHBIX OIPEAEAEHUY OCHOBHBIM IIOHSTHUSM TEOPUM MHOYKECTB, STUM
3aHUMAETCS aKCHOMAaTUYeCKas TeOPHUsi MHOXKeCTB. Halr moaxoa K TEOPUU MHOYKECTB COBEPIIEHHO
HAWBEH; II0A MHOXXECTBOM MBI 6yAeM IOHUMATL HEKOTOPBIA Habop (cosokynHocms, cemelicmeo)
06BbeKTOB — asnemermos. IIpupopa 3TuX o6bEKTOB AAST HAaC HE OUYEHb Ba’KHA: 3TO MOTYT OBLITH,
CKa’KeM, HaTypaAbHBIE YKUCAQ, & MOT'YT OBITH APYyr#“e MHO>XeCTBa. MHO>XeCTBO IIOAHOCTBIO OIIpe-
AEASIETCSI CBOUMU 3AEMEHTaMU. HBIME CAOBaMU, ABa MHOXKeCTBa A ¥ B paBHEI TOTAa U TOABKO
TOTAQ, KOTAQ OHU COCTOSIT U3 OAHUX U TeX K€ SAEMEHTOB: X € A TOIAA ¥ TOABKO TOTAQ, KOTAA X € B.

Kaxk 3apaTp MHOKeCTBO? CaMBIil IIPOCTOM CIIOCOO — IIEPEUYUCAUTDL €TO IAEMEHTHI CAEAYIOIIUIM
obpasom: A = {1,2,3}. Cpazy oTMeTUM, ITO KaXKABI# OOBEKT X MOXKET AMOO SIBASITHCS SIAEMEHTOM
AAHHOTO MHOXXeCTBA A (39TO 3aMUCEIBAETCS TakK: X € A), AMOO He SIBASITHCS €ro 3AeMeHToOM (X ¢ A);
OH HE MOJKET OBITH 9AEMEHTOM MHOXECTBa A «ABa pasay. [losTomy 3anmucsk {1,2,1,3,3,2} 3apaer
TO K€ CaMOe MHOXXeCTBO, YTO ¥ 3amuch {1,2,3}, u 3anucse {2,3,1}.

[Ipsimoe TepedmcAeHUE MOKET 33aAATh TOABKO KOHEYHOE MHOXKECTBO. AAST 3apaHUsI Oecko-
HEYHBIX MHOXXECTB MO>XHO MCIOAB30BATh HE(POPMAaAbHYIO 3alXCh C MHOTOTOYWEM, HAIIPUMED,
N ={0,1,2,3,...} — MHO)XECTBO HaTyPaABHBLIX YUCEA.

Samevarue 1.1.1. M1 6yaem cuuTath, 9T0 0 IBASETCS HATYPAABHBEIM YHCAOM.

B Takoil 3anucy ¢ MHOTOTOYMEM MBI IIPEAIIOAATAEM, UTO YUTATEAD IIOHMMAET, KaKNe NMEHHO
3AEMEHTBI UMEIOTCS B BuAY. MHOroToYre MOKET CTOSITHL M CIIpaBa, ¥ CAeBa: HAPUMeED, 3alUCh
{...,—4,-2,0,2,4,...} npu3BaHa ob603Ha4YaTb MHO>KECTBO YETHLIX TUCEA.

Ms! npeallonaraeM Tak’Ke, YTO HaM M3BECTHBI TaKMe MHOXKECTBA, M3YdalOIUeCcs B IITKOAE, KaK
MHO>X€eCTBO BEIECTBEHHLIX YKceA R, MHOXXECTBO PaIllMOHAABHBIX ducen (Q, MHOMKEeCTBO IIEABIX YUCEA
Z.

OueHb Ba>XHBIM IIPUMep MHOXXeCTBa — IIYCTOE MHOMKECTBO &. DTO TaKOe MHOMKECTBO, UTO
BBICKA3bIBaHUE X € & AOXKHO AAS AIOOOrO 06beKTa X.

UyTb boaee cTporuit crocob 3apaHust MHOXKeCTBA: A = {s € S | s yAOBAETBOPsiET CBOUCTBY P};
3MECh BEPTUKAAbHAS YEPTA | YUTAETCST KaK «TaKUX, YTO», & P — TO, YTO B MaTEMATUIECKO AOTUKE
Ha3BbIBAETCS Npeduxamom, TO eCTb, BEICKa3bIBAHNEM, KOTOPOE MOJKET AASI Ka>XAOTO OOBEKTA S
ObITH MCTUHHBIM UAK AOXKHBIM. AAST 3alIACU IPEAMKATOB (X BOOOIIE BHICKA3LIBAHUMN) IOAE3HEBL
3HaUKZ V («AAsT Afoboros ), 3 («cymiecTByeTs ) u 3! («CyLIIECTBYET €AMHCTBEHHEINRY ). DT 3HAYKHI
Ha3BIBAIOTCSI K68AHMOPAMU U TaKKe UMEIOT CTPOTUM CMBICA, HO AAS HAC OHU OYAYT CAY>XUTH
IIPOCTO COKPAINEHUSIMY UHTYUTUBHO IOHATHLIX Ppas3 «AAS AIODOTOY, «CYLIECTBYET» U «CYLIECTBYET
eAMHCTBeHHEIN». Hanmpumep, Vx € N,x > —5 u dx € N, 3x = 15 — uCTUHHEBIe BLICKA3LIBAHUS, a
Vx € N, x < 20 — roxxHOe.

Temepb MBI MO>KeM Hoaee TOYHBEIM 0O6pPa30M ONKUCATH MHOMKECTBO BCEX UETHBIX YUCEA: {X € Z |
Jy € Z : x = 2y}. Emme oAHO IOAE3HOE COKpAIEHNE I0O3BOASIET 3alIACATh MHOXKECTBO YETHEIX IHCEA
Tak: {2x | X € Z}. MHOXecTBO YeTHBIX Yucen MBI 6yaeM obo3HadaTh depes 27.



ObparuTe BHUMAHUE, YTO IOPSIAOK, B KOTOPOM MAYT KBAaHTOPBI B BBICKA3BIBAHUY, UPE3BLIYANHO
Ba’KEH: BEICKa3bIBaHUE Vx € ZIy € Z : x = Y + 1, 04eBUAHO, UCTUHHO (U3 AOOOTO LIEAOTO YUCAA
MO>XHO BBIYECTB 1). A BOT BbICKa3BIBaHUE Jy € ZVX € Z : X = Yy + 1 03HAYaEeT CyI[eCTBOBAHUE TAKOI'O
3araAOYHOIO IIEAOTO YKCAA Y, KOTOPOE Ha eAMHUITy MeHbIe Aloboro meaoro uucaa. [loHSTHO, 9TO
9TO BBICKA3BbIBAHUE AOKHO.

Ha camoM aene, 3anuch {s € S | s yAOBAETBOpPsieT CBOMCTBY P} 3apaeT He mMPOCTO MHOXKECTBO,
a nodmroorcecmeo MHOKecTBa S. Ecan MHOXecTBO T TaKoBO, YTO AI0OOOH 3AEMEHT MHOXKeCTBA |
SIBASIETCSI ¥ 9AEMEHTOM MHOXXECTBa S, TO T'OBOPST, YTO | SBASIETCS IIOAMHOXXECTBOM S ¥ IIUIITYT
T < S. Bonee cTporo, T € S Torpa # ToABKO TOraa, Koraa u3 x € I caeayer x € S. KorcTpyKiuo
«H3 ...CAEAYET ...» MOYXHO 3alUCHIBATH 3HAYKOM =>; B OIPEAEAEHUY ITOAMHOMKECTBA TOT'AA MOKHO
mucaTh X € T = x € S. 3aMeTuM, 4TO CTPeAOYKa UAET TOABKO B OAHY CTOPOHY; €CAM OB OBIAC BEPHO
nuxeS=xeT, o MHOXecTBa S u T coBmapaam Ovl. TakuMm obpaszoMm, ecamu T € Su S < T, To
S = T, IOCKOABKY B 9TOM CAydYae X € S < X € T; MmHOXecTBa S # T COCTOAT M3 OAHUX U TEX K€
9AEMEHTOB.

[Ipumepsr: N € Z < Q < R. Kpome Toro, 27Z < Z. Boaee Toro, @ < X pAAsT AIODOTO MHOKECTBA
X: IycTOe MHO>XECTBO SIBASIETCSI IIOAMHOMXECTBOM AIOOOT0 MHOXXeCTBa. B wacTHocTH, @ € @. He
CAEAYET IIYTAaThb 3HAYKU C U €: TaK, J ¢ J. K ToMy >Xe, CA€Ba OT 3HAYKA € MOYKET CTOSITb OOBEKT
AI060# IPUPOABI, a CAeBa OT 3Ha4YKa & — TOABKO MHOMKECTBO.

Caepyiolree Ba>KHOe IIOHSATHE — MOUHOCMS MHOKeCTBa. HedbopMarbHO FOBOPSE, 9TO KOANIECTBO
9AEMEHTOB B MHOXeCTBe. MoImHocTs MHOKeCTBa X 0603HagaeTcst uepes |X|. HeTko pasamdaroTcs: ABa
CAydYasi: KOTAA MOITHOCTH MHOXXECTBa KOHEYHA ¥ KOI'Ad OHa beckoHeuHa. KcAM MOITHOCTE MHOMKECTBA
KOHEYHA, TO OHa U3MEPSIETCSI HATYPAABHBIM YUCAOM (BOOOIIE [OBOPSI, 9TO IPAKTUIECKU SIBASIETCSI
OIIpeAeAeHMeM HaTypaabHOTO umcaa). Hampuwmep, (@] = 0, [{1,2,3}] = |{2,1,3,2,2,1}| = 3. Koraa
MOIIHOCTb MHOXXeCTBa X HE SIBASIETCS HaTYPAABHBIM YHCAOM, FOBOPST, 4TO X beckoHeuHO: |X| = 0.
Ecam MHOMeCTBO X KOHEYHO, TO AI060E €ro IOAMHOXKeCTBO Y Takyke KoHewHO, U |Y| < |X|. Boaee
TOrO, eCAM Y — IIOAMHOMKECTBO KOHEYHOro MHOXecTBa X, To |Y| = |X| Toraa u ToabKO Toraa, Koraa
Y=X. Ecazuxxe Y S Xu Y # X (B 3TOM CAydae roBOpSAT, 9TO0 Y — cobCmBEHHOE NOOMHOHCECTNBO
X), To |Y| < |X|.

1.2 Onepauun Hag, MHOXeCTBaMU

AUTEPATVPA: [K1], ra. 1, § 5, m. 1; [vdW], ra. 1, § 1.
Onepanuy Hap MHOXKECTBAMHU IIPEAOCTABASIIOT MACCy CIOCOOOB IIOAYYATh HOBBIE MHOMKECTBA U3
y>Ke IMEIMUXCsi. MBI 0OCYAUM II0 KpaliHe#l Mepe CAEAYIOIIUE OIEPAIINAN:

e 0o0BbeAUHEHUE U,
® IIEPECEYEHUE N,
® Da3HOCTB \,

® CUMMETPUYECKAS PAa3HOCTD A,



e (AEKapTOBO) IPOW3BEAEHUE X,
e HeCBsi3HOEe 06bepuHeHZE (KompousBepeHue) | [,
e (darTopm3anus /.

[Iepeceuernue A N B MHO>XeCcTB A u B COCTOUT 13 BCceX 3AeMEHTOB, AeXamux U B A, u B B. Boaee
dopmanbHO, X € A N B Toraa # TOABKO TOTAQ, KOorpa X € A u X € B.

Obbepmuenme A U B MHO)XXecTB A u B cocTomT M3 BCEX IAEMEHTOB, A€XKAIIUX B A uAu B B
(BosmoxxHO, 1 B A, u B B). Vrage roeopsi, x € A U B Torpa # ToabKO TOraa, Koraa x € A uau x € B.

PasuHocts A\B cocrouT m3 snemenToB A, He aexxamux B B: A\B = {x € A | x ¢ B}. Vnaue
roBopsi, x € A\B Toraa u ToabKO Toraa, Koraa x € A u x ¢ B.

CumMMeTpuuecKast pa3sHOCTb A U B COCTOUT U3 3NAEMEHTOB, A€KAIIUX POBHO B OAHOM U3 3THUX
MHO>KECTB. DTO MOKHO 3alucaTh, HaupuMep, Tak: AAB = (A U B)\(A n B).

HecBsi3noe obbepunenue A | [ B mpeanaszadgeHO AAST TOTO, 9TOOH! OOBEAMHUTE ABA MHOMECTBA
A 7 B (KoTOpEIE, BOSMOYKHO, IMEIOT HEIIYCTOE [IEPECEUEHNUE) TaK, YTODBI B PE3YABTATE SIAEMEHTEL U3
A u u3 B «He mepeMeraAuchy: BCe SIAEMEHTEHL U3 A OKa3aAUCh OTAUYHLIMYU OT BCEX IAEMEHTOB U3 B.
[IpeacTaBBTE, YTO IAEMEHTHI MHOXKECTBa A BBIKpAIEHBI B KPACHBIN ITBET, & 9AEMEHTEL B — B cunuMit
iBeT. [Tocae 3TOTO OHM CTAAU BCE PA3AWYHEL (UX IIEpecedYeHNne CTAAO IYCTHIM), ¥ MBI PACCMOTPEAN
ux obvepmuenve. Ecau MHOXecTBa A u B komeuner, To |A ] [B| = |A| + |B].

[TpowsBepenme MHOKECTBA A U B — 3TO MHOXXECTBO BCeX YIOPSIAOYEHHBIX map (a,b), rae a € A,
b € B. 3anuch (a,b) o3Havaer, 4TO MBI 3aBOTUMCSI O NOPSIAKE SAEMEHTOB a,b (B oTAmdmEe OT
sanucu {a,b}): mapa (a,b), Boobie rosopsi, He pasHa mape (b,a), ecam a # b. Boaee crporo,
(a,b) = (a’,b’) Toraa u ToABKO TOTAQ, KOTAA @ =a’' mw b =Db'.

Utax, A x B = {(a,b) | a € A, b € B}. Hanpuwmep,

{1,2,3} x {x,y} = {(1,%),(2,%), (3,%), (1,9),(2,1), (3, y)}-

B mKoAe M3y4YaloT AEKApPTOBY IIAOCKOCTB, KOTOpasi aKTUYECKH IIPEACTaBASIET coboil KBaapaT
BelecTBeHHOM mpsimoit: R? = R x R. BameruwM, 910 |A x B| = |A| X |B| AAST KOHEUHBIX MHOXKECTB
A, B.

HecAoXHO 060BIINTE TTOHSTUS IIePeCceYeHnsi U OO beANHEHNSI Ha HECKOABKO MHOXECTB: A; N
Azn--nAn, AiUuAz U - UA,. Hampumep, A n Ay n Az n Ay = (A1 nAg) nAz) nAg;
Ha CaMOM A€A€ IIOPSIAOK PacCTaHOBKM CKOOOK B TaKOM BBLIPA’KEHWUM He MMeeT 3HadeHus. Boaee
MHTEPECHO NOIIPO6OBATH 0OOOIMUTD OHSTHE IPOU3BEAEHUS; 3aMETUM, 4TO A; X (Ag X A3) He pPaBHO
(A1 x Ay) x Az. NeCTBUTEABHO, IIEPBOE MHOXKECTBO COCTOUT W3 YIOPSIAOYEHHEIX AP, IEPBLIHA
3AEMEHT KOTOPBIX AEKUT B A1, a BTOPOI SIBASIETCS YIIOPSIAOYEHHOMR IIapoil SAeMeHTOB U3 Ay U As.
B To >xe BpeMsi BTOPOE MHOYKECTBO COCTOUT U3 COBEPIIEHHO APYTUX YIOPSAOYEHHEIX IIap: IEPBBIN
X SAEMEHT SIBASIETCSI YIIOPSIAOYEHHOM IIapoil 3AeMeHTOB U3 A; X Ay, a BTOPOR 3AEMEHT AEXKUT B
MHOXkecTBe Az. Ho 1m0 aHaAOrMM C YIIOPSIAOYEHHON [Iapoil MOXKHO OIPEAEAUTH YNOPAOOUEHHYO
MpoUKy M HMOAYIUTH MHOXKECTBO A; X Ay X Az = {(a1,as,a3) | a; € Aj,a; € Az, a3 € Az} (He
coBmaparommee HE ¢ Ay x (Ag x A3), HE ¢ (A1 X Az) x Aj!). CoBepIIeHHO aHAAOTUIHO OIPEAEASETCS



YNOPAOOUEHHAA N -KA UAU KOPMENHC U3 T SIAEMEHTOB (i, ..., Ay ), YTO IO3BOASIET OIPEAEAUTD
mpoumsBepeHME A1 X Ag X -+ X Ay

HeCAOKHO OIPEAEAUTH IIepecedeHre U 0ObEANHEHNE AAST IPOU3BOABHOTO (HE 06S3aTEABHO KO-
HEYHOr0) Habopa MHOXKECTB: eCAZ (A;)ic] — CEMERCTBO MHOXKECTB, IPOUHAEKCUPOBAHHOE HEKOTOPHIM
MHAEKCHBIM MHOXXECTBOM I, TO ();.; Ai — IepecedeHre MHOXXECTB A; — COCTOUT U3 SAEMEHTOB,
KOTOPBIE A€XKAT B KOKAOM Ay, a | J;.; A1 — 0bbeAUHEHNe MHOXKECTB A; — COCTOUT U3 SAEMEHTOB,
KOTOPBIE A€XKAT XOTsI OBl B OAHOM 73 Aj.

C NOMOIIBIO YIOPSIAOYEHHBIX [Iap MBI MO>KEM OOAee CTPOrO ONPEAEAUTE HECBSI3HOE 0ObeAMHEHNUE
MHOXXeCTB A 7 B: paccmorpum MuOxecTBa {0} x A m {1} x B (cocTosiimme m3 «IOKpAIIEHHEIX
anemeHToBy (0,a) anast a€ A u (1,b) anst b € B). Teneps Bce anemernTs! (0,a) u (1,b) y>x Touro
pasAngHbL, 1 MOXKHO moAoKuTE A [[B = ({0} x A) u ({1} x B).

1.3 OtobpaxeHnus

AUTEPATVPA: [K1], ra. 1, § 5, m. 2, [vdW], ra. 1, § 2.

HausHnoe onpedenerue: otobpaxeHue f: X — Y comocTaBAsIET Ka’KAOMY SAEMEHTY X € X HEKOTO-
peit saemeHT Y € Y. Ilpy sroM numyT y = f(X) #AM X — Y X Y Ha3LIBAIOT 00pa3oM 3AEMeHTa X IpH
oTobpakernuu f. BMecTe ¢ Ka>XKABIM OTOOpa>keHMEM HY>KHO IIOMHUTL €ro 0bnactb onpegenenus X u
obnactb 3Hadennii Y; Hanpumep, orobpakenuss N — N, x — x? # R — R, x — x? — ABa coBepImeHHO
Pa3HBIX OTOOpa KEHUS.

ANST Ka>KAOT0 MHOXXeCTBa X MOYKHO PAaCCMOTPETEH TOXAECTBEHHOe 0ToOpaxeHue idy: X — X,
IIepeBOAsIIee KaXKABIY 9IAeMeHT X € X B X.

C KaXXABIM A€KAPTOBBEIM Ipom3BeAeHUEM X X Y MHOKeCTB X # Y CBSI3aHBI OTOOpa>keHus 7111 X X
Y > Xum: XxY — Y, oupeAeneHHBIE CAEAYIOIIM 00pa30oM: 0TODOpaskeHKE 7T; COIOCTABASIET IIAape
(x,Y) aneMeHTOB X € X, Y € Y 9AEMEHT X, a OTOOpa>keHUe T, COIOCTABASIET 3TON IIape IAEMEHT Y.
OTu 0TOOPa’KEHMUST HA3BIBAIOTCS KAHOHMYECKUMU NPOEKLUSIMA.

[Iycte f: X - Y — oTobparkenue, u A < X; 00pa3om IOAMHO>KECTBa A Ha3bIBAETCS MHOKECTBO
obpazoB Bcex aaemenToB u3 A: f(A) ={ye Y |Ixe A: f(x) =y} = {f(x) | x€ A}. Ecau xe B €Y,
MOJKHO IIOCMOTPETD Ha BCe dAEMEHTHI X, 00pasbl KOTOPHIX AexkaT B B. [Toaygaem (nonHbiit) npoobpas
nopamuORecTBa B: f1(B) = {x € X | f(x) € B}. Boobime, roBopsiT, 4TO X SIBASIETCSI IPOOBpa3oM
anemeHTa Yy € Y, ecan f(x) = y; TakuM 06pa3oM, IOAHEIA IIPOO6Pa3 TOAMHOXKECTBA COCTAaBAEH U3
BCeX IIpoobpa30oB BCEX €0 INEMEHTOB.

Ecam f: X - Y — orobparkenue MHOXeCTB 1 A © X, MOKHO OIIPEAEAUTE OrpaHuyeHme orobpa-
>xerust f Ha A. 9To oTobparkeHue, KOTOpoe Mbl b6yaeM obo3HadaTh depe3 f|a, 3 A B Y, 3apaBaeMoe,
HedOPMaAbHO IOBOPsI, TeM >Xe IIpaBuAoM, 4To u f. Boaee TouHo, f|a(X) = f(X) AAS Bcex x € A.

Ilycts Temepb paHbl ABa oTobpakenus, f: X — Y, g: Y — Z. VIx komno3uumsa g o f — 3To HOBOE
orobparkerue u3 X B Z, mepeBopsiiiee aneMeHT x € X B g(f(x)) € Z. To ects, (g o f)(x) = g(f(x))
AAST Bcex X € X. ObpaTuTe BHEMaHUE, YTO MBI 3aIIXCHIBAEM KOMIIO3MIIMIO CIIPaBa HAAEBO: B 3aIIUCHU
g o f cHawana npuMeHsieTcs f, a moToM g.

Teopema 1.3.1 (AccommaruBrocts Kommosuiwmu). ITycms X,Y,Z, T — mnoorcecmsa, f: X — Y,
g:Y—Z, h: Z—>T. Tozda omobpasicerus (hog)of uho(gof) us X 8 T cosnadarom.
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Aoxazameavcmeo. UTO 3HAYUT, YTO ABA OTOOPa’KeHUSI COBIAAAIOT? Bo-IIepBBIX, AOAKHEI COBIIA-
AATh 71X 0OAACTH OIPEAEAEHUS U 3HaueHuUi; u AeficTBUTeABHO, (hog)of u ho(gof) aeficTByIoT U3
X B T. Bo-BTOpPEBIX, OHM AOAKHBI COBIIaAATh B KaXKAOW TOuKe. Bo3bMeM A1000i 9AEMEHT X € X 1
nposepuM, 4To ((hog)of)(x) = (ho(gof))(x). AeficTBUTEABHO,

((hog)of)(x) = (hog)(f(x)) = h(g(f(x)))

(ho(gof))(x) =h((gof)(x) = h(g(f(x))).
]

E1me opHO mmOA€3HOE CBOMCTBO KOMIIO3uIuu: IycTh f: X — Y — oTobparkenue. Toraa foidy =
idy of = f. Ae#icTBuTeabHO, (f 0idx)(x) = f(idx(x)) = f(x) m (idy of)(x) = idy(f(x)) = f(x).

Bce oTobpaskeHuss n3 MHO>XeCTBa X B MHOKECTBO Y 00pa3yoT MHOKECTBO, KOTOPOE MBI OyaeM
obosHagaTh gepes Map(X,Y) uau qepes YX. IlocrepHee 0603HAUEHUE CBSI3aHO C TEM, UTO AAS
koreunurx X, Y umeer mecro pasenctso |YX| = |Y|X|. B wacTrocTn, ecam X = @, To cymecrsyer
pPoBHO opHO oTobparkerue u3 X B Y: |Y?| = 1. Ecau »xe, Hao60poT, Y = &, TO AAST HEIyCToro X
oTobpaskeHuit 13 X B & BoobIIe HET: TouKe 3 X HEYEro COIOCTAaBUTh. TakuM obpasoM, @X = &
AAsT HemycToro X. Hakowner, aast mycToro Y, Kak ¥ AASI AIODOTO APYTOrO, CYIIECTBYET POBHO OAHO
oTobparkeHue u3 & B Y (TOKAECTBEHHOE), m0O3TOMY |F7| = 1.

Onpepenenne 1.3.2. Ilycte f: X — Y — oTobpaskeHue.

1. f Ha3BEIBAETCS WHBLEKTMBHLIM OTODOPAXEHWEM, MAKM WHBLEKLUMEA, ECAM U3 X; # Xo CAEAYET, UTO
f(x1) # f(x2) AAST X1, X2 € X. VIHBIME chroBaMu, y Ka>KAOrO dAeMeHTa Y He Hoaee OAHOTO
mpoobpasa.

2. f Ha3BEIBAETCSA CIOPHLEKTUBHLIM OTOOPAaXXEHUEM, UAK CIOPbEKLMel, eCAT AAST KaXKAOT0 Y € Y Hail-
aetcst x € X Takoit, uTo f(x) = y. VIHBIME cAOBaMM, ¥ KaXKAOTO dAe€HTa Y HE MEHee OAHOT'O
mpoobpasa.

3. f HaswIBaeTcs BUEKTUBHLIM OTOOpaXkeHueMm, mAY buekumnei, eCA OHO UHBEKTUBHO U CIOPBHEKTUBHO.

ITpumep 1.3.3. ObosHauuM uepe3 R, MHOKECTBO HEOTPUIIATEABHBIX BEIIECTBEHHEBIX duceA: Ry =
{x e R | x > 0}. PaccMoTpuM 4deThIpe 0TOOPa>KeHUSI

fi: R - R, x — x%
for: R > Ryp,x — x?;
f3: Rog — R, x — x%;
f42 R>O — RZ(),X — X2.
XoTst 3T 0TOOPa’KeHUsT 3aAAI0TCST OAHOM 1 Toi >Ke popMyAol (BO3BEAEHNUE B KBaApaT), UX CBOM-

CTBA COBEPIIEHHO PA3AUYHEL f, OMEKTUBHO; f3 UHBHEKTUBHO, HO HEe CIOPBEKTUBHO; fy CIOPBHEKTUBHO,
HO HE MHBEKTUBHO; f; He MHBEKTUBHO U HE CIOPBEKTUBHO.



Onpepenenue 1.3.4. Ilycts f: X — Y — orobpa>xkenue. Orobpas>keHue g: Y — X Ha3BEIBAETCS NEBbIM
obpatHbiMm K f, ecam g o f = 1dx. OTobpasxkerHue g: Y — X Ha3bIBaeTCsI NpasBbiM 00paTHbIM K f, ecan
fog = idy. Haroren, g HasbIBaeTcs [ABYCTOPOHHMM] 00paTHbLIM K f, ECAM OHO OAHOBPEMEHHO SIBASIETCS
AEBBIM OOpaTHBIM ¥ IpaBbIM obpaTHBEIM K f. OTobpaskenue f HasbiBaeTCs 00paTUMbIM CneBa, eCAU
y HEro eCTb A€Boe obpaTHOe, 00paTUMbIM CnpaBa, eCAU Y HETO €CThb IIPaBOe OOpaTHOE, U IPOCTO
06paTUMbIM (ZAZ ABYCTOPOHHE 0BPATUMBIM), ECAK ¥ HETO ECTH OOPATHOE.

Nemma 1.3.5. Ecau y omobpaoscerue f: X — Y ecmv snesoe obpam+oe u npasoe obpamHoe, mo
oru cosnadarom. Taxum obpasom, omobpastcerue obpamumo moada u Mmoavko mozoa, Koz0a
0HO obpamumo caesa u 06PAMUMO CNPasa.

Aoxaszameavcmeso. Ilycts y f ecTb AeBoe obpaTHOe g; U IpaBoe obpaTHOoe gg. [lo onmpeaeserumIo
3TO O3HadaeT, 4To g o f = idx u f o gp = idy. Paccmorpum oTobpaskerue (gr o f) o ggr. Ilo
TeopeMe 06 acconmaTuBHOCTH KoMmosmimu 1.3.1 oHo paBHO g o (f o gr). C ApPyro#f CTOPOHEL,
(grof)oggr =idxogr = gr u gL o (fogr) = gr oidy = gr. ITosTomy g1 = gr. O

[Toka>keM, 9TO MBI HA CAaMOM AEAE Y K€ BCTPeYaAM IIOHATUS AEBOH, IIPaBO#l M ABYCTOPOHHEN
06paTMMOCTH IIOA APYTUMU HA3BaHUSIMU.

Teopema 1.3.6. I[Tycmo f: X — Y — omobpastcerue.
1. ITycmv X Henycmo. f obpamumo caesa mozda u moavko mozoa, kozda f uHsexmusHo.
2. f obpamumo cnpasa mozda u moavko mozda, kozda f cropsexmus+o.
3. f obpamumo mozda u moavko mozda, koz20a f buexmusHo.

Aokaszamensvcmeo. 1. Ilpepnmonoxxum, uto f obpaTuMoO CAeBa, TO €CTh, g o f = idx AAS HEKO-
roporo g: Y — X. Iloka)keM MHBEKTUBHOCTD f: IIYCTB X1, Xy € X TakoBwl, 4TO f(x1) = f(xz).
[Tpumensis g, moaydaeM, ato ¢(f(x;)) = g(f(xz2)). Ho g(f(x)) = (g o f)(x) = idx(x) = x prst
BCeX X € X, IIO3TOMY X1 = Xa.

Ob6paTHO, IPEATIOAOKUM, UTO f MHBEKTUBHO, IOCTPOUM K f AeBoe 0OpaTHOE OTOOpa keHUe
g: Y — X. B cuny HenmycToThI X MO>KHO BEIOPATh HEKOTOPHBIHM 3AeMeHT ¢ € X. AAS OIpeAeAeHUST
oTObpa’keHMsI § HaM HY’KHO 33AaTh €ro 3HAUYeHWe AASI KaXKAoro Yy € Y. Bosbmem y € Y; B
CUAY WHBEKTUBHOCTH HalipeTcsi He Gonee opHOro saeMeHTa X € X Takoro, 4ro f(x) = .
Ecam Takoit sneMeHT (POBHO OAMH) €CTh, HOAOKEUM ¢(y) = x. Ecam >xe ero Her, moro>xuM
g(y) = c. IIpoBepumM, YTO TaK OHIPEAEAEHHOE OTOOpa>keHWE ¢ AEHACTBUTEABHO SIBASIETCSI
A€BBIM 0OpaTHBIM K f. AeHCTBUTEABHO, AASI BCSIKOTO Xo € X dAeMeHT f(Xg) AekuT B Y, U
€CThb POBHO OAMH 3AeMEHT X € X Takoi, uro f(x) = f(xg) — 2TO cam Xq. IlosToMy B cuay
Harrero ompepenerus g(f(xo)) = Xo = idx(Xo). MBI mOAyYZAY, YTO AAS IPOU3BOABHOIO X € X
cupaBepAuBo (g o f)(xg) = idx(Xo). [ToaTomy g o f = id.

2. IlpepnmonosxkuM, uTo f obpaTumo cupaBa, To ecTh, f o g = idy aAas HekoToporo g: Y — X.
[Tora>xkeM CIOPBEKTUBHOCTD f; HY>KHO IIPOBEPUTD, YTO AAS Ka’KAOTO Y € Y HaAMAETCS 9IAEMEHT
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x € X Takoii, uro f(x) = y. AedicrBurennsHo, moaroxxuM x = ¢(y). Toraa f(x) = f(g(y)) =
(fog)(y) =idv(y) =y.

ObpatHO, IpeaAlonokuM, 4TO f CclopbeKTuBHO. [locTpouMm oTobparkerme g: Y — X Takoe,
uro fo g = idy. AAST 9TOrO MBI AOAYKHBI ONPEAEAUTE ¢(Y) AASI Kaxkporo y € Y. B cuay
CIOPBEKTUBHOCTY HafiaeTcs XoTsi 6bI opMH saeMeHT x € X Takoit, uro f(x) = y. Toraa
noroxxuM g(y) = x. OueBmano, uto f(g(y)) =y pAAsI Bcex Yy € Y.

Samewarue 1.3.7. Ha camom apene TOT pakT, 9TO MBI MOXKEM 00HO8DEMEHHO AASI Ka*XA0T0 Y € Y
BBIOPATh OAWH KaKOM-HUOYABL 9AEMEHT X € X €O CBOMCTBOM f(X) = Y, ¥ IOAYIUTCS KOPPEKTHO 3aAaHHOE
oTOOpa’>keHUE, SIBASIETCS OAHOM M3 aKCHOM TEOPHY MHOXXECTB (OHA HA3BIBAETCSI aKCMOMOW BblGOpa).
DaKTUIECKN, OHA PAaBHOCHALHA KaK pa3 TOMY, YTO MBI AOKA3LIBaeM: 0OpaTMMOCTHK CIIpaBa AIOOOTo
CIOPBEKTUBHOI'O OTOOpasKeHUsI. 3aMeTUM, UTO IPU AOKA3aTEALCTBE IIEPBOTO IIYHKTA TEOPEMBI TaKOH
TpobAEMEI He BOSHUKAET: TaM IIPK IIOCTPOEHUN AEBOTO 0OpaTHOTO 0TObpa>keHust MBI AO0 BEIOMpaeMm
€AMHCTBEHHEI! IIpoobpas, Aubo (B cAydae IycToro nmpoobpasa) OTIPABASEM HAIll SAEMEHT B (DUKCUPO-
BaHHEIN 9A€MEHT C. 3AECh JKe IPoobpa3s MOXKET OBEITH OIPOMHBIM, M BO3MOXKHOCTB OAHOBPEMEHHO B
OTPOMHOM KOAWYECTBE IPO0OPa30B BEIOPATH II0 OAHOMY IAEMEHTY KaK pa3 U FapaHTHUPYETCsI aKCHOMOR
BBIOOpa. MBI He 0b6Cy>KAaeM CTPOryio (POPMAAU3ANINI0 ITOHATUS MHOXKECTBA, II03TOMY UTHOPHPYEM BCe
TpobAEeMEI, CBSI3aHHBIE C aKCHOMO# BEIOOpA.

3. Ilycte f obparumo. Toraa, odueBMAHO, OHO obpaTMMO CAeBa um obpaTumo cupaBa. [Io ao-
Ka3aHHOMY BBIIIE, U3 9TOTO CAEAYET, YTO f MHBHEKTUBHO U CIOPBHEKTUBHO (3aMETUM, UTO B
AOKA3aTEeAbCTBE TOI'0, YTO U3 OOPATUMOCTH CAEBA CAEAYET MHBHEKTUBHOCTD, MBI HE MCIIOAB30-
BaAM IIPEATIONOXKEHUE O HemycToTe X). 3HauuT, f GMEeKTUBHO.

ObpaTHO, nycTh f BUEKTUBHO, TO €CTh, UHHEKTUBHO U CIOPBEKTUBHO. [IPEATIONOKKMM CHAdYaAQ,
uTo X HemycTo. Toraa, mo pAokasaHHOMY BrImre, f obpaTumo caeBa u obpaTumo cupasa. [lo
aemMme 1.3.5 u3 aToro caeayer, uro f obparumo. OcTaroCch paccMOTPETh CAydail, korpaa X = .
[Tora>xeM, 9TO B 3TOM CAydae u Y = . AAs 3TOTO BCIOMHEUM, UTO f CIopbeKTuBHO. [lo
OIIPEAEAEHUIO 3TO O3HAYAET, YTO AASI KaXKAOro Y € Y HaiaeTcst x € X Tako#, 4To f(x) = y.
Ecam Y HemycTo, TO AAST KaKOTO-HEOYADL dAEMEHTa Y € Y AOAKEH HaWTUCh SAEMEHT X € X,
a 9TO HEBO3MOJKHO, IIOCKOABKY X mycTo. MEbI mokasaau, 4To X = Y = J; HO B 3TOM CAyHae
eCcTb eAMHCTBEHHOe oTobparkenue f: X — Y (TOXKAECTBEHHOE), U €AUHCTBEHHOE OTODpaKeHue
g: Y — X 6yaeT obpaTHEIM K HEMY.

]

Ecam f: X — Y — HekoTOpoe oTobpaskeHue, MOKHO PAaCCMOTPETDL €ro rpadmk
Ie={(x,f(x)) | xe X} = X xY.

OTO NOHSITHE IIOMOTAaeT HaM AATh TOYHOE OIPEAEAEHUE IIOHSTHUIO OTOOpaskeHusi. HeTpyAHO BUAETD,
uyTo rpacduk oTobpakenus f opHO3HAYHO ompereaseT camo f. C ApPyro#l CTOPOHEI, KaKUE ITOAMHOMKE-
crBa X X Y MOryT 6BITEH rpacdpuramu orobparkeruit u3 X B Y? HeTpyaHO IOHATE, YTO HaA KakKAOH
TOYKOH X € X AOAYKHA HaXOAUTHCS POBHO OAHA TOUKa (X,Y) U3 rpaduka (y KadKAOH TOUKHE X €CTb
POBHO OAMH 06pas). DTO NPUBOAUT HAC K CAEAYIOIIEMY OIPEAEAEHUIO.
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Onpepenenue 1.3.8. Vmopsiaouennas Tpoiika (X, Y,T), rae X, Y — muoxxecrBa u I' © X x Y, Ha3bIBaeTCs
otobpaxeHuem u3 X B Y, ecau

1. panst atoboro x € X m3 Toro, 9To (X,Yy;) € ' u (x,yz2) € ', caepayer, 9TO Y; = Yo;

2. AAsT Aroboro x € X cymiecTByeT Yy € Y Takoe, 94To (X,y) € I

1.4 BwHapHble OTHOLIEHUS
AUTEPATVPA: [K1], ra. 1, § 6, mm. 1.

Onpenenenne 1.4.1. BuHapHbIM OTHOLLIEHNEM Ha MHOXXECTBE S Ha3LIBAETCSI IIOAMHOXXECTBO R < S x S.
Ecaum (x,y) € S, TOBOPSIT, 9TO X HAX0AUTCA B OTHOWeEHUM R ¢ y, u numyT XxRy.

ITpumepr, 1.4.2. OrHomenue > Ha MHOKecTBe R: >= {(x,y) € R x R | x > y}. Amanroru4Ho — Ha
MHOXXeCTBe Z, unu Ha MHO)XecTBe N. OTHoIeHNs <, >, < Ha TexX ke MHO)XecTBax. OTHOIIeHe
paBeHcTBa Ha R: {(x,X) | x € R} — amanoruuro Ha AtoboM MHOMKecTBe. OTHOIIEHNE ACAMMOCTH
Ha IIEABIX 4mMcAax (TOYHOe OIpeAeAcHME OYAET AAHO BO BTOpoit raase). Ha MHOMecTBe Bcex
IPSIMBIX Ha A€KAapTOBOW IIAOCKOCTHM MOKHO BBECTU OTHOIIEHWE IAPAAAEABHOCTH ¥ OTHOIIEHUE
IIePIEHAUKYASPHOCTH.

ANsT BU3yaAU3aly OTHOIIEHUH IIOAE3HO PMCOBATh UX I'paduKy — u3006pa’kaTh MHOXXECTBA
TOYEK, KOOPAMHATEI KOTOPBIX A€KAT B AQHHOM OTHOIIEHWH.

1.5 OrtHoweHns 3kBMBANECHTHOCTU

AUTEPATVPA: [K1], ra. 1, § 6, . 2; [vdW], ra. 1, § 5.
OmnpepeneHre OTHOLIEHUST AOCTATOYHO ODIIEee; Ha IPAKTUKE BCTPEYAIOTCS OTHOIIEHMSI, YAOBAE-
TBOPSIIOIIE HEKOTOPBIM U3 CAEAYIOIIUX CBOMCTB.

Onpepenenne 1.5.1. TTycte R € X x X — 6uHapHOE OTHOIIIEHNE HA MHOXXeCTBE X.
1. R HaswIBaeTcst peNekCMBHbIM, eCAT AAST AFODOTO X € X BBITOAHEHO XRX.
2. R Ha3BbIBaeTCs CUMMETPUYHBIM, ECAT AAST AFOOBIX X, Y € X u3 xRy caeayer yRx.
3. R HasbIBaeTCs TPAH3UTUBHBIM, ECAUM AAST AIODBIX X, Y,z € X u3 xRy u yRz caepyer xRz.

4. R Ha3bIBAE€TCS OTHOLIEHWEM 3KBUBAJIEHTHOCTMN, ECAY OHO PePAEKCUBHO, CUMMETPUYHO U TPAH3U-
TUBHO.

ITpumepw, 1.5.2. [locmoTpuMm Ha npumeps! 1.4.2. HeTpyaHO BHAETH, YTO OTHOILIEHUS >, <, >, < Ha
MHOXXeCTBe R TPaH3UTUBHBI, HO HE CUMMETPUYHEL. [Ipu 3TOM OTHOIIEHUS > U < PeAEKCUBHEL.
OrHomenne paBeHCTBA Ha AI0OOM MHOXKECTBE SIBASIETCSI OTHOIIEHNEM 3KBUBaAeHTHOCTH. OTHOIIEHTE
AEAVMOCTH PePAEKCUBHO U TPaH3UTUBHO. OTHOIIEHVE TapaANEeABHOCTH IPSIMBIX Ha IIAOCKOCTH
(ecAm y4uecTh, 9TO IpsiMasi apaAAeAbHA caMoi cebe) SIBASIETCSI OTHOIIEHNEM SKBUBAAEHTHOCTH.
OrTHomeHNE NEPIEHAUKYASIPHOCTYA CUMMETPUYIHO, HO He PEPAEKCUBHO U HE TPAH3UTUBHO.
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Onpepenenue 1.5.3. TlycTs ~ — OTHOIIEHVE SKBUBANEHTHOCTH Ha MHOXeCTBe X. AAs sneMeHTa X € X
paccMoTpuM MHOXKeCTBO {y € X | y ~ x}. MBI 6yaeMm obo3Ha¥aTh €ro 4epes X WAK [X| ¥ Ha3HIBATh
KJ1aCCOM 3KBWBAJIEHTHOCTU SAEMEHTA X.

Teopema 1.5.4 (O pasbueHur Ha KAACCHI SKBUBAAEHTHOCTH). IIycmb ~ — OmMHoOwWeHUE IK8USA-
seHmHocmu Ha mHootcecmsee X. Toz0a X pasbusaemca HA KAACCH, IKEUBAAEHTHOCTIU, MO
ecms, KaHCObIT SNEMEH MHOHCECBA X NEIHCUM 8 KAKOM-MO KAacce, U arobvie dsa Kaacca
aubo He nepecexaromca, aubo cosnadarom.

Aoxasameavcmeo. VI3 pedpAEKCUBHOCTH CAEAYET, UTO X € X, IIOITOMY Ka>KABI IAEMEHT AEKUT B
KakoM-To Kaacce. [IycTs X m J — ABa KAacca 3KBHBAAEHTHOCTU U X N'Y # &. BeibepeMm z € X N ;
TOTARA Z ~ X ¥ Z ~ Y. AOKa>keM, UTO Ha CaMOM AeAe X = Y, IPOBEPUB BKAIOUEHUS B 06e CTOPOHHI.

Bospmem t € X; Toraa t ~ x, x ~ z, z ~ Yy, oTKyaa t ~ y, To ecThb, t € Y. IlosaTomMy X < .
Amanormuso, y C X. [l

Onpepenenne 1.5.5. IIycTs ~ — OTHOIIEHNE SKBIBAAEHTHOCTHY Ha MHO>XKecTBe X. MHOXXECTBO BCEX
KAACCOB 5KBUBAAEHTHOCTH AEMEHTOB X Ha3BIBAETCS (PAKTOP-MHOXECTBOM MHOXKECTBA X IIO OTHO-
meHuo ~ u obosHavaercs: gepe3 X/ ~. Orobparkenue 71: X — X/ ~, COMOCTaBASIONIEE KAXKAOMY
9AEMEHTY X € X €ro KAAcC SKBMBAAEHTHOCTH X, HA3BEIBAETCSI KAHOHMYECKOW Npoekuuei MHO>KeCcTBa X
Ha aKTOp-MHOKeCTBO X,/ ~. HeTpyaHO BHAETB, UTO 3TO O0TOOPA’KEHUE CIOPHEKTUBHO.

1.6 MeToa maTemaTU4eCKONn UHAYKLUN

AUTEPATVPA: [K1], ra. 1, § 7; [vdW], ra. 1, § 3; [B], ra. 1, m. 2.

[Tyctb P(n) — Habop BLICKA3BIBAHU, 3aBUCAINUI OT HaTyPaAbHOrO IapaMeTpa 1. Mpuxuun mate-
MaTU4ECKOi MHAYKUMN raacuT, dTo ecau P(0) ucturHO (6a3a MHAYKUMM) Z AAST AFODOTO HATYpPAABHOTO
k u3 ucturHocTH P(k) creayer ucTurHOCTB P(k + 1) (MHAYKUMOHHBIN nepexoa), To P(N) uCTUHHO AAS
BCEX HaTyPaABHEIX M.

OKBUBaAEHTHaS NePEPOPMYAUPOBKA IPUHIUIIA MATEMATAIECKON MHAYKIUYM TAACHUT, ITO B
AI060M HEIIYCTOM MHOXKECTBE HATYPAaABHBIX YUCEA €CThb MUHUMAABHBIM 3A€MEHT. DTOT IPUHIIAI
(uAM KaKOH-TO PaBHOCUABHBIM €My), KaK NPaBUAO, IPUHIMAETCS 32 aKCUOMY B COBPEMEHHBIX
aKCUOMAaTHKaX HATYPAABHBIX QUCEA.

[Torka>keM, ITO €CAM B AIOOOM HEIIyCTOM MHOKECTBE HATYPaAbHBIX YUCEA €CTb MUHUMAABHBIN
9AEMEHT, TO IPUHIUI MaTEMaTUIECKON HHAYKIIUY BEIIOAHSETC. ByaeM AeficTBOBATE OT IPOTUBHOTO:
IpeAoAokuM, 4To P(0) mcTuHHO, u AAsT Aoboro k € N u3 uctursocT P(K) cAeAyeT UCTHHHOCTD
P(k+1), HO, B TO ke BpeMsi, P(n) ucturHO He AAs BCex M. Ilycts A € N — MHO>KeCTBO HaTypPaAbHBIX
9uCeA M, AAS KOTOPHIX P(M) AOKHO; OHO HEIIYCTO IIO HalleMy IpeAlloaokeHuio. Toraa B A ecTb
MUHUMaAbHBIA 3AeMeHT a. Ecaur a = 0, To P(0) A0KHO (IIOCKOABKY @ € A), YTO IPOTUBOPEYUNT
6aze uHAyKIUZ. EcAu 5xe a > 0, To a — 1 Tak>Ke IBASIETCS HATYPaAbHBIM YUCAOM, X a — 1 ¢ A B
cuny MuHEMAaABHOCTH. [TosTomy P(a — 1) ucturHO. HoO TOraa M3 MHAYKIMOHHOTO IIEPEXOAA CAEAYET,
gto 1 P(a) = P((a — 1) + 1) uCTMHHO — IpPOTUBOPEIHE.

[TpranuIa MaTeMaTHIeCKON MHAYKIUY PAaBHOCHUAEH CAEAYIOIIEMY IPUHINAIY IIOAHON MHAYKIUA:
nycTb P(n) — Habop BEICKa3bIBAHUI, 3aBUCSIINI OT HaTypaAbHOro apaMeTpa n. Ecau P(0) ucturHO
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z u3 ucturasHoctu P(0),P(1),...,P(k) caeayer ucturuocts P(k + 1), To P(n) ucTuHHO AAST BCex
HATYPAABHEIX M.

1.7 Onepauun
AUTEPATVPA: [K1],ra. 4, 8§ 1, m. 1.

Onpepenenne 1.7.1. Tlycte X — mHOXXecTBO. BuHapHoii onepauueit Ha MHOXXecTBe X HA3BEIBAETCS
oTobparkenme X x X — X.

ITpumepwn, 1.7.2. Orobpaxernus R x R — R, 3apaBaemble dopmyramu (a,b) — a + b, (a,b) — ab,
(a,b) — a—Db, aBastorcsa bunapHBIME onepanusamu. Orobpaskerue (a,b) — a® aBasiercsa buHapHOH
omeparyeil Ha MHOXXeCTBE N MOAOKUATEABHEIX HATYPAABHEIX UUCEA.

Onpepenenne 1.7.3. Ilycte @: X x X — X — buHapHas onepanus Ha MHOXXECTBE X.

1. Omepamust ¢ HasbIBaeTCsS accoumatusHoi, ecar @(@(a,b),c) = @(a, (b, c)) BbIIOAHSETCS
AAS BCcex a, b, c e X.

2. Omepanusi (¢ Ha3BIBaeTCsS KOMMYTaTuBHOM, ecau @(a,b) = @(b, a) BEIIOAHSIETCS AASI BCEX
a,beX.

HeTpyaHO BuAETDH, YTO OIepaly CAOPKEHUS M YMHOXKEHMSI Ha MHOJKECTBE BEIIECTBEHHBIX YMCEA
SIBASIIOTCS aCCOIIMATUBHBIMY ¥ KOMMYTATUBHBIMY, & BOT BO3BEAECHUE B CTEIEHL IIOAOKUTEABHBIX
HATYPaABHBIX ITIOAOKUTEABHBIX YUCEA HE SIBASETCS HU aCCOLIMATUBHOM, HU KOMMYTaTUBHOM olepa-
Tuen.

Onpepenenne 1.7.4. TlycTs e — OGuHapHas omepanus Ha MHOXXeCTBe X. DAEMEHT e € X Ha3bIBAETCS
NEBbIM HETPanbHbIM (XAY NEBOI eAUHULEN) TT0 OTHOIIEHHUIO K OLIEPAIUY o, ECALL € 8 X = X AASI AI0HOro
x € X. DneMeHT e € X Ha3BIBAETCSI NPaBbIM HEATPasbHbIM (LAY NPaBo €MHULENA) TI0 OTHOIIEHWIO K o,
ECAZ X @ e = X AAST Afoboro x € X. DneMeHT e € X Ha3bIBAETCST HEMTPaNnbHbIM (IAM €AVNHULEN ), ECATL
OH OAHOBPEMEHHO SIBASIETCSI AEBBIM ¥ IIPAaBBIM HENTPAABHEIM.

OTmMmeTuM, 9TO bBMHAPHAST OIEepalysi BO3SBEACHUS B CTEIEHDh Ha MHOXXeCTBe R obaapaeT mpaBoit
epuHULER (3T0 1: AeficTBUTEABHO, a' = a), HO He 06AAAAET AEBOY EAUHUIIEH.

Nemma 1.7.5. Ecau o: X x X — X — burapHas onepayus, u 8 X ecmbsd npasas eOuHUUQ U AEBAA
eUHUUA OMHOCUMENDHO ®, O OHU CO8Nadarom.

Aoxazamenvcmeo. NEACTBUTEABHO, ECAY €1 € X — AE€Basl EAUHUIIA, a egr € X — IIpaBasi EAUHUIIA,
TO IIO OIIPEAEAEHUIO NEBOY EAMHUIIHI BEIIIOAHEHO €] ® eg = €g, a IO OIPEAEAECHUIO IPABOM €AMHUITHI
BEIIIOAHEHO €| ® eg = er. [loaToMy e = e ® egx = eg. O

Onpepenenne 1.7.6. Ilycts o — HGumapHas omepanust Ha MHOXXeCTBe X, X B X €CTb HERTPAALHBIN
3AEMEHT € OTHOCUTEABHO 3Toi onepanuu. IIycts x € X. DaemeHT Yy € X Ha3BIBAETCS JIEBbIM 00paTHbIM
(OTHOCUTEABHO OIlepalyy o) K X, ECAU YX = €. DAeMeHT Y € X Has3bIBAETCS NPaBbiM 00pPaTHbIM
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(OTHOCUTEABHO OIEpalAZ ®) K X, ECAM XY = e. Hcam Yy € X OAHOBPEMEHHO SIBASIETCSI AEBBIM U
IIpaBBIM OOPATHBIM K X, TO OH Ha3BIBAETCS IIPOCTO 0OPaTHbIM K X. DAEMEHT X HA3BLIBAETCSI 00paTUMbIM
CNeBa, eCAM Y HETO €CThb AEBBIN OOpaTHEIA, 00paTUMbIM CNpaBa, ECAUM ¥ HETO eCThb IIPaBhIf OOpPATHEIH,
7 00paTUMbIM, ECAU V HET'O €CTh OOpPaTHEIM.

Nemma 1.7.7. ITycmv o — burapHaa onepayus Ha mHootcecmsee X, u 8 X eCmb HeUmpanbHbuill
2NEMEHM € OMHOCUMENLHO MO onepayuu. I1pednosorHcum, ¥mo onepayus ® accoyuamueHa.
ITyemv snemenm x obpamum caesa u obpamum cnpasa. Tozda on obpamum. UHvimu caosa-
MU, ECAU Y FNEMEHMA eCND Ae8bll U NPasblli 06PaMHBIU OMHOCUMENDHO ACCOUUAMUBHOU
onepayuu, mo OHU Cco8Nnadarom.

Aoxaszameavcmeo. [lycTb Yy — AeBBIE 0OpaTHBIR K X, a Yr — NIpaBbIit obpaTHEI! K X. [Io ompeae-
AEHUIO 3TO O3HAYaeT, YTO Y @ X = € X X ® Yg = e. Ho Torpa

Yyr=e€eyr=(yrex)eyr =yre(xeyr) =yree=yr
(o6paTnTe BHUMAaHUE, YTO B CEPEAVHE MBI BOCIIOAB30BAAUCH aCCOIIMATUBHOCTBIO OIlepaliin 0). [

IIycts Ha X 33paHa buHapHas omepamnus e, u a,b, c € X. Brlpa>xeHue a e b e ¢ He oIIpeAeAEHO:
AASI €70 OAHO3HAYHON MHTEPIPETANNY HEOOXOAMMO PACcCTaBUTh CKOOKM, U IOAYIUTCS AM60 (aeb)ec,
Aubo a e (bec). Ecau omepanus e accolimaTBHA, TO PE3YABTAT BEIYUCAEHUS STUX ABYX BBIPa>KeHUHA
opmHAKOB. [lycTh Temepsd a, b, c,d € X. CkobKu B BhIpa>KeHUX a e b @ C ¢ d MO’KHO PacCTaBUTDL YK€
ISTHIO BAapUaHTAMU:

((aeb)ec)ed, (ae(bec))ed, (aeb)e(ced), ae((bec)ed), ae(be(ced)).

OxasbIBaeTcsi, YTO €CAU OIIEPAIIUS ® ACCOIIMATUBHA, TO PE3YABTAT BBHIYUCAEHUS BCEX ITUX BBIPa-
JKEHUM OAMHAKOB. AHAAOTMYHO, B BBIAPKEHUU AIOOOM AAVHEBI AAS YKA3aHUS IOPsIAKA, B KOTOPOM
BBITIOAHSIIOTCSI OIEpally, HeOOXOAMMO pacCTaBUTL CKOOKM. OKa3bIBaeTCs, AASL aCCOVATMBHON
OIlEpaIly Pe3YABbTAT BBIIIOAHEHUS HE 3aBUCUT OT IIOPsIAKA PACCTAHOBKUM CKODOK. DTO CBOMCTBO
Ha3bIBaeTCS 0000L1eHHOIM accouMaTUBHOCTbIO. [109TOMY AAST aCCOIMATUBHLIX OIIEpAluil CTaBUTEL CKOOKM
B IOAODHBIX BBIPa’KEHUSIX HE 00I3aTEABHO.

Teopema 1.7.8. Ecau Ha mHoocecmee X 3a0aHa aCCOUUAMUBHAA ONEPAUUA ®, MO OoHa obaadaem
0606wWeHHOT aAcCCOUUAMUBHOCMDBIO: DE3YADMAM BBIMUCAEHUS BDLPDANCEHUS X1 ® Xo ® - - - ® X1 HE
3asucum om paccmarHosku 8 Hem cKobox.

Aoxazameavcmeo. Byaem paoKasbIBaTh MHAYKIMER o N. Baza n = 3 aBAsieTcsT onpepeseHUEM
acconuaTuBHOCTH. [IycTh Temepb N > 3, ¥ AAST BCeX MEHBINUX T TeOpeMa y ke AoKasaHa. [\OCTaTOYHO
II0OKa3aTh, YTO PE3YABTAT IIPU AIOOOY pPacCTaHOBKE CKOOOK COBIIAAAET C PE3YABTATOM IIPK CAEAYIOIIEi
PacCTaHOBKe, B KOTOPOM BCe CKOOKY «CABUHYTHI BAEBO»

(co((x1@x2) ®@x3) @ @Xp).
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Bo3bMeM IpOu3BOABHYIO PACCTAHOBKY U IIOCMOTPUM Ha ASHCTBUE, KOTOPOE BBIIOAHSIETCS IIOCAEAHUM:
OHO COCTOHUT B IIEPEMHOYKEHUU HEKOTOPOT'O BBIPAYKEHUS OT X1, ..., Xk ¥ HEKOTOPOI'O BBIPAYKEHMUS OT
Xk+1y -+ Xn

(.oxg@--exp...)e(.. X 1@ @Xy ... ).

IIpm aTom 1 < k < n.

[IpepnoroxuMm cHagana, 9To k = n — 1. Toraa mocaepHsiss omeparysi COCTOUT B IIePEMHOKEHNT
CKOOKM, B KOTOPO# CTOAT Xi,...,Xn_1, Ha X,. B BBEIpa’X€HUU OT Xi,...,Xn_1 MBI MOXXeM, IIO
TIPEATIONOKEHNIO MHAYKIIUY, CABUHYTL BCE CKODKU BAEBO, HE MEHSS pe3yAbTaTa. [IpmnuceiBast

CIpaBa X,, IOAYyYaeM KaK pa3 BbIpa’KeHWe HYKHOT'O BUAA YK€ OT Xi, ..., Xn, ¥ AOKA3aTEABCTBO
3aKOHYEHO.
IIycTs Teneps k < n — 1. 3ameTuM, 9TO BO BTOPOY CKOOKE CTOST Xii1,- - -, Xn — 3AECH XOTS OBI

ABa dAEMEHTa, U MeHbIlle, ¥eM N. [Io IPeATIONOKEHNIO NHAYKIIMY MBI MOYKEM PACCTAaBUTL B 9TOM
BBIPAJKEHUY CKOOKM HAIIMM BBIOPAHHBEIM CIIOCOOOM, HE MEHSISI pe3yAbTaTa:

> .

g...xlomoxk...)o((...(xk+1oxk+2)o---oxn_1)o Xn )

A B C
(TYT Hy’KHO OTMETUTE, YTO PACCYKAEHUE paboTaeT 1 mpu k = n—2; B 9TOM CAydIae BO BTOPOii CKOOKe
CTOUT AUIIb ABA 3AEMEHTA, ¥ (POPMAABHO MbI HE MOXKEM IIPUMEHUTD [IPEAIIONOKEHNE UHAYKIAH, HO
B 9TOM HET HUYErO CTPAIIHOrO). [IpUMEHNM Telleph aCCOLMATUBHOCTD K [OAYUIEHHOMY BBIPAYKEHUIO
Bupa A e (B e C) u 3amenum ero Ha (A e B) e C:

(..oxp@---oXp...0. . (Xkr1®@XKs2)® - @Xp 1)@ X )
. > e

(& J

v~

A B C

BaMeTI/IM, 9TO TEIIEPD IIOCAEAHSSA BEIIIOAHSIEMAasi OIIEPAllVIsi — YMHOXXEHUSI HEKOTOPOI'O BEIPA’XEHNUS OT

IIEPEMEHHBIX X1, . .., Xn_1 Ha Xy. OTO O3HAYAET, YTO MBI CBEAU 337Uy K YK€ Pa30bpaHHOMY CAYydaIo
k = n — 1; Temeph MOXHO, KaK U BEIIIE, BOCIIOAB30BATHCSI IPEAITOAOIKEHNEM UHAYKINY, PACCTABUTD
CKOOKM B BBIPa>XE€HUU OT Xi,...,Xn_1 HYXKHBIM 06pa3oM, ¥ MBI Cpa3y IOAYYUM HEOOXOAUMMYIO
PaCCTaHOBKY. [
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2 JnemeHTapHas Teopus Yucen

B a0t rraBe MBI B OCHOBHOM paboTaeM C MHOXXECTBOM IIEABIX UUCEA Z.

2.1 [denumocTb uenbix yucen
AUTEPATVPA: [F], ra. [, § 1, oo 1, 2; [K1], . 1, 8§ 9, . 3; [V], ra. I, § 1; [B], ra. 1, 1. 2.

Onpepenenne 2.1.1. TlycTs X, y — umeAble YucAa. ['0BOPSAT, ITO X AenuT Y (EAHZ, ITO Y AENNTCS HA X)
€CAU CYIIECTBYeT TaKoe IleAoe JUuCcAO Kk, uTo Yy = xk. ObosHauenue: x | y.

Mpennoxenune 2.1.2. Aaa 41066 YUeablT X, Y, Z 8bINOAHEHO!
I.x | x, 1|x, (=x) | x, (1) | x;
2. ecrux |yuy |z mox |z (omHowerue deasumocmu mparH3umMuUeHo);
3. ecrux |yux|z, mox|y+z
4. ecaux |y, mox | yz;
5. ecau z # 0, mo xz | yz pasrocuavro x | y;
6. x| 0; ecau 0 | x, mo x =0.
Aokxazameavcmeo. 1. x=x-1=1-x=(—x)-(-1)=(-1)(—x).
2. Ecam y = xk, z = yl, 1o z = (xk)l = x(kl).
3. Ecamy =xk,z=xl,toy +z=x(k +1).
4. Ecam y = xk, moatomy yz = (xk)z = x(kz).

5. Ecam y = xk, To yz = xzk; obpatso, ecam yz = xzk, To (y — xk)z = 0. I3 z # 0 Tenepsn
caepyer, 9To Yy — xk = 0, To ecTb, Yy = xKk.

6. 0=x-0;ecamx =0-k, To x = 0.

Onpepenenne 2.1.3. Ecau x | y 1y | X, TOBOPST, YTO YKUCAA X ¥ Y aCCOLUNPOBAHDI.

Samevarue 2.1.4. 3aMeTuM, UTO 3TO O3HadaeT, ¥To Y = xk u x = yl, orkyaa x = xkl. Ecau x = 0,
ro u y = 0; unade 1 = kl, mostomy |k| = [l| =1 u ambo k =1 =1, aubo k = 1l = —1. Craro 6uITS,
Y=XUAZY = —X.

Teopema 2.1.5 (O aenemmm c octatkoM). ITycmsv a,b € Z, b # 0. Toz0a cywecmsyrom edur-
cmeerHble yeavie wucaa q (Henoaroe wacmmoe) u v (ocmamox) maxue, wmo a = bq + T u
0<r<|bl-1
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Aoxaszamenvcmeo. IlpeanonroxuMm cHaganra, 94To b > 0 1 a > 0. AoKa3blBaeM MHAYKIIUER IO A.
Baza: a < b. B atom caygae a = b-0+auz 0 < a < b — 1. [lepexoa: nycTh Tenepb a > b;
IIOCMOTPUM Ha YUCAO a — b, cHoBa a — b > 0 a — b < a, mo3TOMy IO IPEATIONOKEHUIO NHAYKIIAYT
HafiayTes q', v/ Takue, 9To a —b =bq’' + 'm0 <1’ < b —1. Ho Toraa a = b(q’ + 1) +r'. IlycTs
Tenepb a < 0; HO Toraa —a > 0 u, IO AOKa3aHHOMY, HadiayTcs (', v’ Takume, 9To —a = bq’ + 1/,
0 <1’ < b - 1. s saToro noaydaem, urto a = —bq’ —1r’. Ecam r’ = 0, To a = b(—q’) + 0, z BCe
AokazaHo. BEcamxxe 1 <r'<b—-1,Toa=b(—q')—-b+b—1"=b(—q" - 1)+ (b —1'). Samerny,
yro —b+ 1< —1' < -1, mostomy 1 < b — 1’ < b — 1, u Bce pA0OKaszaHo.

Hakorer, npeamoaroxuM, 9To b < 0; Toraa —b > 0 u Mo>xHO Ha¥Tu q’,1’ Takue, 94TO a =
(=b)qg’ +7"m0<1r'<-b—1 HoToraa a=b(—q’)+1'm0<1"<|b|—1, uro u TpeboBaAOCE.

OcTanoch AOKa3aThb eAMHCTBEHHOCTE. [IycTh a = bq + 1 = bq’ + 1’; Toraa b(q — q’) = (' — ).
Ecam q=q',rour=1'". Ecauxe q # q’, 7o |b|-|q — q'| = |r — 1’| u AeBasz wacTs > |b|. C apyroit
croporsl, 0 < 7,7" < |b| — 1, mosToMy mpaBasi 4acTh HE IPEBOCXOAUT |b| — 1, mpoTuBopeune. [

2.2 Hawnbonblunii obwmin penutens n anropugpm IBKAnaa
AUTEPATVPA: [F], ra. [, § 1, oo 3, 4; [K1], ra. 1, § 9, m. 2; [V], ra. I, § 2; [B], ra. 3, mm. 1, 2.

Onpepenenne 2.2.1. Ilycts a,b € Z. ['oBopAT, 9TO 11€A0E YUCAO d SIBASIETCS 00WMM genuTenem a u b,
ecnrmd | and]|b.

Onpepenenne 2.2.2. Ilycte a,b € Z. Llenroe uucao d HasBIBaeTCs: HauboNbwum obWMM aenuTenem
(HOA) uucenr a um b, ecan

e d — obmuit AeAWTEAL A U b;
e ecam d’ — obmuii peauTeArb a u b, To d’ | d.
Obo3znauenue: d = ged(a, b).

BameruM, uto HOA ABYX IeABIX YuCen (ECAM OH CYIIECTBYET) EAMHCTBEHEH C TOYHOCTBHIO AO
3HaKa. A uMmeHHO, ecAu d u d’ — ABa HAMOOABIIIUX OOIINX AEAUTEAS] YACEA A U b, TO U3 OIPEAEAECHUS
caepyer, uro d | d’ mw d’ | d, oTkyaa mo 3amevanuio 2.1.4 caeayer, uto d = +d’. [TosToMy BasKHO
[IOHUMATh, 4YTO BEIpaskeHUe ged(a, b) He sIBASIETCS OAHO3HAYHO OIIPEAEAEHHEIM IIEABIM YUCAOM, a
AMITL obo3HaUYaeT xaxol-HuUbYO0> U3 HambOABIIUX OOITuX AeAuTeAel yucea a u b. Hampumep, ecan
gcd(a,b) = d, To u ged(a, b) = —d.

Aerko BuaeTh, uTo ged(0, a) = a; B wacTHOCTH, ged(0,0) = 0.

HeKOTOpre AaBTOPEI Ha3bIBAalOT HamOOABIIIIM O6IlII/IM ACAUTEAEM HE IIPDOU3BOABHOE IIEAOE, a HAMYPAALLHOE
YHNCAO C STUMU CBOMCTBAMMU. HpI/I 3TOM HAMOOABITINHA O6H.1;I/Iﬁ AENANUTEAD CTAaHOBUTCSA €AMHCTBECHHBIM: AeﬁCTBI/I—
TEABHO, U3 IIaphI IMEABIX duceA d u —d BCeraa pOBHO OAHO SIBASIETCSI HaTypaabHBIM. OAHAKO, TaKasl TOUKaA
3PEHNUSA He_VAO6Ha, IIOCKOADBKY IIpH O606I.T.IeHI/II/I IOHSTUS HauOOABIIIET'O O6]'.T.'I;8I‘O AEAUTENS Ha APYT'HE KOABbIIA
(HampuMep, Ha KOABLIO MHOTOYAEHOB — CM. Paspen 4.7) moA0GHOrO poAa eAMHCTBEHHOCTH HEBO3MOXKHO

0becIIeYnTh.
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Mpeanoxenue 2.2.3. Hauboavwul obwull deaumens 08YT ueavlr “ucea a,b cywecmesyem u
npedcmasasemcs 6 sude d = auy + bvg 048 HEKOMOPBLT UEABLIT Uy, Vg.

Aoxazameavcmeo. Ecaum a = b = 0, To MBI yke 3HaeM, uTo gcd(a,b) = 0, u AOKa3bIBATL HEUETO.
Tenepp MOXXHO CcUMTaTh, 4TO a # 0. PaccMOTpuM MHO>KeCTBO BCEX HATYPaAAbHBIX YHCEA BHAA
au + bv AAS BCEBO3MOKHBIX IIEABIX U,V U BbIOEpEM B HEM HaUMEHBIIW HEHYAEBOH 3AeMeHT (3TO
MHO>KECTBO HEMYCTO: HAIPUMED, OHO COAEPXKUT |a|). Obo3naumM ero gepe3 d; IO IIOCTPOEHUIO UMEEM
d = aug + bvy AAST HEKOTOPEIX IIEABIX g, Vo. [loKa)keM, 4TO d SIBASIETCS OOIIMM AEAUTEAEM A X b.
[Topeaum a Ha d c ocratkoM: a = dq+T1 = (aup+bvg)q+T1, oTkyaa r = a(l—ueq)+b(—veq). OpHaxko,
T < d — HaTypaAbHOE YUCAO, a d OBIAO HAMMEHBIINM HATYPAABHBEIM YUCAOM, IPEACTABASIEMBIM B
BuaAe d = ax + by. 3Hauut, 1 = 0 ¥ a peauTcs Ha d. AHAAOTHYHO, b AeAnTcs Ha d.

DAoka>keM Temnepb, 4To d — 3T0 HamboOAbINN obmui AeauTeAb a u b. ITycts d’ — Kako#-TO
obrmuit peauTerb a u b: d’ | a mw d’ | b. Toraa mo cBoiictBam paeammoctu d’ | aug, d’ | by, m
d’ | aug + bvy = d, uTo 1 TpeboBaAOCE. [

Briparkerue d = aug + bvy u3 mpeparosxenns 2.2.3 Ha3bIBAETCS NMMHENHbIM npeacTtasnednem HO/L.

[TparTuyecKu criocob AN HAXOXKAECHUSI HaOOABIIETO ODIIETO AEAUTEAST — AATOPUGM IDBKAUAA.

ITycts a,b € Z. Hama uneap — Haditu ged(a, b). S3amerum cpasy, uro ged(a, b) = ged(|al, b)),
II03TOMY MO>XHO CUUTaTh, 4To a,b € N. Ecam opHO m3 umcen a, b pasHo 0, meab pocTurHyTa. MHadve
IIyCTb AASI OIIPEAEAEHHOCTH a > b > 0. AeauM c ocTaTKOM a Ha b: a = bqg + 1o. IlocMoTpum Ha
nmapy (b,To) ¥ IpUMEHUM Ty >XKe OIEepalnuio K HeW (Temepb MBI 3HAEM, YTO b > To): b = Toq; + 11
U TaK AAA€E: Tg = T1(z + Ts...3aMeTUM, YTO MaKCHMaAbHOE YMCAO B IIape BCETAA YMEHBIIAETCS;
3HAYUT, [IPOIECC KOTAA-TO OCTAHOBUTCS (OCTATOK CTAHET PaBeH HYyA0). MEI yTBEp)KAAeM, UTO
IIOCAEAHUI HEHYAEBOM OCTAaTOK B 3TOM Iemouke paseH ged(a,b). Aast Ao0Ka3aTeAbCTBA 3TOTO haKTa
HaM IIOHAAODUTCSI CAEAYIOIIas AeMMa.

Nemma 2.2.4. ITycmov a,b,q,7 € Z. Ecau a =bq + r, mo gcd(a,b) = ged(b, 7).

Aokazameavcmeo. AeiictBureabHo, nycTb d = ged(a,b) m d’ = ged(b,r). C opHONE CTOPOHEL,
d| a d]|b,orkyaa d | (a—bq) =r, u u3 onpepenernus d’ = ged(b, ) caeayer, uro d | d’. Kpome
roro, d’ | b, d’ | r, orkyaa d’ | bq + v = a, u u3 onpepenerus d = ged(a, b) caeayer, gro d’ | d.
Mer moayuuan, uro d | d’ u d’ | d; aTo o3uavaer, uro d = +d’, u moTomy ged(a,b) = ged(b,r). O

[IoaToMy HauboAbImMi OOIIUY AEAUTEAD IAPHL, C KOTOPO# MBI paboTaeM B aaropudMe IDBKAUAQ,
He MEHSIETCSI; U KaK TOABKO B IIape HOsIBUACS 0, ADYTO€e YUCAO B ITape AOAXKHO OBITH paBHO ged(a, b).

Bonaee Toro, aaropudM OBKAUAA TO3BOASET HAXOAUTDL U AUHeHHOe npeacTaBaerue HOA. Aeit-
CTBATEABHO, B KOHIIE aAroprdMa MBI IpuxoAuM K mape (d,0) u AvHEeHHOe NpeACTaBAEHUE Ode-
BupHO: d = d -1+ 0-0. Ha xa>KxpoM Imare MBI IIEPEXOAMM OT mapsl (a,b) K mape (b, ), rae
a = bq + 1; ecAm MBI y>Xe 3HaeM, 4To d = bx’ + ry’, TO, IOACTaBASII T = a — b(, UMeeM
d=bx"+ (a—bq)y’ = ay’ +b(x' — qy’).

2.3 Ceoiictea HOl n B3aumHas npoctoTa

AUTEPATVPA: [F|,ra. [, § 1, . 5; [V], ra. [, § 2; [B], ra. 3, um. 1, 3.
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Mpepnoxenne 2.3.1 (Ceoiictea HOA). 1. ged(x,y) = x mozda u moavko mozda, xozda x | y.

2. ged(ged(x,y),z) = ged(x, ged(y, z)).
3. ged(zx,zy) = z - ged(x, y).

Aokaszamensvcmeo. 1. Ecam ged(x,y) = x, To x | y mo onpeaeaeruto. ObpaTHo, IycTh X | Yy,
TOrpa X — OOIMUN AEAWTEAb X X Y, ¥ ecAum d' — KaKO#-TO OOl AEAUTEAD X,Y, TO, B
gactHocTH, d’ | x. 3uauut, gcd(x,y) = x.

2. Nmoboit obmuit peauTensb ged(x,y) U z SIBASIETCSI ODIIUM AEAUTEAEM X, Y U Z; TO K& MOXKHO
CKa3aTh IIPO AI0OO# obmIuit AeAuTeAb X ¥ ged(y, z). [To3’Ke MBI pacIipocTpaHUM ONpeAEAEHNE
gcd Ha HECKOABKO 9AEMEHTOB ¥ YBUAKM, UTO U A€BAs, U IIpaBasi YacTX HEOOXOAMMOTO PaBEHCTBA
paBHEI ged(x, Y, z).

3. Ecam z = 0, To u cAeBa, u cupasa crouT 0; AoKas3bIBaTh Hewero. IIycTs ged(x,y) = d; d | x,
d | y, otrypa zd | zx u zd | zy; mosTomy zd | ged(zx, zy). ObpaTHO, OYEBHUAHO, ITO Z | ZX,
z | zy, mosroMmy z | gcd(zx,zy). Banmmem ged(zx,zy) = zC¢ AAS HEKOTOPOTO C. 3HAYUT,
zc | zx, z¢ | zy, OTKyAA IIOCAE COKpAINEHUs (C yIETOM TOro, 4TO z # 0) ImoAydaeM Cc | X 1

¢ | y. ITosTomy ¢ | ged(x,y) = d, orrypa zc | zd, To ecTs, ged(zx, zy) | zd.
]

Onpepenenne 2.3.2. Hucaa a, b Ha3bIBAIOTCSI B3aMMHO npocTbiMu, ecam ged(a, b) = 1. ObosxaveHwe:
alb.

Mpeanoxenue 2.3.3 (CoiicTBa B3auMHON IPOCTOTHL). [Tycmsb a,b,c — HeKOMOopble YUeable HUCAQ.
1. Ecaualbualc moadlbc.

2. a 1 b moeada u moavko mozda, k0204 CYWECMBYIOM UEABLE HUCAA Uy, Vo MAKUE, MO
aug + bvg = 1.

3. Bcauc|abualc, moc|b.
4. Ecau by ‘ a, b, ‘ a u by 1 bz, mo b;by ‘ a.
Aokxaszameavcmso. 1.

gcd(a, be) = ged(ged(a, ac), be)

= gecd(a, ged(ac, be))
= gcd(a, cged(a, b))
= gecd(a, )

= 1.

2. ecama L b, 01 = auy+ bvy — auneitioe npeacraBaerue HOA. Obpatho, ecan aug+bvy = 1
z d=gcd(a,b), o d | aug, d | bvg, otkyaa d | aupg+bvg=1u d = 1.
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3. Banwmmem aug + cvg = 1 m yMHOKEM Ha b: abug + cbvg = b. MzI 3Haem, uto ¢ | ab, mosTomy
¢ | abug. Kpome Toro, oueBupHo, uTo ¢ | cbvg. [loaToMmy ¢ peauT u ux cymmy abug+cbvy = b.

4. a = b;k aeauTcs Ha by, b; | by, IO mpeaABIAyIIEMY CBONCTBY K AEAMTCS Ha by: k = byl
oTkyAa a = b;k = b;b,l.
O

2.4  Jluneiinbie anoaHTOBLI YPaBHEHUS

AUTEPATVPA: [B], ra. 14, m. 2.

ITycte a,b, c € Z. Hac uHTepecyoT pemenust (x,y) ypaBHeHUs ax + by = c¢. Ecauw a = b = 0,
To nipu ¢ = 0 pemrenue Aroboe, a Ipu ¢ # 0 pelIeHunt HeT.

Ecam b =0, a # 0, moaydaeMm ypaBHeHZe ax = ¢. Ecau a | ¢, To x = ¢/a, y — Awboe; nHade
pellleHul HeT.

O6ozuauum d = ged(a,b). 3amerum, uto d | a, d | b, mosToMy d AOAYKHO AEAUTH BBIPA’KEHUE
ax + by npu Bcex X, Y. 3HAYUT, eCAU d He AEAUT C, TO PEIIeHUH HeT.

[Tyctb Temepsb d | ¢. Samumem a = da’, b = db’, ¢ = dc¢’; Toraa obe wacTu HaIero ypaBHEHUS
MOPKHO IIOAEAUTH Ha d ¥ IPUATH K 5KBUBAAEHTHOMY ypaBHeHUIO a’'x + b’y = ¢/, Aast KoToporo yxe
gcd(a’,b’) =1 (mockoabky d = ged(a,b) = ged(da’,db’) = dged(a’,b’)).

[TosToMy Temepb MOXXHO cYuTaTh, 4TO ged(a,b) = 1. MbI 3HaeM, 9TO €CTb AMHENHOE IIPEA-
craBaerue HOA: aug + bvy = 1. YMHOKas Ha ¢ obe gacTu, moaydgaeM, 4To a(upc) + b(vec) = c.
O603HaYUM Xg = UeC, Yo = VoC. MBI IOAYYMAN, YTO ¥ HAIIETO YPABHEHUS €CTH PeIIeHue (Xq,Yo)-
Kak HatiTy Bce pemeHus?

ITycTs (X,Y) — KaKOe-TO pellleHWEe YPaBHEHUS ax + by = c¢. Beraurast axg + by = ¢ u3 sToro
PaBeHCTBA, IoAydaeM a(x — Xg) + b(y — yo) = 0, oTkyaa a(x — xg) = b(yo —y). Craro OwITS,
b | a(x —xp); Ho a L b, mosTomy b | x — X¢. 3anumeM x — Xo = bt; Toraa abt = b(yo — y), oTKyaa
Yo —y = at. [Toryuuam, 9TO IPOM3BOABLHOE DEIleHUE (X,Y) HAIIErO YPABHEHUS BHITASAUT TaK:
X = Xg + bt, y = yo — at. Urax, ecau (xq,Yo) — KaKOe-TO OAHO PEIIEHVE YPaBHEHUS ax + by = c,
TO BCE €r0 PeLIeHUsI UMEIT BHA (Xo + bt,yo — at) aas t € Z. ObpaTHo, IpsiMasi TOACTAaHOBKA
IIOKa3BIBaeT, ITO (X + bt,Yo — at) AeACTBUTEABHO SIBASIETCSI PEIIEHVEM HAIET0 YPaBHEHUS.

Temepb TOCMOTPUM Ha CAyYall HECKOABKUX IIEPEMEHHBIX. AAS 3TOrO HaM IIOHAAODUTCS pacInu-
puth nmousitue HOA Ha caydaill HECKOABKUX GHCEA.

Onpepenenne 2.4.1. IlycTs a4, ..., a, € Z. HatypaarbHOe umcA0 d HA3BIBAETCST HaUMbONbLWIUM 00LLUM
DeNuTenem duceA di, ..., dn, ECAU BEIIIOAHSIIOTCS CAEAYIOIINE YCAOBUS:

1. d — obmuit AeAUTEAD Ay, ..., 0, (TO ecTh, d AEAUT Ka’KA0€ ai);
2. ecam d’ — obmIuit AEAUTEAD Ay, ..., A, To d’ | d.
Obo3znauenue: d = ged(ay, ..., an).

Vnpaxuenue 2.4.2. Aoxaosrcume caedyroujue ceoticmea HOA:

21



1. ged(ay,...,an) = ged(ged(ag, az), az, ..., an);
2. gcd He 3asucum om nopAdKa apeyMeHmos,
3. ged(zay, zay, ..., za,) = |zl ged(ay, ..., an).

U3 sTOoro ympa’kHeHUSI, B 9aCTHOCTH, CAaepryeT, uTo HOJA HECKOABKUX YKCEA CYIIECTBYET U
€AMHCTBEHEH.

Teopema 2.4.3 (KpuTepuil paspemnMoCcTy AUHERHOrO AMO(AHTOBA YPABHEHUSI OT HECKOABKUX IIE€pe-
MeHHBIX). [Tycm®s ay, ..., an,C € Z. Aunetinoe ypasHeHue

a1X1 + -+ ApXn = C
DA3PEULUMO 8 UEABIT HUCAAT M0o20a U Mmoavko mozda, koz0a ged(ay, ..., a,) deaum c.

Aoxazamenvcmeo. O4eBUAHO, UYTO €CAM STO YPaBHEHMWE Pa3pPEIINMO, TO Ka*KAO€ CAATAEMOE B
AeBOH "wacTu paeamTcs Ha ged(ay,. .., dyn), IO3TOMY ¥ C Ha HETO AGAUTCS. J\OKa>XeM TeIeph, YTO
ecau ¢ peamrcs Ha d = ged(ay, ..., a,), TO YPaBHEHUE PA3PEIIAMO.

/3 Hamrero aHaamsa AMHEWHOTO AMO(AHTOBA YPABHEHUS OT ABYX IIEPEMEHHBIX CAEAYET, ITO
9TOT KPUTEPHUHN BepeH AASI N = 2. OT0 b6yaeT 6a30i AAST MHAYKIZM 110 N. IlycTs Temepsr n > 3.
PaccmoTrpuM caepyiomee ypaBHEHUE:

ged(ag, az)y; + asys + -+ + apyn = C.

OT0 AmHelHOe AMO(AHTOBO ypaBHEHZE OT N — 1 HEU3BECTHBIX Yi,Ys,...,Yn. 110 IPEATIONOIKE-
HUIO MHAYKIUY OHO Pa3pelIXMO TOTAA ¥ TOABKO TOTAQ, KOUAA €rO IIpaBasi 9acTh, C, ACAUTCS Ha
ged(ged(ay, az), as,...,a,) = ged(ag, as, as, ..., ay) = d. ¥V Hac no ycaroBuio d | ¢, IO3TOMY HOBOE
ypaBHEHUE UMeeT pemeHue (Yi,Ys, ..., Yn ). [IOCTPOUM TENEPH pellleHre HAIIero IePBOHAYAABHOIO
ypaBHEHUsI. [IOCMOTPUM Ha €IIe OAHO BCIIOMOTaTEABHOE YPaBHEHNE

a;x; + azx; = ged(ag, az)y;

C HEU3BECTHBIMU X1, X. [IpaBast 9acTb peautcst Ha HOJA ero xosadppuiimeHTOB, IIO3TOMY OHO paspe-
muMo. VTak, MBI HAIlIAKM X1, Xp; IOAOXKUM TEIEPD X3 = Yz, ..., Xn = Yn. LOTAQ

aiX; + QX + A3Xz + - + AnXn = ged(ag, az)yy + azxz + -+ + AnXn
= gcd(ag, az)y; + azys + -+ + Anyn

:C,

IO3TOMY (X1, ...,Xn) — DEIIEHNE UCXOAHOTO YPABHEHUSI.
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2.5

OcHoBHas Teopema apucmeTuku

AUTEPATVPA: [F], ra. [, § 1, . 6; [K1], ra. 1, § 9, . 1; [V], ra. I, § 5, § 6; [B], ra. 2, m. 1.

Onpepenenne 2.5.1. Hatypaabroe gucao p, oTangHoe oT 0 u 1, HA3BIBAETCS NPOCTbIM, ECAY U3 TOTO,

9To p = XY AN HEKOTOPBIX IIEABIX X, Y, CAEAYET, 9TO X aCCOOMUPOBAHO C P UAU Y aCCOOUMPOBAHO

cp.

HpI/I 9TOM, €CAM X acCOMUMPOBAlO C P, TO Y aCCONUMPOBAHO C 1; €CAH XK€ Y aCCOIIMMUPOBAHO C P,

TO X aCCOIIMUPOBAHO C 1. AABTEPHATUBHOE OIPEAEAEHNE: HATYPAABHOE YUCAO P > 1 Ha3bIBAETCS

IIPOCTEIM, €CAM ¥ HETO HET HATyPaAaABHBIX AeAI/ITeAefl, KpoMe lu P

Mpepnoxenune 2.5.2 (CBoiicTBa mpocThIX Yucea). ITycms p — npocmoe “ucao.

1.

2.

5.

6.

ECAU ML — UEAOE HUCAO, U P He Oeaum M, Mo P U N 83aAUMHO NPOCTMbL;
nycmo a,b € Z; ecau p deaum ab, mo p deaum a uau p deaum b;

ecau p deaum npoussedeHue HeCKOABPKUT UEABT “ucen, mo p deaum romsa bv. 00HO U3
HUL;
scaxoe uenoe 4ucno, boavwee 1, deaumcsa no xpaltiHel mepe Ha 00HO NPOCMOoE;
NPOCMBIT “YUCEN BECKOHEYHO MHO20;

ECAU p1 U P2 — osa PABAUMYHDIT NPOCMBLIT HUCAQA, O OHU 83AUMHO TPOCINDbL.

A oxaszamenvcmeso. 1. IlpepnioroxuM, 4TO p HE AeAUT N, u nycTb d = ged(n,p). [Ipu sTom

d | p, mosToMmy d Ambo acconmupoBaHo C P, AUOO acconIumMpoBaHo ¢ 1. 3aMeTuM, 4TO d TaKKe
AEAUT M, II0O3TOMY eCAM d acCOIMMPOBAHO C P, TO P AGAUT N — IIPOTMBOpedme. SHAUUT, d
accouuupoBaHo ¢ 1, orkyaa n L p.

IlycTe p peaut ab, Ho He peauT a. [To mpeawIAyIIEMYy CBORCTBY a L p, ¥ IO CBORCTBY B3aUMHO
IIPOCTBIX YUCEA IOAyYaeM, 4To p | b.

Nupykmust mo n; 6asa — oyeKT (2). p | (a;az2)as. .. a,, mosroMy Aubo a;a,, AROO KaKOe-TO
u3 a; (Ipu i > 2) AeAUTCS Ha P; €CAU d;dy AEAUTCS Ha P, To AubO a;, AubO a; AEAUTCS Ha P.

. HYCTI: n>1. Ecamn IIPOCTOE, AOKA3bIBATH HEYEIO. Ecam >xe n He IIPDOCTOE, TO M. = MMy

AAST HEKOTOPBIX IIEABIX YHUCEA Ny, My, IprdeM 1 <My <nu 1 < my; < n. [locmoTpumM Tenepsb
Ha N;: OHO AmbO IpocToe, AMOO HET; ECAM OHO HE IIPOCTOE, MOKHO CHOBA 3aIIMCATh N = MyMNy,
¥ TaK Aanee. 3aMETHUM, UTO N > Ny > Ny > ..., I09TOMY OECKOHEYHO AOATO STOT IIPOIECC
IIPOAOAYKATHCS HE MOKET — BCE 3TU YKUCAA HaTypPaAbHBIE. JHAUUT, HA KAKOM-TO IIIare MbI
IIOAYYUM IIPOCTOE YUCAO My ; HETPYAHO BUAETH, YTO T HA HET'O AEAUTCSI.

[Tpeamoro>xuM 06paTHOE; IYCTh {P1, . . ., Pk} — MHOXKECTBO BCEX IIPOCTHIX dUCEA. PaccMoTpuMm
9UCAO ML = Py - P2 - - - Pk + 1. [lo IpeABIAyIIEMY CBOMCTBY L AEAUTCS Ha KaKOe-TO IIPOCTOE
YUCAO P; IPU 3TOM €CAU P = Pi AAS HEKOTOPOIo i, To 1l =N —p;-pa----- Pk AEAUTCS Ha Pi,
9ero OBITH He MOJKET. 3HAYUT, YUCAO P HE BXOAUT B MHOXKECTBO {P1,...,Pk}-
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6. IlycTb p; u P, He B3aUMHO IPOCTHI; TOTAA IO IYHKTY (1) uMeeM p; | p2 # p2 | p1, TO €CTh,
OHU PaBHHI.
[

Teopema 2.5.3 (OcuoBHast Teopema apudMerury). Kaotcdoe HamypasvHoe “ucao, boavuiee Hy-
AR, Moocem bvimb npedcmasaeHo 8 sulde NPou3seleHUA NPOCTMBIT “UCen, U 084 MAKUL
PABNOHCEHUSA MO2YM OMAULAMBCA TMOALKO NOPAOKOM CAeD08AHUA COMHOHCUMENEN.

Aoxazamenvcmeo. CylecTBOBaHUE PA3AOKEHUS AASI HATYPAABHOTO YUCAA L AOKA KEM MHAYKIIUEH
no n. Baza: ecau n = 1, pA0Ka3bIBaTh HEYETO — IIPOM3BEAEHUE IIYCTOI'O MHOYKECTBA IIPOCTBIX YHUCEA
paBHO 1. Ilepexoa: mycTb Temepb N > 1. ITo cBoiicTBY (4) mpearo>KeHUs 2.5.2 MBI 3HAEM, 4UTO
N = PNy AAS HEKOTOPOT'O IIPOCTOTO P;. lemeph My < N ¥ MBI MOMKEM IIPUMEHUTH IIPEAIIOAOKEHUE
WHAYKIUZ K My My = P2 - Pk AAST HEKOTOPBIX IIPOCTBIX Pa,...,Pk. OTCIOAA N = P1P2- Pk —
IIPOM3BEAEHUE IIPOCTHIX YUCEA.

AoKa>keM eAMHCTBEHHOCTDb Pa3AOKeHUsI. AASI 9TOTO CHOBAa IIPOBEAEM MHAYKIIMIO IIO M. B cay-
dJae M = 1 cHoBa AOKa3bIBaThb Hedero. Ilycte m = p;---px = (1--- (1. Buaum, 9To mpousse-
AEHUE P; - - Pk AEAUTCS HA ;. [lo cBoiicTBY 3 mpocThix umcen (2.5.2) OAMH U3 COMHOXXUTEAER
Pis---,Px AGAUTCS Ha (. IIycTs 3TO pi: q; | pi. Ho mo cBoiicTBy 6 mpocTeix umcea (2.5.2) us
3TOT'O0 CAEAYET, UTO Pi = (1. llopeauM Temepb obe dYacTu paBeHCTBA Pi- - Pk = q1--- qi HA Pi = (1!
Pi-Pi Pk = g1 q1 (3AECH KpBILIEYKa HAA P; O3HAYAET, YTO COOTBETCTBYIOIUY MHOKUTEAD
mpornyireH). IloAydeHHOe TPOU3BEAECHNE MEHBIIE N; II0 IPEATIOAOKEHNIO HHAYKIINY, PAa3A0KEHUSI
B A€BOY ¥ IIPaBO# YaCTSIX OTAMYAIOTCS AWML IIOPSIAKOM CAEAOBAHUS IIPOCTBIX COMHOMXUTEAEH.
3HAYUT, U NIepBOHAYaABbHEBIE PA3AOKEHUS P1 - - Pk = (1 - - - 1 OTAMYAIOTCS AUIIL IIOPSIAKOM COMHO-
JKUTENEN. [

Onpepenenne 2.5.4. TlycTs N — HaTypaAbHOe YUCAO, HoabIee 0. CrpynnupyeM OAMHAKOBEIE IIPOCTHIE
YKUCAQ B PA3AOKEHUN L BMECTE, PACIIOAOKUM UX B ITOPSIAKE BO3PACTAHUS U 3AIUIIEM Tl = p‘fl copks,
TA€ P1 < -+ < Ps — HOPOCTEIE, T Ki,...,Ks > 0 — HaTypaabHBIE YuCAd. Takas (0O4eBHAHO,
OAHO3HAYHASI) 3aIKUCh HA3BIBAETCSI KAHOHNYECKUM Pa3NIOKEHNEM HATYPAABHOTO YUCAA N Ha IIPOCTHIE

MHOXUTENAN.

Samevarue 2.5.5. Ha mpakTuke MOAE3HO AOIYCKATh B KAHOHMYECKOM PA3AOKEHUU U HYAEBBIE
[IOKa3aTeAl Ky, ..., Ky (KOHEUHO, IIPKU 9TOM IIOTEPSIETCST OAHO3HAYHOCTH 3amuck). K mpumepy, MbI
6yAEM TIOAB30BATBCS TEM, UTO €CAM M, N — ABa HEHYAEBBIX HATYPAABHBIX YMCAQ, TO MO’KHO
3aICaTh UX B BUAE T = p‘fl PR, = p}l ... P AAS HEKOTOPBIX 06U, UT NIPOCTHIX P1,...,Ps X
HATYpPaAbHBIX Ki,...,Ks,li,...,ls: €CAM KaKue-TO IPOCThblE MHOKUTEAN, CKA’KEM, €CTh B KaHOHUYE-
CKOM Pa3AOKEHHUU MM, HO OTCYTCTBYIOT B PA3AOKEHUX T, MOKHO AOIKCATL UX B PA3AOKEHHUE T C
HYAEBBIMU IIOKa3aTEASIMU.

IIprBeAeM HECKOABKO IIPUMEPOB MCIOAB30BAHUS KAHOHUYECKOTO pasaokeHusi. [IycTes m, n —
HEHYAEBBIE HaTyPaAbHEIE YUCAd. KaK 110 KAHOHUYECKOMY DPA3AOXKEHUIO M U T ONPEAEAUTD, ASAUTCS
Az m Ha n? 3amumreM (MOAB3YSCH 3amewammeM 2.5.5) m = pit...pks mwm = pit-pl ans
HEKOTOPEIX IIPOCTBIX P1,- -+, Ps. BCAK M AEAUT M, MOXKHO 3amucaTh n = mr. IIycTs 1= q; -+ q¢ —
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KaKOe-TO Pa3NOKE€HWE T Ha IIPOCTBhIE MHOKUTEAMW. 1OTAa PABEHCTBO N = MMT IPEBPAINAETCS B
PaBEHCTBO

P PS =P PO G (1)
Mo>XHO TOCMOTPETH Ha 3TO PAaBEHCTBO KaK Ha ABa PAa3AOKEHUS YUCAA T B IIPOU3BEAEHUE IIPOCTHIX.
ITo ocuoBHO# Teopeme apudmeTuru (2.5.3) OHE AOAXKHBI COBIAAATH C TOYHOCTHIO AO II€PECTAHOBKY
MHOXUTEAEH. CTano OBITH, €CAM B PA3AOKEHUX M BCTPETUAOCH pl.fi AAs ki > 0, To cupaBa B
PaBeHCTBe 1 IPOCTOM COMHOMKUTEAb P; BCTPETUACT KaK MUHUMYM K; pa3s; 3Ha4YUT, X CA€Ba OH
AONKEH BCTPETUTHCS KakK MUHUMYM ki pa3. OpHAKO CAeBa IIOKa3aTeAb IpH l; paBeH ;. 3HA4YMT,
ki < l;. Ecam xe ki = 0 AnsT KaKOro-TO 1, TO HEPaBeHCTBO ki < l; BBIIOAHEHO aBTOMATUYECKU.

ObparHo, ecanm ki < 1y aastBcex i = 1,...,s, Ton = m-pii ¥t ... pls—*s Mpr pokazaam caepyromee
IPEANOKEHNE:

Mpeanoxenne 2.5.6. ITycms m = pit - pks n = plt...pls das nexomopwviz npocmaix Py, ..., Ps.
m deaum n mozda u moavko mozda, koz0a Ky < l; Oan scexi=1,...,s.

Tenepb HETPYAHO IIOCHUTATE KOAUYECTBO BCEX HATyPaAaABHBIX AeAI/ITeAef;I YHNCAQa IIO €I'0 KaHOHU-
YECKOM PA3AOJKEHUIO.

Mpeanoxenne 2.5.7. ITycms n = pi* - pls — xarnonuneckoe pasnosicerue wucaa n. Tozda xoau-
wecmeo ecexr HamypasvHur Oeaumened n pasHo (1 +1;)--- (1 + 1g).

Aoxasamenvcmeo. Tlo mpeanosxennio 2.5.6 Ka>KABIN AGAWTEAD Tl UMEET BHA P’ - - - pXs AAs HeKo-
TopeIX ki Takux, 4To 0 < ki < l;, ¥ 110 OCHOBHO# TeopeMe apudMeTurz (2.5.3) pasaudHble HabOpHI
(ki) IPUBOASIT K Pa3AUYHBIM AEAUTEASIM. SHAYUT, KOAMYECTBO HATYPAABHEIX AGAUTEAEH N PABHO
KOAMYECTBY TaKUX HabOpPOB. 3aMeTUM, 4TO y Hac uMeeTcs 1 + |; BapraHTOB AAS BhIOOpa HaTypaAb-
Horo ki ¢ ycaoBueM 0 < ka; < i, u Bce 3T BEIOOPEI HE3aBUCUMBI APYT OT ApPYyTa, IO3TOMY IIPOCTOMR
KOMOWMHATOPHBIH IIOACUET ITOKA3EIBAET, YTO KOAMYIECTBO HabopoB (ki) paBuo (1 +1;)--- (1 +1s). O

BpraBI/IM TEIIEPE KAaHOHUYECKOE PA3NOKEHUE HambOOABIIIETO O6ITJ;€I‘O AEANTENSA YACEA M U T
YEPE3 KAHOHUYECKHUE PA3NOJKECHUS TN U M.

Mpeanoxenne 2.5.8. Ecau m = pXt---pks, n = plt...pls das nexomopsiz npocmwiz py < --- < Ps
min(kq,l1) pmin(ks,ls)
cph .

u d = gcd(m,n), mo d = p;
Aoxaszamenvcmeo. [IpoBepuM, 4To d IBASIETCST OOITUM AeAUTEAEM M X N. AeHCTBUTEABHO, ki =
min(ki, 1), mostomy m = d - plt kel pkemmintkals) pog | . Amanormumo, d | n. Temeps
nyctb d’ — Kako#-TO OOIMUi AEAUTEAD T ¥ M. 3aMEeTHM, YTO BCe IIPOCThble MHOXKUATEAR d’ Torpa
AOASKHEL COAEPKATBCSI CPEAR P1, - - ., Ps. SHAUUT, MOXKHO 3amucaTh d’ = pi' -+ pLs AAS HEKOTOPBIX
HaTYPaABHEIX Tq,...,Ts. [lockoAabKy d’ | m, o npepaoxxeruio 2.5.6 moaydaeM, 9To ki = Ty AAS
BCeX 1; aHanoruuso, l; = 1y AAs Bcex i. Ho Toraa u min(ky, ;) > ri, oTkyaa moaygaem, uro d | d’,
paccy’Kpasi Tak >Ke, KakK B HadaAe AOKa3aTEAbCTBA. O
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2.6 CpaBHeHus U KNaccbl BbIYETOB
AUTEPATVPA: [F], ra. [, § 2, m. 1; [V], ra. III, §§ 1-5; [B], ra. 8, m. 1.

Onpepenenue 2.6.1. IIycTb m — HeEHyA€BOE HATYPAABHOE UUCAO. ['OBOPAT, YTO IeABIE YUCAA A U b
CPaBHWUMbI MO MOAY/II0 M, ECAX M AeAUT a — b. Obo3Hadyernne: a =b (mod m), a =, b.

Mpepnoxenue 2.6.2 (CeoiicTBa cpaBHEeHUi). [Tycms m > 0 — HAMYPAALHOE YUCAO.

1. a=a (mod m);

2. ecaua=b (mod m), mob=a (mod m);

3. ecau a=b (mod m) ub=c (mod m), mo a=c (mod m);

4. ecau a; = a; (mod m) u by = by (mod m), mo a; + by = a; + by, (mod m) u a;b; = azb,
(mod m);

5. KaotcOoe Uenoe HUCA0 CPABHUMO NO MOOYAO T POBHO ¢ 00HUM u3 wucea 0,1,...,m —1;

6. ecau ac =bc (mod m) uc L m, moa=D>b (mod m),

7. cpasnerue ax = 1 (mod m) paspewumo (omuocumenvro x) mozda u Moavko mozoa,
xo0z20a a 1 m.

Aokxaszamensvcmeo. 1. m peamT a — a = 0.
2. Ecam m peauT a — b, To m peaur b —a = —(a —b).
3. Ecnummapeaur a—bub—c,Tompeaurza—c=(a—b)+ (b—c).

4. Ecam m AeAUT a; — ap ¥ by — by, To m peaut (a; + by) — (az + b)) = (a3 —az) + (by —by) u
Cl]_b]_ — a2b2 = (Cl]_ — Clg)b]_ + Clg(b]_ — bz)

5. Ilycts n € Z. IlopeauM N Ha M c ocTaTKOM: N = mq+T1,TAe 0 < T < m—1; Torpa n—71 = mq
AEAUTCS Ha M, moaToMy N =1 (mod m). C Apyroi CTOPOHEL, eCA N = T; (mod M) ¥ N = Ty
(mod m) w0 < 17,7, < Mm—1, To r; = 1, (IO y’Ke AOKa3aHHBIM CBOMCTBaM 2 u 3), OTKyAQ
m | vy — 7. Ho |1y — 75| < m — 1, mosTomy 11 = Ts.

6. Ecaw m aeaut ac — be = (a — b)c, u ¢ L m, To mo cBoiicTBy 3 m3 2.3.3 moAyUaeM, ITO M
AEAUT a — b.

7. Bcam a L m, To 1 = aug + mvy AAST HEKOTOPBIX IEABIX g, Vg, OTKYAQ AUy — 1 = —mvg
AEAUTCS Ha M, Z aup = 1 (mod m). ObparHo, ecar axo = 1 (mod m) AAsST HEKOTOPOTO Xq, TO
m | axe — 1, 3Ha4MUT, axg — 1 = Mg AAS HEKOTOPOTO (, OTKyAa axg — mq = 1. Ilo cBoiicTBy 2
B3aMMHOM mpocToTe! (2.3.3) moaydaem, ¥ro a L m.

[

Samenarue 2.6.3. IlepBble Tpu cBoiicTBa B 2.6.2 IIOKA3LIBAIOT, YTO =,, SIBASIETCS OTHOIIEHUEM
SKBUBAAECHTHOCTY Ha MHOMXECTBE IEABIX UMCEA.
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2.7 Knaccbl Bbl4eTOB, AENCTBUA HAQ, HUMK

AUTEPATVPA: [F], ra. [, § 2, om. 2, 3; [K1], ra. 4, § 3, . 1, 2; [B], ra. 8, mw. 2.

MBI 3HaeM, YTO OTHOIIEHNE CPABHUMOCTH II0 MOAYAIO T SIBASIETCSI OTHOIIEHUEM SKBUBAAEHT-
HOCTY Ha MHOJXKECTBE LEABIX ducen (cM. 2.6.3). 3HAUUT, MOXKHO PaCCMOTPETH (PaKTOP-MHOMKECTBO
MHOXXECTBA 7 II0 3TOMY OTHOLIEHUIO SKBUBaAeHTHOCTH (cM. 1.5.5).

Onpepenenune 2.7.1. ParTOp-MHOXKECTBO 7/ =,, MBI byaeM obo3HawaTh depe3 Z/mZ. DAeMEHTE
3TOr0 MHOYXECTBA HA3BIBAIOTCS K/1IAaCCAMM BbIYETOB IO MOAYAIO M. KAacc SKBMBAAEHTHOCTH 9AEMEHTA
a B Z/mZ mel byaeM obo3HAUATh Yepe3 a UAH [a]mn,.

Sameuarue 2.7.2. Ilo cBoiicTBy 5 cpaBHeHui (2.6.2) Ka>KAO€ IEAOe YUCAO IIOIAAAET B OAMH KAACC C
poBHO opHWM 3 dmcea 0,1,...,m — 1. Dro osHagaer, ato Z/mZ = {0,1,...,m — 1}. B wacTHOCTH,
IoAyYaeM, 9To |Z/mZ| = m.

Cefigac MBI OIIPEAEAUM Ha MHOXXECTBE 7, /M7 ONEPAIUY CAOXKEHUS + U YMHOMKEHUS . ITOOBI
CAOXKUTBH ABa KAACCA BEIYETOB, HY’KHO BBIOPAThH B KA’KAOM U3 HUX KAKOW-HUOYAD 9AeMEHT (Takoi
9AEMEHT Ha3bIBAETCS npedcmasumenem KAacca BEIYETOB), CAOKUTE ITU BLIOPaHHbIE SAEMEHTHI 1
IIOCMOTPETDh, B KaKO# KaaccC IIoNaAeT pe3yAbTaT. CoBepINEeHHO aHAAOTMYHO IIOCTYIIAEM U C YMHOXKe-
HueM. OCTaeTcsi IPOBEPUTD, YTO PE3YABTAT ITOI ONEPAIlXy He 3aBUCUT OT BhIOOpA IIPEACTaBUTEAEH.
STy He3aBUCUMOCTEL OOBIYHO Ha3BIBAIOT KOPPEKIMHOCTMBHO OIPEAEAEHNUS ONlepalyy.

VTax, ecAm AAHBI ABa KAacca X,y € Z/mZ (To ecTsb, X,y € Z — IPEACTaBUTEAU 3TUX ABYX
KAACCOB), IIOAOKUM X+ = X + Y X X-Y = Xy. [IpoBepuM, 9TO 3TU ONEPAINYE KOPPEKTHO OIIPEAEAEHEL:
IyCTh Temepsb X', Y’ — APyrue IPeACTAaBATEAU TEX K€ KAACCOB, TO €CTh, X' € X, Yy’ € J (uany, 4TO TO
xe camoe, X’ = x uy’ = 7). [To onpeaesennIo KAaccoB skBuBareHTHOCTH (1.5.3) 9TO O3HAYAET, ITO
x'=x (mod m), y’ =y (mod m). [Touemy e X + y coBmapaeT c x’ + y’, a Xy comapaer c x'y’?
STO B TOYHOCTU CBOUCTBO 4 cpaBHeHmil (2.6.2): X' +y'=x+y (mod m) m x'y’ =xy (mod m).

2.8 Konbua n nona

AUTEPATVPA: [F], ra. I, § 3, m. 2; [K1], ra. 4, § 3, om. 2, 4; [vdW], ra. 3, § 11.

B mpeaBIAyIIEM paspeAe MBI IOCTPOUAY HOBYIO CTPYKTYPY, SAEMEHTHI KOTOPO# MOT'YT CKAAABI-
BAThCS ¥ YMHOXXATbCS. DTK S9AEMEHTEI OYEHb ITOXOXKY Ha YKUCAQ, IIOCKOABKY CAOKEHUE X YMHOXKEHLE
0bAapaeT PAKTUIECKN «TEMU K€ CBOMCTBAMU, YTO ¥ OOBIYHEIE YMCAOBHIE CUCTEMEI — MHOXXECTBA
Z, Q, R. Ceitgyac MBI ChOPMYAUPYEM HECKOABKO H6A30BBIX CBOMCTB CAOKEHUSI U YMHOXKEHUSI, U3
KOTOPBIX, IIPX JKEAAHUN, MOKHO BBIBECTY aHAAOTK OOABIIMHCTBA aATeOPAMIECKUAX TOXKAECTB, U3Y-
YaeMbIX B CPeAHEH IKoAe. MHOXXECTBO C OIMEPAIUSIMU CAOXKEHUSI ¥ YMHOXKEHUSI, KOTOPLIE BEAYT
cebst KaK «HACTOSIIINE» CAOXKEHUE M YMHOXKEHUE, Ha3bIBAETCS KOADUOM

Onpepenenne 2.8.1. ITycts R — MHO>XeCTBO, Ha KOTOPOM 33aAaHLI ABe ODWHApHEBIE ONEPAIAY + U -
(Ha3BIBaEMble, COOTBETCTBEHHO, CAONHCEHUEM A YMHOMHCEHUEM). [IDEATIONOSKUM, YTO BBIIOAHSIIOTCS
CAEAYIOINNE CBOKCTBA:

1. a+(b+c)=(a+b)+canrsa awbex a,b,c € R (accoyuamuerocms croorcerus).
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2. cymecTtByeT aaemeHT 0 € R Takoif, uro 0 + a = a = a + @ AAg Bcex a € R (To ecTs,
0 — HelUmpanvHbill SAEMEHM OMHOCUMENDHO CAOHCEHUA; OH Ha3bIBAETCS HYNEM M IacTo
obo3HagaeTcst mpocTo depes 0);

3. Anst aroboro a € R cymecTByer saemenT a’ € R Takoit, uto a + a’ = 0 = a’ + a (To ecTs,
a’ — [AByCTOpOHHUI| 06pamHbLl K A OMHOCUMENDHO CAOHCEHUS, TAKOA INEMEHT OOBIYHO
0603HAYAETCsT Yepe3 —a U HA3BIBAETCSI NPOTUBOMOOXHLIM K Q);

4. a+b=D>+ a ars AOBBIX @, b € R (KOoMMYMaAMUBHOCMS CAOHCEHURA);

5. a-(b+c)=a-b+a-cu(b+c)-a=>b-a+c-apnsi a0bEX a,b,c € R (ducmpubymusrocms
CAOIHCEHUS OTMHOCUMENLHO YMHONCEHUA).

6. a-(b-c)=(a-b) c ars awbex a,b,c € R (accoyuamuerocms ymroorcenua);

7. cymecTByeT aaeMeHT 1 € R Takoi, uro 1-a = a = a - 1 aas amoboro a € R (To ects, 1 —
HeTMPANLHBIT SNEMEHT OMHOCUMENHO YMHOIHCEHUA, OH HA3LIBAETCS eAVHULENA U FacTO
obo3HaYaeTCss IpocTo depes 1);

8. a-b=>b-apanrg abX a,b € R (kKommymamusrocms YMHOHCEHUA);

Toraa R (c aTuMu AByMsI OIepalUsiMU) Ha3bIBAETCSI acCOLMATUBHLIM KOMMYTAaTWUBHLIM KOJbLOM C
eannnuen. TsKeNOBECHOCTD 3TOTO Ha3BAHUS CBSI3aHA C TEM, ITO OOBIYHO MHOMKECTBO C OLEPAIUSIMIU,
yaoBAeTBopsitomee cBoficTBaM (1)—(5), Ha3bIBAIOT KOMbLOM, a IpY HaAoXKeHuUH ycaoBuit (6), (7),
(8) (B pasAMYHBIX KOMOUHAINSIX) AODABASIIOT K CAOBY «KOABIIO® SIUTETHl «ACCOLMATUBHOEY, «C
eAVHUIER, «<KKOMMYTAaTHBHOE». B HallleM Kypce G0ABIIMHCTBO BCTPEYAOIIUXCS KOAET, (BO BCSIKOM
CAydae, AO IISITOH I'AaBhl) 6YAYT 0baapaTh BCEMU yKa3aHHBIMU CBONCTBAMU, IIOITOMY MBI JacCTO
OyAeM HasbIBaTh acCOIMATMBHOE KOMMYTATUBHOE KOABIIO C EAMHHUIEN IIPOCTO KOALUOM, a IIPU
HEOOXOAMMOCTH TOBOPHUTE O HEKOMMYMAMUBHBIT KONLYUAT UAY, CKAKEM, KOALUAT 63 eOUHUYDL.

O6bpaTuTe BHEUMaHZE, ITO cBoicTBa (1), (2), (4) AAS CAOSKEHUS COBEPIIEHHO IapaAAEABHEL
coiictBaM (6), (7), (8). OaHako, cBOMCTBO (3) yTBEP>KAAET, UTO CAOKEHUE ODAAAAET ellfe OAHUM
CBOMCTBOM, KOTOPOe He TpebyeTcs OT YMHOKeHUs. UyThb HUKe MBI Ha30BEM KOABIIO, B KOTOPOM
aHAAOTMYHOE CBOMCTBO (C HEOOABINOH MOAUDUKAIEH) BBITOAHEHO AASI YMHOXKEHUS, noaem. CBO-
cTBO (5) — €AMHCTBEHHOE, KOTOPOE CBSI3bIBAET ABE OIEPAINN; B K&’KAOE U3 OCTAABHBIX BXOAUT AUOO
CAO’KEHUE, AIO0 YMHOXKEHNE II0 OTAEABHOCTH.

ITpumepw, 2.8.2. CoBePIIEHHO OYEBUAHO, YTO MHOXKeCTBA Z, Q, R IBASIIOTCST KOABIIAMU OTHOCH-
TEABHO OOBIYHBIX OIIEPAIlMil CAOKEHUS U YMHOMKEHUS, B KaXKAOM U3 HUX HEUTPAABHBIA SAEMEHT IIO
CAOKEHMIO — 3T0 0, a HEXTPAABHEIA SAEMEHT IO YMHOMKEHUIO — 3TO 1.

Mpeanoxenne 2.8.3. [Tycmv» m — wamypaavHoe wucao, m = 1. Mnoowcecmso Z/mZ c¢ onepa-
YUAMU + U -, 88e0eHHbIMU 8 paddene 2.7, ABAAEMNCA ACCOUUAMUBHBIM KOMMYMAMUSHBIM
KoABUOM C 1.
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Aokazamenvcmeo. [Iposepum csoiictso (1). IIycTs X,y,z — IPEACTaBUTEAN KAACCOB @, b, C COOT-
BETCTBEHHO, TO €CTh, A =X, b =71, ¢ =z. Toraa a+ (b+¢) =X+ (J+2Z) =X+y +tz=x+ (y + 2)
Z(a+b)+c=(X+Y)+z=x+y+2z=(x+1Yy) + z. [ToryueHHbIe 5AEMEHTEI PaBHEI, IOCKOABKY
CAOJKEHUE IIEABIX YUCeA acconraTuBHO. OCTaAbHBIE CBOMCTBA AOKA3LIBAIOTCS COBEPIIEHHO aHAAOTHY-
HO C IIOMOIIBIO COOTBETCTBYIOIIUX CBOMCTB CAOXKEHUSI 1 YMHOXEHUSA IIEABIX 9YUCEA. SaMeTI/IM, 49TO B
KadecTBe HEHTPaABHOTO 3AEMEHTa IO CAOKEHWIO B CBOMCTBE (2) CAEAYET B3ATb KAacc HyAs 0, a B
Ka4ecTBE HEATPAABHOTO dAEMEHTA II0 YMHOXKEHHUIO B cBocTBe (7) — Kaacc eaununsl 1. Hakower,
eCAM 4 = X, TO B cBOcTBe (3) B KaueCcTBE IIPOTUBOLIOAOKHOTO SAEMEHTA HY>KHO B3sTh a4’ = —x. [J

Onpepenenne 2.8.4. Koabno 7Z/mZ, onucaHHOE B IPEANOKEHUN 2.8.3, HA3BIBAETCSI KOMbLOM K1acCoB
BbIYETOB MO MOAY/IO TN.

Onpepenenne 2.8.5. MHO>XeCTBO, COCTOSIIIIEE U3 OAHOTO IAEMEHTA, EAMHCTBEHHLIM 0b6pasoM CHab>ka-
€TCsI CTPYKTYPO# acCOIMAaTUBHOIO KOMMYTATHBHOT'O KOAbBIIA C eanHHUIe#. OOBIYHO MBI Ha3bIBAEM
3TOT SAEMEHT HYAEM, a TOAYIEHHOEe KOABIIO R = {0} HyneBbIM KONbLOM, U 0603HAYAEM TO KOABIIO
ugepe3 0 (€CAM 3TO He BBI3HIBAET IIYTAHUILI B 0DO3HAYEHUSIX ).

Nemma 2.8.6. ITycmv R — xoavyo.

1. a-0=0 0aa scex a€R;
2. ecau 6 R anemernmaw. 0 u 1 cosnadarom, mo 3mo HYAEE0€ KOABUO;

3. ecau y anemernma 0 € R ecms obpammbitli no ymHostceHuro, mo R — Hysesoe KoAbUO;

Aoxasameavcmso. 1. Uz onpepeaerus 0 caepyer, uro 0 + 0 = 0. AoMHOast obe JacTu Ha d,
noaydaeMm, 9To a - (0 + 0) = a - 0. Bocmoabsyemcs pucTpubyTusHOCTRIO: a0+ a-0 = a-0.
[IpubaBAss K 06€MM YaCTSM IOAYYEHHOTO PABEHCTBA IIPOTUBOIOAOKHEIN 3AEMEHT K a - 0,
moAydaeM, uTo a - 0 = 0, 4To u TpeboBaAOCE.

2. Ilyctb 0 =1 mwae R. Toraa a-0 = a- 1. Ho MBI TOABKO YTO IIOKa3aAM, 9TO A€Bas JacThb
paBHa 0, B TO BpeMsi KaK IIpaBasi 9aCTb paBHa a. IlosTomy a = 0, ¥ KOABIO R cocToMT U3
OAHOTO 3AEMEHTa.

A1 . —1 = = .

3. Ilycts 0 ° — obparubi#r o ymHOXKeHUIO K 0; Torpa 0 -0 = 1; ¢ Apyro#f CTOPOHEI, A€BAS
JacTh paBHa 0 IO y’Ke pAOKasaHHOMY. IlosTomy O = 1, 1 R — HyAeBoe KOABIIQ.

0

Aemma 2.8.6 TOKa3BIBAET, YTO HE OYEHDH PA3YMHO OXXKUAATDH, YTO V Ka2+0020 SAEMEHTA KOABIIA
OKa’KeTCsI OOpaTHBIY 110 YMHOMKEHUIO: U3 3TOT'O TYT >XK€ CAEAO0BAAO OBI, YTO 3TO KOABIO HYAEBOE.
OpHako, ecau mOTpebOBATH CYIIECTBOBAHUS OOPATHOIO y Ka’KAOI'O HEHY.AE8020 IAEMEHTA, TO
TIIOAYYHUTCS pa3yMHasl CTPYKTYpPa, KOTOpPasi HAa3bIBAETCS 7L0AEM.

Onpepenenne 2.8.7. AccomuaTuBHOE KOMMYTATUBHOE KOABIO R C eAMHUIIEN HA3LIBAETCS NONEM, ECAU
R # 0 ¥ y Ka)XKAOr0 HEHYAEBOT'O 9AEMEHTa R MMeeTcst OOpaTHEIM 110 YMHOXKEHNO. VIHEIMU CAOBaMU,
HEHYAEBOE KOABIIO R HasbIBA€TCS IIOAEM, ECAM AASL Afoboro x € R mafiaercs x !

X'Xil 1

€ R Takoe, 4TO
=1l=x"" x.
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ITpumepv, 2.8.8. Koabma Q u R u3 npumepa 2.8.2 IBASIOTCS IOASIMH, a KOABIO 7 — HET.

MHo>XecTBO BCeX 0OpaTMMBIX 3AEMEHTOB KOAbIIA MBI 6yaeM obo3HadaTh yepe3 R*. Tak, R* =
*
R\{0}, Z* = {-1,1}.
Ceityac MBI BEISICHUM, KaKW€ U3 KOAEI BUAA 7/ MZ SBASIIOTCS IIOASIMHU.

Onpepenenne 2.8.9. ITycts R — KOABIO. DAeMEHT X € R HA3LEIBAETCS AENUTENEM HYNS, ECAY HAWAETCS
HEHYAEBOH 3AeMEHT Y € R Tako#t, uTo xy = 0. A\eAUTEAD HyAST Ha3LIBAETCSI TPUBUA/IbHLIM, ECAK OH
PaBeH HYAIO, X HETPUBUANbHLIM, ECAY OH He PaBeH HYAIO. KoAbIo R Ha3kIBaeTCst 061aCTbio LLENOCTHOCTH,
ecar R # 0 u B R HeT HETPUBUANBHEIX AEAUTEAEN HYASL. VHBIME CAOBaMM, HEHYAEBOE KOABIIO R
Ha3bIBAETCS 0OAACTBIO IIEAOCTHOCTH, €CAM U3 paBeHCTBA XYy = 0 caeayer, uTo x = 0 uam y = 0.

Nemma 2.8.10. [IpoussedeHue obpamumwviT sAemMeHmMO8 Koavya R obpamumo.

1

Aoxasameavcmeo. Ecau x,y € R obparumsl, To Y~ 'x ! — obpaTHBI! 2AeMeHT K XY. AeACTBUTEAD-

-1 1

HO, (xy)(y~'x ™) =x(yy T )x T =xxTt =1L m (yx ) (xy) =y (x Xy =yTly = 1. O
Nemma 2.8.11. Nrb60e nose asasemcsa obaacmuvro UeasOCMHOCTU.

Aokxaszamenvcmeo. Ilycte R — moae. Ecau B R ecTh HETpUBUAABHBIA AEAUTEAL HYASI X # 0, TO
HaitaeTcs Yy # 0 Takoit, uTo Xy = 0. B moae Bce HeHyAeBble 9AEMEHTEI OOPAaTUMBI, B TOM 4YHUCAE X U
y. IIo aremme 2.8.10 u ux npoussepeHue xy = 0 obparuMmo, u 1o AeMMe 2.8.6 KoabIo R HyaeBoe —
TIPOTUBOPEYINE. []

SamMmeTuM, 94T0 0OpaTHOE YTBEPKAECHUE K AeMMe 2.8.11 HEBEPHO: HAIPUMED, Z SIBASIETCSI 06AACTHIO
IIEAOCTHOCTH, HO HE IIOAEM.

Aemma 2.8.11 OKa3BIBAET, HAIIPUMED, YTO KOABLO Z/67 He SBASETCS IOAEM, IOCKOABKY B HEM
€CTb AGAUTEAU HYAS. AeficTBUTEABHO, 23 = 6 = 0 B Z/6Z.

Mpeanoxenue 2.8.12. ITycms m > 0 — HamypaavHoe wucno, a € Z. Kaacc a obpamum 6 Z/mZ
mozoa u moavko mozda, koz0a a | m.

Aoxazameavcmeo. 3aMeTHM, YTO X SIBASIETCS OOpaTHEIM K 4 < 4 - X = 1 Leftrightarrow ax = 1
< ax =1 (mod m). ITo npepro>keHUIO 2.6.2 9TO CPaBHEHUE PA3PEIIAMO OTHOCUTEABHO X TOTAQ U
TOABKO TOTAQ, Koraa a | m. O

Mpepnoxenne 2.8.13. Koavyo Z/mZ saeasemca nosem mozda U moavko mozda, kozda m —
npocmoe “UCAO.

Aoxasameavcmeo. Ilycte m — mpocToe u X € Z/mZ Takos, 910 X # 0. CTanro 6BIT, X HE AEAUTCS
Ha m. ITo cBoiicTBy 1 mpocTeix uucen (2.5.2) moaygaeMm, 4To x | m, u o npepnosxeHuio 2.8.12 Kaacc
X obparuMm. O6paTHO, ECAM M HE IIPOCTOE, MOXKHO 3amucaTb M = Kl AAST HEKOTOPHIX HaTypPaAbHEBIX
k, 1, mpuaem 1 < k,1 < m. Toraa k-1 = M = 0, u noTromy B Z/MZ €CTb AGAUTEAU HYAS. 110
AeMMe 2.8.11 3TO KOABIIO HE MOYKET OBLITH IIOAEM. OJ
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2.9 Kwuraiickasi Teopema 00 octaTkax
AUTEPATVYPA: [V], ra. IV, § 3.

Teopema 2.9.1 (Kutaiickass TeopeMa o6 ocTaTkax). [Iycms m,n > 1 — HamMypaavHvie “UCAQ,
m L n, a,b — yeave wucaa. Toz0a cywecmsyem uyenoe x makoe, ¥mo x = a (mod m),
x=Db (mod n). Kpome mozo, yenoe x' ydosaemeopaem cpasreruam x' = a (mod m), x'=Db
(mod n) mozda u moavro mozda, xozda x' =x (mod mn).

Aoxasamenavcmeo. BocmoabsyeMcst cBoiicTBoM (7) cpaBHeHuit (2.6.2) u HaflAeM X1, X2 € Z TaKuUE,
gTo nx; = 1 (mod m), mx, = 1 (mod n). Teneps MOAOKEM X = anx; + bmx,. MBI yTBEpKAAEM,
YTO 3TO X YAOBAETBOPSIET CBOMCTBAM U3 (DOPMYAMPOBKU TEOPEMBI. AeHCTBUTEABHO, X = ANX; +
bmx, = a(nx;) = a (mod m) u x = anx; + mbx; = b(mx,) = b (mod n). Tenepr mycTe X' —
IleAOe YKUCAO Takoe, 4To X' = a (mod m) m x' = b (mod n), ox —x'=a—a =0 (mod m) u
x—x'=b—b =0 (mod n). STo o3Hauaer, uTo X — X’ AeauTcst Ha M u n. Ho m u n B3ammHO
IIPOCTEL, IIO3TOMY II0 CBOMCTBY 4 B3amMHOM mpocToTH (2.3.3) moaydaem, ¥ro mn | x — X/, OTKyaa
x = x’ (mod mn). ObpatHo, ecaz x = X’ (mod m)n, To x — X’ AEAUTCS Ha M X Ha N, IO3TOMY
x'=x=a (mod m)uzx'=x=Db (mod n). O

VIHBIMZ CAOBaMH, CUCTEMA CPABHEHUI
x=a (mod m),
y=>b (modn)

BCE€Tpa MMEET DEIINCHUE, I 3TO PEHIICHUE €EAMHCTBEHIHO C TOYHOCTBIO A0 CPAaBHUMOCTH IIO MOAYAIO TNTL.

2.10 Teopema BunbcoHa
AUTEPATVPA: [V], ra. IV, § 4; [B], ra. 15, mw. 3.

Teopema 2.10.1 (Buabcora). [Tycms p € N, p > 1. Yucao p Asasemca mpocmouvim mozoa U
moavko moezda, xkozda (p —1)! = —1 (mod p).

Aokazameavcmeo. Ilycts p — mpocroe. ITocmorpum Ha Kaace (p — 1)! B Z/pZ:

P-DI=1-2....(p-1. (2)

B mpousBeAeHUN CIIpaBa BLINUCAHBI BCE HEHYAEBbIE dneMeHTHI Z/pZ. Ilo mpearosxenuto 2.8.13
BCe OHHU ObpaTUMEL. Pa30b6beM MX Ha Iaphl, IOCTABUB Ka’kKAOMY KAACCY B Iapy obpaTHBIA K HEMY.
HerpyaHO IpOBEPHUTH, YTO ¥ KaXKAOIO KAACCA TOABKO OAMH obpaTHbIX (ecau a’, a” —obpaTHEE K
a,roa’'=a-(a-a’)=(a"-a)-a”=a"),uuro (a ) =a.

[Tpobaemer ¢ pa3bueHueM Ha aphkl BOBHUKAIOT TOABKO TOTAQ, KOTAA Kaacc obpaTeH caMm cebe (B
9TOM CAydYae IOAYYAETCSI BBIPOXKAECHHASI «IIapay U3 OAHOrO 3AeMeHTa). Ho Takux Kaacca TOABKO
ABa: 1 m —1. AeficTBUTeABHO, ecAu X € Z/pZ TakoB, 94To X - X = 1, To X = 1 (mod p), oTKyaa
plx*—1,Toects, p | (x—1)(x+ 1), u o cBOKCTBY 2 mpPOCTHIX duceA (2.5.2) U3 3TOTO CAEAYET,
gro p | x £ 1, To ecTh, uTO X = +1 (mod p).
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[TosToMy BCe KAACCHL, KpoMme 1 1 —1 pa3buBaroTcs Ha Iaphl B3aUMHO 06PATHBIX, U IPOU3BEACHUE
KAACCOB B KaXKAOU mape paBHO 1. OCTaeTCst TOABKO AOMHOXKUTH IIPOU3BEAEHUE BCEX KAACCOB U3
map Ha 1 u —1; moaygaem, 9To obIee IPOU3BEAEHHE, CTOSAIEE B IPaBoit actu (2), paBHO —1.

Tenepp IIOKa)XKeM, ITO ECAU P He SIBASIETCSI IPOCTHIM, TO (p — 1)! He cpaBHUMO ¢ —1 IO MOAYAIO
p. Ilycts p = kl — HeTpuBHaAbHOE pasAOKeHUe p Ha MHOXuUTeAu. Toraa (p — 1)! aeauTcs Ha

k, mockoABKY cpepam quceA 1,...,p — 1 Bcrperurcs k. Ecau Bce-Taku (p — 1)! = —1 (mod p), To
pl (p—1)!+1, orkyaa (p — 1)! + 1 = ps ans HekoTOpOIO S € Z, oTKypa 1 = ps — (p — 1)! peaurcs
Ha k (mockoABKy p AeaumTcs Ha k u (p — 1)! peamrest Ha k) — npoTuBopedme. O

2.11 ®yukuma diinepa
AUTEPATVPA: [F], ra. [, § 2, m. 3; [V], ra. II, § 4; [B], ra. 10.

Onpepenenne 2.11.1. ITycte n € N, n > 0. Koan4yecTBO HaTypaAbHBIX YUCEA, MEHBIIUX T X B3aUMHO
IIPOCTBIX C N, obo3HadaeTcss depe3 @(n). VupmMm caoBamu, @(n) = {(x e N | x <numx L n}|.
ComocraBaenre n — @(n) 3apaer dyuruuio N\{0} — N, xoTopast HassiBaeTcst hyHkumeii Jiinepa.

ITpumep 2.11.2. IIpsiMmoe BBEIYUCAEHUE IOKA3BIBAET, 4To (1) =1, ¢(2) =1, @(3) = 2.

Mpeanoxenne 2.11.3. ITycmv n € N, n > 0. Toz0a @ (n) pasHO KOAUMECNBY 0OPAMUMDBLE SAEMEH-
moe xoavya Z/MZ: e(n) = [(Z/nZ)*|.

Aoxazameavcmeo. Ilycts 0 < x < n; 1o mpeproskeHUIo 2.8.12 X | N Toraa ¥ TOABKO TOT'AQ, KOTAA
X obpaTum. O

Samenarue 2.11.4. Temepb MOXKHO ITOCYUTATH @(P) AASI IPOCTOrO P: IO IPEAAOKEHUIO 2.8.13
KOABIIO 7Z/pZ. SBASieTCSI IOAEM, TO ecTh, (Z/pZ)* = (Z/pZ)\{0}, otryaa @(p) = |(Z/pZ)*| = p — 1.
STO MOYKHO IOAYYUTDH U IPSIMBIM IIOACYETOM: YHCAO X, 0 < X < P, B3aUMHO IIPOCTO C P TOTAA U
TOABKO TOTAQ, KOTAQ OHO HE AEAWTCSI Ha P, TO €CTh, KOTAA OHO He paBHO 0.

I[IpsiMo#t TTOACYET TO3BOASIET BLIYUCAUTE U @(p¥), rae p — mpocToe, k > 0 — HaTypaAbHOe.
AefCTBATEABHO, X B3aHMHO IIPOCT C P* TOTAQ U TOABKO TOTAQ, KOTAA X B3aWMHO IIPOCT P, TO €CTB,
X He AeAUTCs Ha p. KOAM9ecTBO HATypaAbHBIX YHCEA, MEHBIIUX P* U ACASAMIMXCS HA P, PABHO
p*/p = p*7!, mosTomy @(p*) = p* —p*t =p“i(p 1)

AAsT TOro, YTOOBI BEIYUCAUTE 3HAYEHUE (M) 10 KAHOHWYECKOMY Pa3AOKEHUIO YUCAA T, HaM
IIOHAA06UTCS ITepedOPMYANPOBKA KATANCKON TEOPEMEL 06 OCTaTKAX.

Teopema 2.11.5. ITycmv Hamypaavruie wucaa m,n > 1 makoss, wmo m | n. Paccmompum
omobpastcenue f: Z/mnZ — Z/mZ x Z/nZ, conocmasasrowee Kaaccy X = [X|mn € Z/mnZ napy
xaaccog ([X|m,[x]n). Omo omobpasrcerue koppekmro onpedenero u aeasemca buexyues.

Aoxasamenvbcmeo. KoppeKTHasI OMPEAEAEHHOCTE: €CAR [X]mn = [X']mn, TO mn | x — x/, mosTomy
m | x —x"mwn | x —x'. 3HauurT, [X|;m = [X'|m ¥ [X]n = [x']n. Ilo xuTalicko#t Teopeme 06
ocraTkax (2.9.1) aAnst Kakpo# mapsl (a,b) € Z/mZ x Z/nZ Hahipercs x Takoi, uro f(X) = (a,b)
U TaKOM X €AMHCTBEHHBIM II0 MOAYAIO MN, TO €CTh, 33Aa€T OAHO3HAYHO OIIPEAEAEHHBIA 3AEMEHT
[X]mn € Z/mnZ. OT0 1 03HaUYaeT O6UEKTUBHOCTE f. O
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[Torka>xeM Temepb, YTO IIPKU IIOCTPOEHHOM B TeopeMe 2.11.5 oTobparkeHuu obpaTuMbIe KAACCHI
IIEPEXOASIT B Iaphbl 0OPATUMBIX KAACCOB.

Mpeanoxenue 2.11.6. ITycms m,n, f makoswl, xax 8 popmyauposxe meopemsv, 2.11.5, u nycmow
X € Z/mnZ, f(x) = (a,b). Kaacc X obpamum 6 7Z/mnZ mozda u moavko mozda, Kozda a
obpamum 6 Z/mZ u b obpamum & Z/nZ.

Aoxasamenvcmeo. Ecau x’ — obpaTHblit saeMenT K X B Z/mnZ u f(x') = (a’,b’), To a’ obparen k
a, a b’ obpater x b. AeACTBUTEABHO, A = [X]|m, @’ = [X/]m, mosTomy a-a’ = [x]|m  [X/]m =[x X]m,
HO xx' =1 (mod mn), mosromy xx’ =1 (mod m). AHanroruyso, b’ sgBAsIeTCsT 0OOpaTHEIM K b.
ObpaTtHo, mycTb a’ — obpaTHEIf K a, b’ — obparHeit K b. OTobpakeHne f GUEKTUBHO, TO3TOMY
Haiiaercs x' Takoit, uro f(x') = (a’,b’), To ects, [X'|m = @/, [x']n = b’. IIpz stom [xx'|; =
[X]m - [X']m =a-a’=[1]m 7 [xX']n = [1]n. SHadmT, xx' =1 (mod m) z xx’ =1 (mod n), oTKyaa
II0 CBOMCTBY 1 B3amMHO mpocThIx uucea (2.3.3) xx’ =1 (mod mn) u x obpaTuMm. N

Teopema 2.11.7 (MyAbTUIAUKATEBHOCTE QYHKIME Ditrepa). Bcau m,n > 1 — namypaavhoie
yucaa u m L n, mo @(mn) =@(m)e(n).

Aoxasameavcmeo. Ilo npearoxkeruio 2.11.3, o(mn) = |(Z/mnZ)*| u e(m)e(n) = [(Z/mZ)*| -
(Z/MZ)*| = (Z/mZ)* x (Z/nZ)*| [Ipearoxerue 2.11.6 yTBep>RAaeT, 9TO f ycTaHABAMBAET OMEKINIO
MeXXAY MHOXXecTBaMu (Z/mnZ)* u (Z/nZ)* x (Z/nZ)*, mo3ToMy B HUX IIOPOBHY 9AEMEHTOB. [

Cnepcteue 2.11.8. Ecau n = p¥ - pi2. ... p&% — xaronumeckoe pasnoosicerue HAMYPAABLHOZ0
DD st pe - 1) S ps - 1),

yucaa n, mo @(n) = p;

Aokaszamenvcmeo. 3aMETUM, YTO BCE COMHOKUTEAW BHAA p]fi B KAHOHUYECKOM PA3BAOKEHUU
Y@CAa M NOIAPHO B3aUMHO NIPOCTHI (HAPUMED, 3TO CAEAYET U3 IpearokeHus 2.5.8). [Ipumensis
Teopemy 2.11.7 u 3ameuanume 2.11.4, moaygaem @(n) = @(pi* - ps2--- - pks) = (p¥) - (p5?) - - - -
O(p) = ¥ (py—1) - p§ H(pa—1) - - pSI(p, — 1), wT0 1 TPEBOBANOCS. 0

S

2.12 Teopema diinepa n manas teopema Pepma
AUTEPATVPA: [F|, ra. [, § 2, mm. 3; [V], ra. III, § 6; [B], ra. 11, § 1.

Teopema 2.12.1 (Teopema Ditnepa). [Tycms n — HamypaavHoe “ucao, a € Z u a 1L n. Tozda
a®™ =1 (mod n).

Aoxasameavcmeso. IlycTb X1, Xa, . .., Xy — BCe OOpaTUMble SAEMEHTEI KOAbIIa Z/nZ. [lo mpeano-
>xeHmio 2.11.3 ux poBHO @(Nn), To ecTh, k = @(n). IlycTs @ — KAAcc UKUCAA a B KOABIE Z/NZ.
ITo mpeanoxxenuio 2.8.12 sneMeHT a obpatumMm. PaccMoTpuM 3A€MEHTHI aXq, AXa, . .., AXk. 110 AeM-
Me 2.8.10 Ka>kApIif u3 Hux obparmm. C Apyro#f CTOPOHEBI, eCAM dX; = aXj, TO a(x; — x;) = 0.

1

AOMHOXast 3TO PaBEHCTBO Ha @ ~, IOAydYaeM, UTO Xi = Xj. OTO O3HAYaeT, YTO BCE SAEMEHTEHI

axi, axg, ..., QX PA3AWYHBI, UHEIMKA CAOBAMM, 3TO SIAEMEHTEI X1, Xg, . . . , Xk, TOABKO, BO3MOXHO, B
ApyroMm mopsiake. Ho Toraa mpousBeAEHUS 3TUX ABYX HaOOPOB 9A€MEHTOB COBIAAAIOT. SHAYMUT,

X1Xg - X = QX - AXg - - - QX = A X1Xg - - - X
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ITo remme 2.8.10 mpom3BEAEHHE X1Xs - - - X OOPATHMO, ITO3TOMY Ha HET'O MO>XHO COKPATUTDL 0be JacTu
(boaee cTporo — AOMHOXKUTE Ha obpaTHoe K HeMy). Iloaydaem, 4To a* = 1; aTo u o3HauaeT, YTO
a“*=1 (mod n). O

Cnencrteue 2.12.2 (Manast Teopema @epma). Ecau p — npocmoe “ucao, u a € Z He deaumcs Ha
p, mo aP~! =1 (mod p).

Aoxasamenavcmeo. Ilo cBoitcTBy 1 mpocThix uucea (2.5.2) a L p; mo 3amedanmio 2.11.4 ¢(p) = p—1.
OcTanroch IPUMEHUTDL TeOopeMy Jitaepa AAS N = P.

[IpuBeAeM HECAOXKHOE CAEACTBHE Manoit TeopeMbl PepMa.
Cnepcteue 2.12.3. Ecau p — npocmoe wucnao, u a € Z, mo ab? = a (mod p).

Aoxazamenvcmeo. Ecau p | a, To aP = 0 (mod p) u a = 0 (mod p). B nporusHOM cAyUae
MO>XKHO IIPUMEHUTH MaAyio Teopemy Pepma 2.12.2: moaydum, 9To aP ! =1 (mod p); AoMHOKAS
obe JacTu Ha a, IOAydIaeM HY’KHOe CpaBHEHWE. O

2.13 Anroputm wndcposanHna RSA

Anropurm mudposanus RSA (Rivest, Shamir, Adleman) sBAsieTCsS OAHOM U3 IPOCTENINUK KPUII-
TOrpadUIECKUX CUCTEM C OTKPBITHIM KAOWOM. OH IIO3BOASIET OOMEHUBATBHCSI COODINIEHUSIMU IIO
OTKPEBITEIM KaHaAaM CBsI3U 6€3 pucKa OBITH MOACAYIIaHHEIM. [IycTs Aamca u Bob — aBa mepcoHaxa,
u Aauca xodeT IOAYYUTL OT Boba coobIeHue, KOTOPOE CMOXKET IIPOYECTh TOABKO OHA. IIpu aToM
MexAYy Anmcoit  BoboM mMeTCS TOABKO OBOIIIEAOCTYIIHEIE KaHAALI CBSI3U. AATOPUTM MU(PPOBAHUS
RSA rosopurt, uTo Aarca AOAYKHA

e BHIOpATH ABa CAYYaMHBIX PA3ANYHBIX IIPOCTHIX YUCAA (AOCTATOYHO BOABIINX) P X (;

® JIEPEMHOXUTD X U IIOAYYUTH YUCAO N = P(,

e maitrn o(n) — @(pq) = (p - 1)(q — 1);
e BHIOpPATH HEKOTOPOE HATYPAABHOE UHCAO €, B3aUMHO IIPOCTOE C @ (M);

e HaWTy 4KUCAO d, SIBASIIOITEeCs peleHreM cpaBHeHUs: ed = 1 (mod ¢(n)) — cyImecTBoBaHue
TAKOro YUCAA TapaHTUpPYyeTcs: cBoiicTBoM (7) cpaBHeHmit (2.6.2). 3amumem ed = 1 + ko(n) =

1+k(p—1)(q - 1)

ITocae aToro Aamca nepepaer Boby o OTKPBITOMY KaHAAY CBSI3K YMCAA N U €. MBI IpeAlIoAaraeM,
4T0 coobuierue, KoTopoe Bob xoueT mepepaTh AAUCE, IBASIETCS HATYPAABHBIM YUCAOM M TaKUM,
gTo M < Nn. Ha npaxTuke 3T0 03HaYaeT, ¥T0 Bob AOAKEH pa3pe3aTb AAMHHOE COObIIeHuE (CTPOKY
6UT) Ha KYCKI AAMHON MEHBIIE, YeM KOAXYIECTBO UMD B ABOMYHON 3aIKUCYU YUCAA N U IEPEAABATDH
Ka’KABIA KYCOK IIO OTAEABHOCTH. AAsI 3amudpoBKu Bob BEIYKMCASIET OCTATOK OT A€AEHUSI M€ Ha
M; TO €CTh, IIEAOE YUCAO C < N TakKoe, 94To ¢ = M€ (mod n). Aauca noAydaeT 3amundpPOBAHHOE

coobmenue ¢ oT Boba M0 OTKPEITOMY KaHaAy cBsisu 1 Beraucaser ¢d = (m¢)4 = m®? (mod n).
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[Tokaxxem, aTo MY = m (mod n). Mer XxoTuMm mokasaTb, uro N | m¢4 — m. Ilpm sTom n
SIBASIETCSI IIPOU3BEACHUEM ABYX IIPOCTBIX YHUCEA: I = p(. Ilo cBo#cTBY (4) B3aUMHO IIPOCTHIX QUCEA
(mpeanrorxenue 2.3.3) AAS 3TOTO AOCTATOYHO AOKazaTh, 4To p | m¢Y —mu q | m¢? — m. Ecan
p | m, o p | mé, uw moromy p | m¢?d. Ecam >xe p L m, TO MOXHO IPUMEHUTL MaAyIO TEOPEMY
Depma 2.12.2:

med = mItkP-DE-D = gy - (P H)E-D = 1 194D = m (mod p)

AHaNOTHYHO AOKa3bIBaeTcst, 9To ¢ | méd — m.

OrMmeruM, uTo cpaBHeHZEE MY = m (mod n) cpa3y caeayeT u3 TeopeMbl Diinepa, ecam m L n. Ha
IIPaKTUKE BEPOSTHOCTEL TOTO, YTO M MMeeT OOIIWil AeAWTEAL C N, Ype3Bbl4aiiHo Mana. OpHAKO HY>XHOe
CPaBHEHHUE BBIIIOAHEHO U B O6]'II;€M CAydYae.

Taxkum obpasom, Aarca BOCCTAaHOBUAA UCXOAHOe coobiernre m. [Ipu 3ToM Bce BEIYUCAEHUS
IIPOUCXOASIT ITO MOAYAIO M (TO eCThb, caMo II0 cebe YUCAO M OTPOMHOE, HO HaC MHTEPECYET TOABKO
ero OCTaTOK II0 MOAYAIO N, YTO 3HAYUTEABHO YIIPOIIAET BHIYUCAEHUS).

SaMeTuM, YTO IIOCTOPOHHEMY HAOAIOAATEAIO AOCTYIIHBI AWML YUCAA M, € U 3aIIu@POBAHHOE
coobrmenne c. Aasi paciupoBKY HEOOXOAUMO 3HATH OOPATHHIA K € II0 MOAYAIO (1) aAeMeHT d,
AAST 9ero HeobxoauMo 3HaTh @(n). Ho anst BerumcaeHust @ (N) HeoGXOAMMO 3HATH PA3AOXKEHUE T Ha
IIPOCTBIE MHOXKUTEAUN. B HacTosilee BpeMsi HEM3BECTHEI 3(P(PEKTUBHEIE AATOPUTMEI Pa3AOKEHUS
BOABININX YMCEA HA IPOCTHIE MHOXUTEAU (B OTAMYME OT 3(D(DEKTUBHBLIX TECTOB HA IIPOCTOTY, C
[IOMOINBI0 KOTOPHIX AANCA ¥ TOTOBUT YUCAA P ¥ ().
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3 KomnnekcHble yncna

3.1 OnpepeneHne KOMNNEKCHbIX Ynucen

AUTEPATVPA: [F|, ra. 11, § 1, oo, 1-5; [K1], ra. 5, § 1, mm. 1-2.

KoMIIAEeKCHBIE YMCAQA IIPEACTABASIIOT CODOM pacIIrpeHre IIOASI BEITECTBEHHEIX YKUCEA, 0OAaAA-
IoIllee ropasa0 boaee MPUSTHLHIMU aATeOpPaIecCKUMY CBOMCTBaMM. Halll IIOAXOA K OIPEAEAEHUIO
KOMIIAEKCHBIX YMCEA aKCMOMATHYECKUH — MBI CHaYaAa OIUCHIBAEM HEKOTOPOE MHOXKECTBO C OIIe-
palusIM¥, KOTOPOE OKA3BIBAETCS IIOAEM, A IIOTOM IIOKA3bIBAEM, UTO OHO COAEPIKUT BEIECTBEHHEIE
YUCAQ U 3aAYMBIBAEMCSI O MOTHUBALIYIY.

Onpepenenne 3.1.1. PaccmorpuM MHOXXecTBO R x R Immap BellleCTBEHHBIX YKWCEA. BBeAeM Ha HeEM
OIIEPAIUA CAOYKEHUSI U YMHOXKEHUS:

(a,b) + (c,d) = (a+c¢c,b+d),
(a,b)-(c,d) = (ac — bd, ad + be).

Teopema 3.1.2. Mnoorcecmso ¢ onepayuamu, onpedeaerHoe 6 3.1.1, ABAAEMCA ACCOUUAMUEHDBIM
KOMMYMAMUBHIM KOALUOM C eOuHUYEN.

Aoxazamenvcmeo. HeobxoprMo TPOBEPUTH BOCEMb aKCHOM U3 OIpepeseHus 2.8.1.

1. ((a,b)+(c,d))+(e,f) = (a+c,b+d)+(e, ) = ((a+c)+e, (b+d)+f), (a,b)+((c,d)+(e,f)) =
(a,b)+(c+e,d+f)=(a+ (b+c),d+ (e+T)). [loryueHHbIe BEIPAKEHUSI PABHEI, IIOCKOABKY
CAOYKEHUE BEIECTBEHHBIX YMCEA aCCOLMATUBHO.

2. HefiTpanbHBIM 3A€MEHTOM IO CAOXKEHUIO siBAsieTcst apa (0, 0). AeficTBureabHo, (a,b)+(0,0) =
(a +0,b+0) = (a,b), ¥ 10 KOMMYTaTUBHOCTA CAOXKEHUsI (aKCHOMa 4) TO K€ BEPHO, ECAU
CKAAALIBATb B APYT'OM IIOPSIAKE.

3. IIpOTHBOIOAOYKHEIM 3AEMEHTOM K Iape (a,b) sBasieTcs mapa (—a, —b). AelCTBUTEABHO,
(Cl,b) + (—Cl, _b) = (Cl + (—(l),b + <_b)) = (070)

4. (a,b)+(c,d)=(a+c,b+d)=(c+a,d+Db)=(c,a)+(d,D).

5. ((a,b)-(c,d)) - (e,f) = (ac — bd,ad + be) - (e,f) = ((ac — bd)e — (ad + be)f, (ac — bd)f +
(ad + bc)e). C apyroit croporE, (a,b) - ((c,d) - (e, f)) = (a,b) - (ce — df,cf + de) = (a(ce —
df) — b(cf + de), a(cf + de) + b(ce — df)). PackpbiTue ckOOGOK ITOKA3BLIBAET, YTO IIOAYUEHHBIE
BBIPa’KEHUsI PDaBHBL.

6. HeATpaAbHBEIM 3AEMEHTOM II0 YMHOXXEHUIO siBAsieTcs mapa (1,0). AeiicTBuTeanHo, (a,b) -
(1,0) = (a--b-0,a-0+b-1 = (a,b), # 53TOr0 AOCTATOYHO B CUAY KOMMYTaTHUBHOCTH
YMHOXXeHUs (akcuoMa 7).

7. (a,b)-(c,d) = (ac —bd,ad + bc) u (c,d) - (a,b) = (ca — db,cb + da).
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8. (a,b)-((c,d) + (e,f)) = (a,b) - (c+e,d+f) = (alc+e)—b(d+f),a(d+f) —b(c+e)).C
Apyro# cropowtl, (a,b) - (c,d) + (a,b) - (e,f) = (ac — bd, ad + bc) + (ae — bf,af + be) =
(ac — bd + ae — bf,ad + bc + af + be). PackpbiTre CKOOOK IIOKA3EIBAET, YTO [IOAYIEHHEIE
BBIPa’KEHUsI PABHEL; X 3TOr'0 AOCTATOYHO B CHAY KOMMYTATHBHOCTY YMHOXEHUsI (aKcuoMma 7).

O

Onpepenenne 3.1.3. MHO>XeCTBO TaKUX IIap BEIECTBEHHEBIX YUCEA C onpereseHHBIME B 3.1.1 omepa-
nusmy obosHauaeTcss depes C; ero sneMeHTHI Ha3bIBAIOTCS KOMMIEKCHLIMU YUCTAMMN.

Samevarue 3.1.4. MHOKeCTBO BEI[ECTBEHHEIX YUCEA MOXKHO CUATATEH IOAMHOXXECTBOM MHOXXECTBA
KOMIIAEKCHBIX 9HCEA: YUCAO d € R MOKHO paccMaTpwBaTh Kak KOMIIAEKCHOE IucAo (a,0). [Tpu sTom
BBEAEHHBIE HAMU OIEPAIWY Ha [IapaX [IPeBPAIIAIOTCS B OOLIYHBIE ONEPAIUY HaA KOMIIAEKCHBIMY
YUCAAMU: AeHCTBUTEABHO, (a,0) + (b,0) = (a +b,0) u (a,0) - (b,0) = (ab,0); eaununa (1,0) n
uyAb (0,0) B MHOKeCTBE KOMIIAEKCHBIX YUCEA SIBASIFOTCSI BEIECTBEHHBIME ducaamu 1 u 0. 3aMerum
Tak>Xxe, 9410 a - (¢,d) = (a,0) - (¢, d) = (ac, ad).

Onpepenenne 3.1.5. Ilycts z = (a,b) — KoMIAeKCHOe YmcA0; 3amumeM z = (a,b) = (a,0) + (0,b) =
a+b-(0,1). Komnnercuoe gucao (0,1) obo3HadaeTcst depe3 i ¥ HA3BIBAETCS MHUMOI eANHNLEN;
OCHOBAHMEM 3TOMY CAYXXHUT ToMy, 4To i’ = —1. Bammuch z = a + bi HaseiBaeTcst anreGpanyeckoii
¢hopmoii 3anncn KOMNIEKCHOTO YKUCNa, BEIIIECTBEHHLIE YMCAA 0 U b — BELWEeCTBEHHON 4aCTbi0 1 MHUMOWA
4aCTbl0 KOMIIAEKCHOTO YHCAA Z COOTBETCTBeHHO. Obo3HadeHus: a = Re(z), b = Im(z).

Samevarue 3.1.6. Temepb MBI MOXXeM 3a0BITh IIPO MHTEPIPETAIIAIO KOMIIAEKCHOTO YMCAA KaK
IIaphl BEIECTBEHHBIX YMCEA U CUUATATh, UYTO KOMIIAEKCHOE YMCAO — 3TO BEIPa’XEHUE BUAA O +
bi c BemiecTBeHHEIME a,b. [Ipm s3ToM BBepeHHBIE HaMu B 3.1.1 omepamuio IEPENUCHEIBAIOTCS B
anrebpamyeckoi popMe CAEAYIOMIIM 0bpasoM:

(a+bi)+ (c+di) =(a+c)+ (b+ d)i,
(a+bi)-(c+di) = (ac — bd) + (ad + be)i.

WubiMu croBaMM, KOMIIAEKCHBIE YHCAA — 9TO BBIPA’KEHUS BHAA A + bi, KOTOpPBIE CKAAABIBAIOTCS
I IIEPEMHOXXAIOTCsSA COI'AACHO OOBIYHBIM IIpPaBUAAM O6paIll;eHI/ISI C YHCAaMHU C YYE€TOM PaBEHCTBa
i? = —1.

3.2 KomnnekcHoe conpsixeHue n mMoayib

AUTEPATVPA: [F|, ra. II, § 1, . 3-5, § 2, om. 1-4; [K1], ra. 5, § 1, m. 3.

Onpepenenne 3.2.1. ConocTaBuM KOMIAEKCHOMY YHUCAY Z = d + bl KOMIIAEKCHOE YUCAO Z = a — bi.
[ToaryuenHoe oTobparkerre C — C Ha3BIBAETCS CONPSHKEHUEM, @ YKUCAO Z — CONPSDKEHHbIM K UUCAY Z.

Mpepnoxenue 3.2.2 (CaoiicTBa conpsikeHus). Aan arobur xomnaexcHuxr wucea z,w € C svinoa-
HANOMCA caedyroujue ceolicmea:
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3. z=12z
Z moz0da U moavko mozoa, xozda z € R;

4. Z

5. Z-z = 2-Z — HEOMPUYUAMENDHOE BEULECTNBEHHOE YUCAO; OHO PABHO HYA M020a U MOADKO

moezoda, xkoz20a z = 0.

Aoxazameavcmeo. Ilyctb z = a + bi, w = ¢ + di.

1. (a+bl)+(c+di)=(a+c)+(b+d)i=(a+c)—(b+d)i,a+bi+c+di=(a—Dbi)+
(c—di)=(a+c)—(b+ d)i.

2. (a+bi)(c+di) = (ac—bd) + (ad + bc)i = (ac —bd) — (ad + be)i, a+bi-c+di = (a—
bi)(c — di) = (ac — bd) — (ad + be)i.

3.Z=a—bi=a+bi

4. Bcamze R, Toz=a+0iuz = a— 01 =z O6parHo, ecArm a + bi = a—bi, To b = —b,

otkyha b=0uz=aeR.

5. z-z= (a+bi)(a—bi) = (a®> +b%) + (—ab+ba)i = a®?+b? > 0, a® + b*> = 0 Torpa u
TOABKO TOTAR, KOTAA @ = b = 0, TO ecTb, Koraa z = 0.

]

Onpepenenne 3.2.3. TIOCKOABKY Zz - Z — HEOTPUIATEABHOE BEIECTBEHHOE YUCAO, U3 HETO MOXKHO
73BA€Yb (TAaK)Ke HEOTPUIIATEABHEBIN) KBAaAPATHBIM KOPEHb. DTOT KOPEHbH HA3LIBAETCSI MOAYIEM
KOMIIAEKCHOT'O 9UCAR z U 0603HaYaeTCsT depes |z|; TakuM obpasoM, z - Z = |z|?. Ecam z = a + bi —
aarebpardeckasi opMa 3anUCU KOMIAEKCHOTO YUCAQ, TO |z| = v/a? + b2.

Mpeanoxenune 3.2.4. Mnootcecmeo C KOMNAEKCHBIT HUCENA ABAAELTNCA NLOAEM.

Aoxazamenvcmeso. Ilocae poKazaTeabCTBa TeOPeME! 3.1.2 OCTAETCS IPOBEPUTE HAANINE OOPATHOTO

[I0 YMHOXXEHUIO ¥ Ka’XAOr0 HEHyAeBoro aaeMenTa. [Iycts z € C, z # 0. Toraa |z| # 0. PaccMorpum

amcao z/ = #Z; METKO BHAETh, uT0 z-2' =z’ -z = 1. O

Samevarue 3.2.5. Takum obpa3oM, B MHOXKECTBE KOMIIAEKCHBIX YMCEA MOXKHO AEAUTDH Ha HEHYAEBLIE

9AEMEHTHL: z/W = zw 1. Tak>Ke OIpPEAEAEHA OIePAlUsl BOSBEACHUS B IIEAYIO CTENEHDb: eCAU N > 0,
TO 2™ = Z2----- z,ecamn < 0 (mz # 0), To z" =z ' z7! ecam xxen = 0, To z° = 1.
7 -
n —n
HerpyaHo BuAETH, UTO 3Ta OIIEPAIIUS YAOBAETBOPSET OOBIYHBEIM CBOXCTBaM BO3BEAEHUS B CTEIEHD,

tuma zZ™ = z™ -z (zw)™ = z"wn,

Mpepnoxenue 3.2.6 (CBoiicTBa MOAYAST KOMIIAEKCHBIX THUCEA).
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1 Jz] - |w| = [z-wl;

2. ecauw # 0, mo |z|/|w] = |z/w|.

Aoxasamenvcmeo. 1. |zw| = /(zw)(ZW) = Vz - W - Z- W = VzZ - WW = VzZVWW = |z| - [w].

2. MoMHOXKasl Ha |W|, TOAydYaeM, 94TO HY>KHO AOKa3aTh |z| = |z/w| - [w|, 4To caepyeT U3 mepBOi
JaCTH.

]

Samewarue 3.2.7. KoMIAeKCHBIE YuCAa YAOOHO M306paskaTh B BUAE TOYEK IIAOCKOCTU. PaccMmoT-
PUM AEKApPTOBY CHUCTEMY KOOPAMHAT Ha IIAOCKOCTH ¥ COIIOCTAaBMM KOMIIAEKCHOMY YHUCAY d + bi
BEKTOpP C KooppuHaTamu (a,b) (To ecTsb, paauyc-BeKTOp ToUKH (a,b)). CaroikeHUE BEKTOPOB (KakK 1
KOMIIAEKCHBIX YUCEA) IPOUCXOAUT ITOKOOPAMHATHO, IIOITOMY CyMMa BEKTOPOB M306pa’kaeT CyMMy
KOMIIAEKCHBIX 4YrceA. MOAYABL KOMIIAEKCHOTO YKUCAA B CHAY TeOpeMbl [Iudaropa paBeH AAUHE
COOTBETCTBYIOIIIETO BEKTOPA.

Mpeanoxenne 3.2.8 (HepaBeHCTBO TPeyroAbHUKA). AAf A00LIT KOMNAEKCHBIT “UCEA Zi,Za, Z3
BHINOAHEHO HEPABEHCMBO |21 — Zp| + |z — 23| = |23 — z4].

Aokazamenvcmeo. Obo3HAYUM Z = z; — Z5, W = Z; — Z3; HY>KHO AOKa3aTh, 4TO |z| + [w| = |z + W|.

— _ _z w
BaMeTI/IM, YTO ECAU Z+W = 0, HEPABEHCTBO OYEBHUALHO. SamnumeMm 1 = Ztw + Ztw" CoraacHo IIDAaBUAMAY
z

CAOYKEHUsT KOMIIAEKCHEIX ducer, Rel = Re(; %) + Re(;15;). 3amernm, aro Re(z) < |z| anst aroboro

KOMIIAEKCHOTO 4YucAa z, moaToMy Rel < [ 7| + | 2% | AoMHOXas Ha 3HaMEHATeAb, IOAYIaeM

HeobXoAVMOe HEPaBEHCTERO. O

3.3 TpuroHomeTtpuyeckasi hopma 3annucm KOMNIEKCHOro Yncna
AUTEPATVPA: [F], ra. II, § 2, . 1-6; [K1], ra. 5, § 1, m. 4.

Onpegenenue 3.3.1. IIycte z = a + bi € C — HemyneBoe KoMIAeKCHOe YUCA0. OBo3HAUUM Uepes
T = +v/a? + b? MopyAB ducaa z. BemecTBeHHbBIE YuCAA /T ¥ b/T TAKOBEHI, YTO CyMMa UX KBAADPATOB
paBHa 1. [TosToMmy HafipeTcst Tako#l yroa ¢, 4ro a/r = cos(@), b/r = sin(¢). Takoit yroa ¢
HA3BIBAETCS aPryMEHTOM KOMIIAEKCHOT'O YMCAA Z. 3aMETHUM, YTO IIPU STOM

2 =le] -2/lz] = el (2 + 21) = Jel(cos() + Lsin().

Briparkenue z = r(cos(@) + isin(¢)) Ha3bIBaeTCsT TPUrOHOMETPUYECKOI hOpMOii 3aNnNCu KOMNIEKCHOTO
yncna. Obosuavenue: @ = arg(z). Kak obbI9HO, MOXKHO CUMTATh, YTO apIyMEHT (KakK ¥ AM060i yron)
3aIIMCHIBAETCSI BEIIECTBEHHEIM YUCAOM C TOYHOCTBIO AO 271K, k € Z. Ecau BHIGpaTh IPeACTaBUTEAD B
noayuHTepBane [0, 277), IOAYYIUM TO, YTO HA3BLIBAETCS MMaBHbIM 3HAYEHWEM aprymeHTa, OHO obo3Ha-
gaeTcst gepe3 Arg(z) Ob6paTHO, II0 MOAYAIO T X apryMeHTY (p KOMIIAEKCHOE YUCAO Z OAHO3HAYHO
BOCCTaHaBAMBAETC: Z = a + bi, a = rcos(g), b = rsin(@).
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ObpaTuTe BHEMaHNUE Ha HEOOXOAMMOCTEL OCTOPOKHOTO OOpAIEHUsI C IOHSTUEM YIoA. APryMeHT KOM-
IIAEKCHOT'O YHCAQ Z, BOODIIE IOBOPSI, SIBASIETCSI He BEINECTBEHHBIM YHCAOM, a YTAOM (IIO3AHEE MBI IPUAAAUM
3TOMY TOYHBI# CMBICA: arg(z) — 3AEMEHT 2pynnut Y2408, cM. npumMep 10.1.3(7)). SToT yroa MOXKHO 3ammcaTh
BEIIECTBEHHLIM YUCAOM, HO He OAHO3HAYHLIM 06pa30M: HEKOTOPHIE BENIECTBEHHLIE YUCAA 3aIUCLIBAIOT OAWHA-
KOBBIE YyIABL. Hampumep, uucaa 0, 27, —27, 471, —47,... — 9TO pa3Hble POPMEI 3aIIUCH OAHOTO U TOT'O JKE
yraa. IIpu sToM ABa BEIECTBEHHBIX UUCAA X ¥ [3 3aNKUCHIBAIOT OAMH ¥ TOT K€ YTOA €CAM U TOABKO ECAUW OHU
OTAMYAIOTCSA Ha IIEAOE KPATHOE 270 & — 3 = 27k AASI HEKOTOPOTO k € Z. DTO IIOXOKE Ha AEAMMOCTDL IIEABIX
YUCEA: X U [3 33AAIOT OAWH YTOA, ECAU WX Pa3HOCTD «AEAUTCSY Ha 27T. DTO HABOAUT HA MBICAb, YTO YTABL —

9TO KAACCHELI 9KBUBANACHTHOCTHU IIO OIIMCAHHOMY OTHOIICHWIO «CPAaBHUMOCTH IIO MOAYAIO 271y,

Mpeanoxenue 3.3.2 (EAMHCTBEHHOCTh TPUTOHOMETPUYIECKON OpMBEI 3anucu). [Tycmo 1,1/ — mnosao-
orCUMensHYIE Beulecmeaertble wucaa, @, ' — yaanl, z = r(cos(@) + isin(@)), z’ = r'(cos(@’) +
isin(@’)) PaseHcmeo KOMNAEKCHHIT wucea z = z' 8bnoaneHo mozda u moavko mozoa, xoz0a
r=1"uep=0¢.

,Z\,onasameﬂbcmeo. MOAYAB KOMIINEKCHOI'O YMCAa Z PaBE€H

V/(rcos())? + (vsin(e))? = /(12((cos(¢))? + (sin(¢))?))

aHAAOIMYHO, MOAYAB KOMIIAEKCHOrO ducAa z' paseH 1'. Ecam z = 2/, To r = 1/, oTkypa z/1r = 2/ /1.
3magut, cos(@) + isin(¢@) = cos(¢p’) + isin(¢p’), oTkyaa cos(¢) = cos(¢’) u sin(@) = sin(¢’). Ho
€CAU ¥ ABYX YTAOB COBIIAAQIOT CHHYCHI ¥ COBIIAAQIOT KOCHHYCHI, TO OHY PaBHEL. IlosToMy # @ = ¢’.
ObpaTHO, ecAm T =1’ 1 @ = @', TO 0OYeBUAHO, UTO z = Z'. ]

Samevarue 3.3.3. Takum obpasoMm, z MOKHO 3aAaBaTh HEe IIapO# BEIIECTBEHHBLIX YUCEA, a IIa-
poit (|z|,arg(z)), cocTosimel U3 IOAOMKUTEABHOI'O BEIIECTBEHHOIO YUCAA X yrAad. EAMHCTBEHHOE
UCKAIOYeHMEe — Caydalt z = 0: y HyAsT MOAYAb PaBeH HYAIO, & apryMeHT BOODIIEe He OIpeAeAeH.
YeMm moae3Ho Takoe 3apanHue? B aarebpaumyeckoit popMe 3anmucy KOMIIAEKCHBIE YUCAA AETKO CKAA-
ABIBATh: BEIIECTBEHHEBIE YACTU CKAAABIBAIOTCS ¥ MHUMEIE YAaCTH CKAAABIBAIOTCI. OKa3bIBAETCS, B
TPUTOHOMETPUYECKON (DOPMe 3aIUCH KOMIINAEKCHBIE YMCAA AETKO IIEPEMHOMKATD.

Teopema 3.3.4. [Ipu nepemHOHCEHUU KOMNAEKCHBIL “YUCEA UT MOOYAU MEPEMHOHCAOMCA, a4
apaymermo. craadviearomca. MHvmu caosamu, ecau z,w € C*, mo |zw| = |z| - |[w| u arg(zw) =
arg(z) + arg(w).

Aoxazamenvcmeo. IlepBoe yTBepRAeHUE OBINO AOKa3aHO B IpepsoskeHnu 3.2.6. ObosHauuM @ =
arg(z), P = arg(w). 3amerumM, 4TO

|z (cos(¢@) + isin(¢))[w[(cos() + isin())
2] - [w|(cos(@) cos(1h) — sin(¢) sin(W) + i(cos(¢) sin(1) + sin(e) cos(e)))
|z| - [W|(cos(@ + ) +isin(@ + V).

zw

C ppyro#t CTOpPOHEL, zZW = |zw| - (cos(arg(zw)) + isin(arg(zw))). Ilo npepnrosxeruio 3.3.2 u3 3TOrO
cAepyerT, uTo |zw| = |z| - [w| (YTo MBI 3HaAM U paHblle) u arg(zw) = @ + P = arg(z) + arg(w), 4ro
7 TpeboBaAOCE. O
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Cnepcteue 3.3.5. Aas ar06020 HeHYyaeB8020 KomnaercHo20 “ucaa z = T(cos(@) + isin(@)) umeem
-1

z7t =17 (cos(—) + isin(—¢@)).
Cnepctue 3.3.6. IIpu denerHuu KOMNAEKCHBIT HUCEA UL MOOYAU OEAAMCA, G AGP2YMEHMDBL 8BIMU-
MarOMcCA.

Cnencteue 3.3.7 (Popmynra aAe Myaspa). Aan 2106020 HEHYAEB020 KOMNMAEKCHO20 HUCAA Z =
r(cos(@) +isin(¢)) u ar0b020 yeaozo N umeem mecmo pasercmso z" = ™ (cos(ng) + isin(ne)).

Aoxasamenvcmeo. Anast 1 = 0 paBEHCTBO OYEBUAHO; AASI N > 0 caepyeT u3 TeopeMbl 3.3.4
1I0 MHAYKIUY, & CAydall OTPUIIATEABHOI'O N CBOAUTCS K CAYYarO IIOAOKUTEABHOI'O IIPU IIOMOIIU
paseHcTBa z" = (z7')"™ u caepcTBus 3.3.5. O

3.4 KopHu 13 KOMNAEKCHbIX Yncen

AUTEPATVPA: [F], ra. II, § 3, mm. 1-2; [K1], ra. 5, § 1, m. 4.

ITycTh N — HOAOKUTEABHOE HaTypaabHOe 9ucao, W € C. [locMOTpIM Ha pelIeHus! ypaBHEHUS
z"™ = w. Bo-IIepBEIX, 3aMeTuM, 9TO eCA W = 0, To i z = 0 (uHade u3 paBeHCTBa z" = 0 AeAeHUEM
Ha z" mony4daeM 1 = 0). [IycTb Temeps W # 0. 3amumeM W U z B TPUTOHOMETPUIECKON popMe:
w = r(cos(@) + isin(¢)), z = |z| - (cos(arg(z)) + isin(arg(z))). ITo dhopmyare ae Myaspa (3.3.7)
z" = |z|™ - (cos(narg(z)) + isin(narg(z))). [IpupaBHUBast 2" K W U HOAB3YSICh EAMHCTBEHHOCTHIO
TPUrOHOMeTPUYIecKoil 3amucy (3.3.2), moaygaeM, uro |z|™ = r u narg(z) = ¢@. OTciopa CAEAYET, ITO
|z| = /™. KpoMe Toro, paBeHCTBO YTAOB N arg(z) = @ O3HavaeT paBeHCTBO M = @ + 271k, Tae P —
HEKOTOPBI# YUCAOBOY NPEACTABUTEAb yrAa arg(z), a k — meaoe uucno. 3Havut, P = (@ + 27k) /n.

Teopema 3.4.1. ITycmv w = r(cos(¢@)+isin(¢)) € C*, n — nosootcumenvroe HAMYPALBEHOE YUCAO.
Cywecmeyem po8HO N KOMNAEKCHBIT YUCEA Z MAKUT, MO Z™ = W; MOIHCHO 3aANUCAMD UL

B 1/n( ((p+27rk) . <(p—|—27’tk))
Z=7 cos| —— | +1ismm | —— ,
n n

A oxazamenvcmeo. Brlllle MBI IPOBEPUAY, UYTO PEIIEHUS YPAaBHEHUS ¥ = W HMEIOT BUA

27k 271k
T < <<P+_ﬂ) +isin (<P+_W>) _
n n

Ocranock pazobpaThbCsi C UX KOAUYECTBOM U YCTPAHUTHL HEOAHO3HAYHOCTH: AEAO B TOM, YTO IPHU

max.

20ek=0,1,...,n—1.

Pa3AMYHBIX IIEABIX K 3Ta (pOpMyAa HacTO AaeT OAMHAKOBEIE 3HAYUEHUS z. A UMEHHO, z) = z| TOTAQ U
TOABKO TOTAQ, KOTAA YIAHL (@ + 27k)/n 1 (¢ + 27l) /M coBmapaioT. A 5TO IPONCXOAUT TOTAQ, KOTAA
UX YUCAOBEIE 3HAUEHUSI OTAUYAIOTCS Ha IleAoe KpaTHoe 27T (@ +27k)/n = (@ +27l) /n+ 27tt, oTKyaa
@ +2nk =@ +2nl+2ntn z k — 1 = tn, 1o ecTh, k =1 (mod n). 3HaUUT Pa3AMYHLIX 3HAYEHUN Z
CTOABKO K€, CKOABKO KAACCOB BBIYETOB II0 MOAYAIO N, ¥ MO>XHO BEIOPATh Zk, COOTBETCTBYIOIINE
Pa3AMYHBIM IPEACTABUTEASIM K 9TUX KAACCOB BRIYETOB (cM. 2.7.2), Hampumep, k = 0,1,...,n—1. [J
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3.5 KopHu n3 eguunubi

AUTEPATVPA: [F], ra. II, § 4, oo, 1-4.
[IycTb N — DOAOKUTEABHOE HaTypaAbHOe uucAO. [locMoTpuM Ha pelneHus ypaBHeHUS z" = 1 B
KOMIIAEKCHBIX YMCAAX.

Onpepenenne 3.5.1. ITycte n € N, n > 1. KommaekcHoe yncao z € C Ha3BIBAaeTCST KOPHEM TL-0i CTENEHN
n3 1, ecam z" = 1. MHOXeCTBO BCEX KOPHEN CTENeH N U3 1 0603HAYAETCS JEPE3 [Ly .

Mpepnoxenune 3.5.2 (CeoiicTBa KOpHEH N-0it crenenu u3 1). Aaa kasrcdozo Hamypaavrozo N = 1
() () ()

CYWECMEYIOM DPOSHO T. KOPHEU cmenenu N ud 1; amo “ucaa €5, &)y ..., En"q, 20€
2nk, . . 27k
el — cos(Z=) + isin(Z—).
n n

ITpu smom npousseederue 08yx xopHel cmeneHu N u3 1 Aasaaemca KopHem cmeneHu n u3 1;
obpamruil K KOpHIO cmeneHu N u3 1 asasemca xKopHem cmenerHu N u3 1.

Aoxasameavcmeo. Popmyra Ars slin) HeMeAAEHHO CAEAYET U3 TeopeME! 3.4.1 (¢ ygeToMm Toro, 4To

1] =1 warg(1l) = 0. Ecam z,w € py,, TOo 2™ = 1, w™ = 1, oTkyaa (zw)™ = z" - W" = 1, nosToMy 1
1)n _

zw € W,. Kpome Toro, (z~ (z")™! =1, mosromy u z7! € ;. O

Samenarue 3.5.3 (leoMmeTpuyueckast MHTepIpeTaIUss KOpHER U3 eAMHUIE). VI3 dopMyABl Ans
a,&n) BUAHO, YTO MOAYAW BCeX KOpPHeW CTenmeHW M u3 1 paBHBI €AWHUIIE, & apI'yMeHTHI PaBHBI
0,2m/n,4n/n,...,2(n — 1)m/n, To ecTh, 06Pa3yIOT apPUPMETUIECKYIO IIPOTPECCUIO C PA3HOCTHIO
27/n. 3HAYNUT, HA KOMIIAEKCHON IIAOCKOCTH TOYKHU .s](f) A€’KaT Ha OKPY’XHOCTHU C IIeHTpoM B 0 u
papuycoMm 1, u yrart ZAOB aast AByx coceprux Toduek A, B, paBHBI 271/n. VI3 sToro caeayer, 9To
TOYKU a]g“) A€XKaT B BEPIIVHAX IPaBUABHOI'O N-yroAbHUKA C IIeHTpoM B 0. KpoMe Toro, Tak Kak

sg“) = 1, vucno 1 IBASIETCS OAHOM U3 BEPIIWH 3TOT'O M-yTOABHUKA.

Samevarue 3.5.4. BepHemcs K ypaBHEHUIO z™ = W AAS KOMIAEKCHOTO ducaa w # 0. IIycTb zg —
HEKOTOpPO€e DPEIIeHNe 3TOrO YPaBHEHUS; TOTAA Z; = W H, Pa3AEAUB II€PBOHAYaAbHOE ypPaBHEHUE
Ha 9TO PaBeHCTBO, IOAydaeM z"/z' = w/w = 1, orkyaa (z/zo)" = 1, To ecTb, z/zq IBASIETCS
KOpHeM crerneHy n u3 1. [TosTomy z/zy = sk“ AASI HEKOTOpPOIo K, u z = zosin). TaxkuMm obpasom,
AfobOe peleHue YpaBHEHUS z = W OTAMYAETCS OT HEKOTOPOI'O (PMKCUPOBAHHOI'O PELIEHUS Zg
AOMHOXXEHUEM Ha KOPEHb CTeleHu N u3 1.

Onpepenenue 3.5.5. Kopennb n-oit crenenu u3 1 Ha3bIBAETCSI NepBOOOPa3HbLIM, ECAY OH HE SIBASETCS
KOpHeM U3 1 HUKaKO¥# MeHBINEeH, YeM M, CTelneHu. VIHBIMU CAOBaMU, z Ha3bIBAETCS IIePBOOOPA3HBIM
KOpHeM cTeneHE N u3 l,ecam z" = 1w zm #1lopu 0 <m < n.

Samenarue 3.5.6. 3ameruM, 4TO e§“) = cos(27t/n) + isin(27r/n) sABAsIETCS TepBOOOPA3HBIM KOPHEM

creneHu N u3 1. AeficTBUTEABHO, ecar (cos(27r/n) + isin(27r/n))™ = 1 ans HekoToporo 0 < m < n,
To o popMyae Myaspa cos(2tm/n) + isin(2rm/n) = 1, orkyaa 2mm/n = 2k AAST HEKOTOPOTO
neaoro k. [ToaygaeM m = kn, TO €CTh, M AEAWTCS Ha N, YTO HEBO3MOKHO.

Mpeanoxenue 3.5.7. ITycmv ¢ — kopens cmeneru N u3 1. PasHocuavbHbl.
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1. ¢ — nepsoobpasHuvili KopeHs;
2. ece wucaa 1 = €%, ¢, €2, ..., e™ ! pasaummobL.

Aokazamenvcmeo. (2) < (1): ecam €™ = 1 past HekoToporo 0 < m < M, TO CPeAM YKa3aHHBIX
gmcen ecThb coBmapatomue. (1) < (2): ecanm £X = ¢™ AAST HEKOTOPHIX K, M, TO MOXKHO CYMTATh, ITO
k > m; Torpa ¥ /e™ = ¢¥~™ = 1. U3 onpeaeseHust IepBOO6PA3HOrO KOPHS CAEAYeT, 9To k = m. [

Mpepnoxenune 3.5.8. ITycmev n > 1 — namypaavroe wucno, 0 = k > n — 1. KopeHv e](f) cmeneru

n u3 1 asasemca nepeoobpasHvim mozda u moavko moezoa, xozoa ged(k,n) = 1.

Aoxasamenvcmeo. Obosmaumm ¢ = ¢\ . HeTpyaHO BEAETB, 9TO si“) = ¢k Bcamged(k,n) =d > 1,
o (e{M)/d = (gk)/d = gkn/d — (gn)k/d — 14 — | (3pech BaKHO, uTO k/d — IEACE WHCAO). DTO
3HAYAT, ITO 51(: ABAsieTCsT KopHeM creneHu N/d u3 1, u, mockoAbKy n/d < N, HE SBASETCS
IepBOO6Pa3HLIM KOPHEM CTeleHr N u3 1.

(n)

O6patHo, ecam ged(k,n) = 1, mokaXkeM, 49TO ¢, = €

— mepBoObOpa3HbI KOPEHL CTEIEHU
n u3 1. AefCTBUTEABHO, IPEAIOAOKEM, ITO (¢X)™ = ™ = 1, rae 0 < m < n. Ho ™ =
(cos(27t/n) + isin(27/n))*™ = (cos(27tkm/n) + isin(2tkm/n)) = 1, oTkyaa 2tkm/n = 27t anst
HEKOTOPOro IeAoro t. 9To o3HadaeT, 4To km = nt, To ectb, n | km. Ho k u n B3auMHO IpOCTHI;
II0 CBOMCTBY 3 B3aMMHOM IPOCTOTHI (2.3.3) Temeps M | M — NPOTUBOPETUE C IPEAIIOAOKEHAEM
0O<m<n. [

Cnepctsue 3.5.9. Koauvecmso nepsoobpasHuvix kopHel cmeneru n u3 1 pasro @(n).

Aokazameavcmeo. CaepyeT us npepnroskerus: 3.5.8 1 onpepenerus: pysHruuy ditaepa (2.11.1). [

3.6 IkcnoHeHumanbHas copma 3aNUCU KOMNIEKCHOFO YUCNA

AUTEPATVPA: [F|, ra. II, § 5, mm. 1-3.
MEeI BUAEAH, YTO aPTYMEHT KOMIIAEKCHOT'O YKUCAA BEAET cebs oA0O6HO AorapudMy: apryMeEHT
IIPOU3BEAEHUS PABEH CyMME apryMEHTOB. DTO OIPABABIBAET CAEAYIOIIEE OIIPEAEAEHNE.

Onpepenenne 3.6.1. IIycTb z = a + bi — xoMmaekcHoe ducao. IToroskuMm e* = e?(cos(b) + isin(b)).
3aMeTuM, 9TO OCHOBHOE CBOMCTBO 3KCIIOHEHTEI BLIIIOAHSIETCS IPM TaKOM ONPEAEACHUMN.

Mpeanoxenne 3.6.2. e*1772 = e#1 . g*2,

Aokazameavcmeo. IlycTs z; = a; + byi, zp = az + b, TorAa 21 + 25 = (a; + az) + (by + by)ium

- e”2 = e“(cos(by) + isin(b;)e*?(cos(bs) + isin(b,))
= e“1"%(cos(by + by) + isin(b; + by)

— ezl +2z2 .
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I[Ipum aTom e'® = cos(@) + isin(@); B gacTHOCTH, €' = —1. Temepb AAST ATO6OTO HEHYAEBOTO
KOMIIAEKCHOTO 4ucAa z = 1(cos(@) + isin(@)) MoxxHO 3amucaTs z = ret® = (")
HA3BIBAETCS IKCMNOHEHUMANbHOW (DOPMOiA 3aNUCK KOMNIEKCHOTO Ymnchna.

[TombITaeMCsI TeIEPD OIPEAEAUTE OOpaTHYIO PYHKIINIO — AorapudM. OCHOBHOE CBOMCTBO AO-

e Sra 3amuch

rapudmMa AOAKHO COXPAHUTHLCS: AOTApPUMPM AOAKEH OBITHL 0bpaTHON (PYHKIMEN K SKCIIOHEHTE.
3ameTyM, YTO SKCIOHEHTA IEPEBOAUT CyMMy B Ipom3BeaeHue: %P = e® - e, [TosToMmy Aorapudm
AOAYKEH IIEPEBOAUTE IIpou3BepeHUe B cyMMy: In(ab) = In(a) + In(b). Takum obpasoM, ecar ompeae-
AWTB AorapudM BoobIe BO3MOXKHO, TO AASL KOMIIAEKCHOTO 9ucAa z = T(cos(@) + isin(@)) = - e'®
AOAJKHO BBIMOAHATBCS In(z) = In(r) +1n(e'®?) = In(r) + i@. [Ipobaema COCTOMT B TOM, ITO apTyMEHT
( KOMIIAEKCHOT'O YHCAQ Z OIPEAEAEH He BIOAHE OAHO3HAYHO, & C TOYHOCTBIO AO IPUOABAEHUS
IIEAOr0 KPAaTHOrO 4ucaa 271. IlosToMy u AorapudM AOAKEH OBITH ONPEAEAEH HE OAHO3HAYHO,
a C TOYHOCTBIO AO IIEAOTO KpaTHOro umcaa 27i. Hacro depes Ln(z) obosHawaroT Bce MHOMKe-
CTBO 3Ha4YeHWH, TO ecTb, Ln(r(cos(¢) + isin(@))) = {In(r) + i@ + 2nik | k € Z}. Ilop 3anucsio
In(z) MBI 6yaeM HOHEMATE Kakoe-HUbOYOL 3HAUEHNE AoTapudMa, TO ECTh, KaKOH-TO SAEMEHT MHO-
>kecTBa Ln(z). Ilpy 3TOM M3 OCHOBHOI'O CBOMCTBA SKCIIOHEHTHI HEMEAAEHHO CAEAYET OCHOBHOE
cBoiicTBO aorapudma: In(z;z;) = In(z;) + In(z;). IToHEMAaTh 3TO PaBEHCTBO, KOHEYHO, CAEAYET C
TOYHOCTBIO AO CAaraeMoro Bmaa 2mik; Hampumep, In(l) = 0 z In(—1) = 7ti, HO B TO >ke BpeMs
In(1) =In((-1)- (1)) =In(—-1) + In(—1) = 7i + 7i = 27ri.
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4 Konbuo MHOro4naeHoB

4.1 Onpepenenue n nepebie CBONCTBA

AUTEPATVPA: [F], ra. III, § 1, . 1-3; [K1], ra. 5, § 2, m. 1; [vdW], ra. 3, § 14.
Mzl BoCTIpmHEMAaeM MHOTOYAEH IIPOCTO KaK IOCAEAOBATEABHOCTD €r0 KO3(PUIIMEHTOB: TO, ITO

B IIPUBLIYHOM 3aIMCH BHEITASAUT Kak 2x° — bXx + 4, AAS Hac SBAsIeTCS GECKOHEYHOM OCAEAOBATEAD-
HOCTBIO (4,-5,0,2,0,0,...).

Onpepenenne 4.1.1. ITycts R — xOABIO (KOMMYTATHBHOE, aCCOLMATUBHOE, ¢ 1). MHorouneHom Hap
R (maz mHorounesom c kodpcbuumentamm n3 R) HasbIBaeTCst HeCKOHEYUHAS IIOCAEAOBATEABHOCTHIO
3AEMEHTOB R, B KOTOPO# BCce IAEMEHTBI, KPOME KOHEYHOI'O YKUCAQ, PABHEI HyAIO. VIHBIMU cAOBaMU —
3TO IIOCAEAOBATEABHOCTBIO (Qg, A7, ds,...), TAE A; € R CO CAEAYIOUIIM CBOHCTBOM: CYIIECTBYET
HarypaabHOe N € N Takoe, uTo a; = 0 aAnst Bcex 1 > N. BBepeM CaeAyIOINe OIepaly CAOYKEHUS U
YMHOJKEHUS Ha MHOXKECTBE BCEX MHOTOYAEHOB Hap R: mycTs a = (aop, a;, as, ... ), b = (bg, by, ba,...).
[MonoxxuMm a + b = (ag + bg, a; + by, az + ba,...), ab = (agbg, agb; + a;bg, agbs + a;b; + absy,...).
®opmanbro: (a + by = a + by, (ab) = 3 aiby_;.

[TpoBepuM, 4TO CyMMa MHOT'OYAEHOB AEUCTBUTEALHO SIBASETCSI MHOTOYAEHOM, TO €CTb, UTO
HAQYWHAsI C HEKOTOPOI'O MecTa Bce KO3 MUIUEHTEL B a + b paBHEI HYAIO. [IOCKOABKY a SIBASIETCS
MHOT'OYAEHOM, HaliaeTcsa HaTypaAabHoe M Takoe, uTo a; = 0 mpm 1 > M. IlockoabKy b ssBASIETCS
MHOTOYAEHOM, HafiaeTcst HarypaabHoe N Takoe, 9To by = 0 mpz i > N. Ho Toraa mpu i > max(M, N)
BHIIOAHEHO ¥ a; = 0, u b; = 0, orkyaa (a + b); = a; + by = 0 AAS Bcex Takux i.

YyTb CAOXKHEE CTPOTO IIOKA3aTh, YTO IPOU3IBEAECHVE MHOTOYAEHOB SIBASIETCS MHOTOYAEHOM.
ITycte cuoBa a; = O mpum Bcex i > M, u b; = 0 mpu Bcex j > N. MeI yTBepXpaeM, ITO IPH
k > M + N xosddunzerT (ab), paBeH HyAw. AeHCTBATEABHO, IO OIPEAEAEHUIO

((lb)kz Z Clib]'.

i+H=k

BameTuM, 910 mpH 1+ j > M + N BBEIIOAHEHO XOTs1 6Bl OAHO U3 HepaBeHCTB i > M, j > N (uHaue,
ecami<Muzj<N,10i+j<M+ N — nporuBopeune). 3HaYUT, KASKAOE CAATAEMOE B CYMME,
CTOsiIe# B IpaBOM 9acTH, PaBHO HyAIO, 160 a; = 0 mpu i > M, a b; = 0 mpu j > N. IlosTomy u Bcs
cymMa (ab)y paBHaA HyAL.

MHO>XecTBO BCeX MHOT'OYAEHOB Haa R C OpeAeNeHHBIMY TaKUIM 06pa30M OIepaIusMy 0603HaAYUM
gepes R[x].

Samenarue 4.1.2. B obosuauenuu R[x| bykBa X mOKa He HECET HUKAKOIO CMBICAQ; UYTh HUIKE
MBI y3HAeM, YTO TaKOe KaHOHWYECKasl 3allMCh MHOT'OYAEHA, M X CTAHET BIIOAHE ONPEAEAEHHBIM
anemerToM R[x]. TeMm He MeHee, Ha ee MECTO MOKHO BBIOPATH AIOOYIO APYIYIO OYKBY.

Teopema 4.1.3. R[x]| asasaemca xoavyom (accoyuamuervim, KOMMYMAMUEHDIM, C 1).

Aokazameavcmeo. HeobXoAMMO IIPOBEPUTH BOCEMb aKCHOM U3 OIpeAeAeHUst KoAbla (2.8.1). Cao-
>KeHre B R[X| IPOMCXOAXUT ITOKOMIIOHEHTHO, IIO9TOMY IIEPBHIE UETHIPE AKCUOMBI, OTPA’KAOLIUE
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CBOMCTBA CAOKEHUSI (aCCOIMATUBHOCTD ¥ KOMMYTATABHOCTD, HAAMYNE HEMTPAABHOIO SAEMEHTA U
IIPOTUBOIIOAOXKHEIX ) CPA3Y CAEAYIOT U3 COOTBETCTBYIOIIUX CBOMCTB CAOXKEHUS B KOABIlE R. OTMeTM
AHZINb, 9YTO POAb HEATPAABHOTO SAEMEHTA II0 CAOXKEHUIO UIPAET IocAepaoBaTeAbHOCTS (0,0,0,.. . ),
a POAB IIPOTUBOIOAOMKHON K IIOCAEAOBATEABHOCTH (Qg, Ag, dz,...) UCPAET IOCAEAOBATEABHOCTD
(—ag, —ay, —Qg,...).

AcconuaTrBHOCTD YMHOMKEHUS: IYCTb a = (dg,d1,...), b = (bg,by,...), ¢ = (co,C1,...) —
anemeHTH R[x]. Toraa

1 1 k

((ab)e)h = Z(ab>kclfk = Z Z aib_ici_y,

k=0 k=01i=0
1 1 1-1i
(Cl(bC))1 = Z ai(bc)l_i = Z aq Z bjC]__i_)'
i=0 i=0 j=0
1 1
= 2 ai Z bjcl—i—j-
i=0 it+j=1

Caenas sameny k = i + j B mocaepmeit cymme, moaysaem (a(be)) = St a; Y b ici_i. Te-
IIepb BUAHO, YTO CYMMEI B BhIpa)keHUsX AAS ((ab)c); u (a(bc)), paBHBI; MOXKHO CYMTATh, UTO
CYMMUPOBaHUS IPOU3BOASITCS 1o mapaM (i, k) makum, 9o 0 <i<k <L

ITokarkeM, 4TO aAeMeHT e = (1,0,0,...) sIBASIETCS HERTPAABHBIM 10 YMHOXXeHUI0. A\eficTBuI-
TEeABHO, (ae)x = Z];:o aiex_i = ax 7 (ea)x = Z];:o eidy_i = dx. YMHOXXEHINE KOMMYTAaTUBHO:
(ab)x = ZLO aiby_i, (ba)x = Z};O bjax_; = Zt—)eo by_(k—j)dk—j, X OCTAAOCH CAEAATH 3aMEHY
i=%k—j.

Haxkoser, npoBepuM AUCTPUOYTUBHOCTD:

((a+b)c)k = (a+b)ick—i

U

.~
Il
o

(ai + bi)ck—i

I
.MW

o
Il
o

(aicx—i + bick—1i)

[
.MW

,ﬂ
Il
o

k

(aick—i) + Z(bickfi)

=0
ac)y + (be)x.

[
=

Il
o

I
—~ e

]

Sameuarue 4.1.4. MOXXHO CUATATH, YTO KOABIO R SIBASIETCST IOAMHOYXECTBOM KOAbLA R[X]; aelicTBy-
TEABHO, K&XKAOMY 9AEMEHTY a € R COOTBETCTBYeT MHOTOUAEH (a,0,0,...), ¥ OIepaluy Ha TaKUAX dAe-
MeHTax B R[x| cooTBeTcTByIoT omeparnusm B R. B cuay sToro, MuEOrouaeH (0,0,0,. .. ), SBASIIOUIUNACS
HeATPaAbHBIM 3AEMEHTOM II0 CAOXKEHUIO KOABIA R[x|, MBI 0603HawaeM IpocTo uepe3 0, a MHOTOYAEH
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e=(1,0,0,...) — gepes 1. ITosromy MBI YacTo HyAeM mucaTh a BMeCTO MHoOrodaexa (a,0,0,...)
AASI 9AeMeHTOB a € R. IIpm 3ToM, Kak HETPYAHO BHUAETSH, a - (bg, by, by, ... ) = (abg, aby, ab,,...).

Samenarue 4.1.5. Kak u B APyrux KOAbIlaX, AASI HaTypaabHOro N u f € R[x| MbI obo3HagaeM
yepes f™ MHOrouAeH f - - - f; ecam 1 = 0, monoxum f° = 1 € R[x].
—

n

Onpepenenne 4.1.6. IIycts a = (ag, ai, Az, ... ) — MHOTOYAEH Hap KOAbIOM R. CTeneHbio MHOrO4YAeHa
a Ha3bIBaeTcs Hauboablree d Takoe, 9TO agq # 0. YAODHO CUMTATE, YTO CTENEHD HYAE€BOTO MHOTOYAEHA
(0,0,...) paBHa —00. Ecam e a # 0, To cTeneHb a — HaTypaAbHOE yucao. Obo3nauenue: d = deg(f).
3aMeTuM, YTO MHOTOYAEHEI CTeleH 0 — 3TO B TOYHOCTY HEHYAEBbIe KOHCTAHTHI U3 R.

Samewarue 4.1.7. OboznauuMm depes x saemeHt (0,1,0,0,...) € R[x]. HerpyaHo BuAeTH, 4TO
x? = (0,0,1,0,0,...), u Boobme x" = (0,...,0,1,0,0,...) AAS BCsIKOro HaTypaabHOro n. C ydyeroMm
N— —

—_
n

3aMevaHus 4.1.4 afoboit sneMeHT a = (qo, a1, Az, - . . ) € R[X] MOKHO 3ammcaTh Kak
a= (aO)a17a2)a37"')
= (ao0,0,0,0,...)+(0,a4,0,0,...)+ (0,0, 02,0,...) + ...
=a-(1,0,0,0,...)+a;-(0,1,0,0,...)+ az-(0,0,1,0,...) + ...

2
= Qg+ aA1X + ax” +....
KoneuHo, B TIOAYYEHHO! CYMMe AUINEL KOHEYHOE YUCAO HEHYAEBBIX CAATAEMBIX; ECAU deg(a) =d,

MO>XHO 3allycaTb a4 = Qg + A1X + --- + adxd. Takasi 3amIMCh HA3BIBAETCS KAHOHWYECKOW 3anucCbio
MHOro4neHa.

Teopema 4.1.8. ITycms R — obaacms yeaocmrocmu. Tozda deg(f - g) = deg(f) + deg(g) Oan
aobwix f, g € R[x]|.

Aoxazameavcmeo. Ilycte m = deg(f), n = deg(qg). Samumem f = ag + a;x + -+ + apx™, g =
bo + bix + -+ 4+ bx™. Ilo onpepeneruIo cTeneny uMeeM a,, # 0 u b,, # 0. HeTpyaHO BuAETE, 9TO
fg = agbg + - + A b x™ ™ 1 a;, by, # 0, TOCKOABKY R — 06AACTB IIEAOCTHOCTH. O

Samevarue 4.1.9. 3aMeTuM, 9TO TeopeMa BepHa U AAS caydas f = 0 uaum g = 0 3a cueT Halero
cornamerus deg(0) = —oo.

Cnepctsue 4.1.10. Ecau R — obaacms yeaocmrocmu, mo R[x] — obaacms yeaocmmocmu.

Aoxazamenvcmeo. Ilycte fg = 0; mpeamoaosxuM, uto f # 0, g # 0, Toraa deg(f) u deg(g) —
HaTypaAbHBIE YUCAQ, T03TOMY Z deg(fg) — HaTypaabHOE YHUCAO. ]

Cnepcrtsue 4.1.11. ITycms R — obaacms yeaocmuocmu. Mruozouaen f € R[x| asasemca obpamu-
MM Mo20a U MoabKo mozoa, Koz0a ox umeem cmenerd 0, MO eCmb ABAAEMCA INEMEHMOM
f=reR, ur obpamum 6 R. HHvimu crosamu, R[x]* = R*.
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Aokazamenvcmeo. Ilycts f € R[x|* u g € R[x] — obparHusiit snement k f: fg = 1. IIpu sTom
deg(f) + deg(g) = deg(fg) = deg(l) = 0. Ecau opHa u3 crenereii f, g paBHa —0, To u deg(fg)
paBHsIAACh OBl —00; moaToMy oba uucaa deg(f), deg(g) HaTypaAbHBL U, CAEAOBATEABHO, paBHEL 0.
Suauut, f, g € R — KOHCTaHTHI, TPOM3BeAEHNE KOTOPEIX paBHO 1 € R. ITosTomy f € R*.

O6partno, ecau f € R*, obo3rauuM depesd g € R* obpaTHeril aanemeHT K f B R. Toraa fg =1, u
€CAU PaccMOTPETH f, g KaK MHOTOYAEHEL, TOAYYUM, 4TO f € R[x]*. O

4.2 [denumocTtb B KO/bLIE MHOTO4Y/1IEHOB

AUTEPATVPA: [F], ra. VI, § 1, m. 1-2; [K1], ra. 5, § 2, m. 3; § 3, . 1; [vdW], ra. 3, § 14.

Hauwnasi ¢ 9TOro MecTa MBI CIMTAEM, YTO KOABIO R SIBASIETCST 0OAACTBIO IIEAOCTHOCTH (TOrAQ IO
reopeMe 4.1.10 u R[x] siBAsieTcst 06AACTBIO IIEAOCTHOCTH).

Ceitgac MBI IIepeHeCeM OCHOBHBIE OIIPEAEAEHUS U3 paspena 2.1 Ha cAaydall KOAbIA MHOT'OYAEHOB.

Onpepenenne 4.2.1. Ilycts f, g € R[x|. ['oBopsT, 9TO MHOrOUAEH g AenuT MHOro4YAeH f (uAm gTo f
AennTes Ha g), ecam f = gp aas Hekoroporo p € R[x]|. Obo3nauenue: g | f.

Mpepnoxenue 4.2.2 (CBoiicTBa AEAMMOCTH B KOABIIE MHOTOYAEHOB). [Iycmo f, g, h € R[x]|. Toz0a

1. f|fufll;

\N)

.ecauh | f,h| g, moh|f+g,
3. ecau h | f, mo h | fg;
4. ecauh|g,g|f, moh|f.
Aoxaszamenvcmso. 1. f=f-1=1-1.
2. ecnruf=hp,g=hq, 0 f+g="h(p+q).
3. ecau f = hp, To fg = hgp.

4. ecau g = hp, f = gq, To f = hpq.

O
Onpepenenne 4.2.3. ABa snemenTa f, g € R[x| HaspIBaroTcst accoyumpoBaHHbiMu, ecar g | fu f | g.
Mpepnoxenune 4.2.4. AccouyuuposaHHocmsd ABAAEMCA OMHOULEHUEM IKBUBAAEHMHOCTIU.
Aoxaszamenvcmeo. OUIeBUAHO. L]

Mpepnoxenne 4.2.5. f,g € R[x] accoyuuposarsv. mozda u moavko mozda, kozda f = cg Oan
Hexomopotl obpamumot kKoHcmarnma, ¢ € R*.
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Aoxasameavcmeo. Ecau f = cgansice R*, o g | fu g = ¢ !f, mosromy f | g. ObpaTso, u3 g | f
caeayer, uto f = gp, a u3 f | g caeayer, uro g = fq. I[losTomy f = gp = fqp, orkyaa f(1 —pq) = 0.
BameruM, uTo R[x] — obracTs menrocTHOCTH, Ho3TOMYy f = 0 uAM 1 — pq = 0. Ecau f = 0, To u
g = 0, u AoKasbIBaTh Hedero. VHade moaydaeM, 9To 1 = pq, oTkyaa p € R[x]* = R*. BHauur, p —
HEeHyAEeBasi KOHCTAHTa, YTO U TPeboBaAOCh AOKA3ATh. [

Teopema 4.2.6 (O aAeneHUU C OCTaTKOM B KOABIlE MHOTOYAEHOB). [Tycms R — obaacms ueaocmmo-
cmu, f,g € R[x], g # 0, u cmapwutl xkosappuyuenm mrozouaera g obpamum. Cywecmeyrom
eduncmeerHble MHozouaeHbt h, T € R[x| maxue, wmo f = gh + 1 u deg(r) < deg(g).

Aokazameavcmeo. CHadanra AOKaKeM cylmecTBoBaHue mHAyKIueid mo deg(f). Ecam deg(f) <
deg(g), MoxxHo 3anucarh f = g -0+ f, To ecTb, B3siTb h =0 u 1 = f.

ITycts Temepr deg(f) > deg(g). Sanumem f = a,x™ + ..., g = bpyx™ + ..., TaAe m = deg(f),
n = deg(g). Takum obpasom, a,, # 0, b, # 0 w m > n. Boaee Toro, 0 HaIEMY IIPEATIONOMKEHUIO
koadduimenT b,, obpatum B R. Paccmorpum muorounex fo = f — g+ a,,b;x™ ™. Crenens g paBHa
N, CTENEHb MOHOMA A, b, 'Xx™ ™ paBHa M — N, IO3TOMY CTENEHb MHOIOYAEHA ¢ - A b 'x™ ™ paBHa
M, Kak u cTeneHb f. 3HAUUT, cTeneHb fo HE IIPEBOCXOAUT M.

[Tocmorpum Ha KoadpduImenT MHOrouAeHa fo mpu x™. OH paBeH pasHOCTY K03 durnerToB f u
g-Qm b Ix™ ™ mpum x™, TO eCThb, Ay —by-am bt = 0. 3HauwT, crenens f, crporo Menbmie m = deg(f).
IToaTroMy K fp; MOKHO IPUMEHUTHL IIPEANIOAOXKEHME MHAYKIUM X 3amnucaTb fo = ghg + 1o, TAE
deg(r) < deg(g). Torpa f = fo+g-ambx™ ™ = ghy+To+g-amb'x™ ™ = g(hg+am b x™ ™) +1.
BoseMmeM h = hy + a b 'x™ ™ u 1 = 19; Toraa f = gh + r u Bce eme deg(r) = deg(ro) < deg(g).

OcTanoce pAOKa3aTh €AMHCTBEHHOCTB: IIPEAIIOAOKUM, 9TO f = gh + 11 f = g}Nl + 7. Torpa
g(h —h) = ¥ — r. CTeneHn MHOTOYACHOB T I T MEHBIIIE CTENEHN ¢, IO3TOMY CTEIeHb IPABOil IacTH
PaBEHCTBa MEHBIIIE CTENEHN g; B TO JKe BPEMs, CTEIIeHb IIpaBO¥ JacTu paBHa CyMume CTeleHel g u
h — h. Takoe BOSMOYKHO TOABKO ECAY CTemeHb h — h paBHA —00, TO €CTh, h = h oTkypam T =T1. [J

Samevarue 4.2.7. 3aMeTuM, UTO yCAOBUE OOPaTUMOCTH CTapIIero Ko3dduiueHTa MHOTOYAEHA g
aBTOMAaTUYECKY BBIIOAHSETCST, eCA R — moae. Takum obpasoM, Hap IIOAEM MOXXHO AEAUTH AIOOOH
MHOTOYAEH Ha AI0DO0H HEHYAEBOIA.

4.3 MHorouneH kak hyHKLMS

AUTEPATVPA: [F], ra. III, § 1, oo 4-7; [K1], ra. 6, § 1, m. 1-2; [vdW], ra. 5, § 28.

Onpepenenne 4.3.1. Ilycts f = ag+ a;x + - - - + a,x™ € R[x], ¢ € R. 3Havennem MHOrouAeHa f B TOUKe
c HasbBaeTcs f(c) = ap + a;¢ + -+ + apc™ = Y, aict € R.

Sameuarue 4.3.2. Takum obpasoM, ¢ KaXKABIM MHOrouAeHoM f € R[x]| cBsizaHo orobparkenue f: R —
R, ¢ — f(c). MBI Ha3EIBaEM 3TO OTOOPA>KEHUE NOAMHOMUANBLHON YHKUMEN, 3aAaHHON MHOTOYAEHOM f.

Mpepnoxenue 4.3.3. Ana arobwux f,g € R[x], ¢ € R, svnoanero
1. (f+g)(c) = f(c) + g(c);
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2. (fg)(c) = f(c) - g(c);
3. ecaruf=reR, mof(c)=r
Aoxasameawvcmeo. Iycrs f = Y2 o aixt, g = >, bixh.

1.f+g= Z;D:o(ai + bi)xi’ nosromy (f + g)(c) = Zci)ozo(ai + bi)ci = Zci)o:o(aici) + Z?O:o(bici) =
f(c) + g(c).

2. g = D0 Litj-m(@ibjx™), mosromy f(c)g(c) = (XiZo aic’)(XjZo bic!) = 3 _o(aibjett)) =
Yim=0 Litj=m(aibje™) = (fg)(c).

3. f(c)=7+0-c+---=m.
0

Onpepenenne 4.3.4. Ilycts f € R[x], ¢ € R. [0BOPSIT, YTO C SIBASIETCS KOPHEM MHOTOYAEHA f, ECAM
f(c) = 0.

Teopema 4.3.5 (Aemma Besy). I[Tycms f € R[x]|, ¢ € R. Mnozounen f deaumca Ha mHo20uAEH
(x — ¢) mozda u moavko mozda, kozda ¢ Asasemcs Koprem f. Boaee mowHo, ocmamox om
Oenerus, mHozovnena f Ha (x — ¢) pasen f(c).

Aoxazamesvcmeo. Iopeaum f Ha X — € € OCTATKOM (3aMETUM, ITO 3TO MOYKHO CAEAATH, IOCKOABKY
cTapimuit Koa@dUIMEHT MHOrOYAEHA X — ¢ obpatuM). f = (x — ¢)h + 1. 3amerum, uro deg(r) <
deg(x — c¢) = 1, moaTomy T € R — xorcTanTa. [loacTaBuM ¢ B 0be YacTy TOrO paBeHCTBA:

f(c)=(x—c)h+71)(c) = ((x —c)h)(c) +r(c) =0-h(c) +r=T.

Ecam f peamrcst Ha x — ¢, To T = 0, m motomy f(c) = 0. ObpaTHo, ecau f(c) =0, Tour =0,
noToMmy f AeamTcs Ha (X — c). O

Mpeanoxenue 4.3.6. ITycmo f € R[x], f # 0. Toz0a f moorcHo 3anucams 6 sude f = (x —cq) ... (x—
cm)h, 20e cyi,...,cm € R — ece kopru f (803mootcHo, ¢ noemoperuamu), a h € R[x] —
MHO20%NEH, Y KOMOPO20 Hem KopHel 8 Koavye R.

Aokazamenvcmeo. NokaseiBaeM mHAyKIue# no deg(f). Basa: deg(f) = 0, To ecTb, f — HeHyAeBast
KOHCTAQHTa. DTO MHOT'OYAEH 0Oe3 KOpHEH, I103ToMy MOXHO B3sITb M = 0 m h = f. Teneps mycTn
deg(f) > 0. Ecau y f HeT KopHe#, onsiTb MOXKHO B3sTh M = 0, h = f. Ecau >xe ¢ — KopeHb f,
To (o Teopeme 4.3.5) f = (x — ¢)fy, deg(f;) < deg(f), u K f; MO’KHO IPUMEHUTD IIPEAIIONOIKEHLE
uaAyKIuY. [TosToMy f; UMeeT HYKHOE Pa3AOIKEHUE, U, AOIUCHIBASI K HEMY CKOOKY (X — ), HOAyIaeM
pasaoxxenue AAs f.

Tenepb MbI TOAyYUAH, ITO f = (X—C1) ... (X—Cm)h AAS HEKOTOPHIX Cy, . . ., Cyy € R X MHOTOUAEHA
h € R[x] 6e3 xopre#t. OgeBUAHO, YTO KaXKABIK ci, i = 1,...,m, siBasteTcss kopHeM f. OcTaroch
IIoKa3aTb, YTO CPeAX Ci,...,Cy BCTpedaroTcss Bce KOpHU f. Hcaum ¢ — HeKOoTOpHI# KOpeHb f, TO
0 ="f(c) =(c—cy)...(c — cm)h(c). IIpm sTom h(c) # O, TOCKOABKY y h HET KOpHE, 3HAUUT
(mockoABKY R — 06AaCTb IIEAOCTHOCTH ), OAHA U3 CKODOK BUAA (C—Ci) paBHA 0, IOITOMY C COAEPIKUTCS
CpeAX Ci,-..,Cm- ]
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Cnencteue 4.3.7. Jucao pa3ausHulr KopHeU HEHYAEB020 MHO20%AEHA HAO 064ACMBIO UEAOCT-
HOCTMU He NMPesocTooum e2o Cmeneru.

Aoxasameavcmeo. IlocMOTpuM Ha pa3sAOXKeHUE U3 IPEANOReHUs 4.3.6. Bce KOPHE ¢ MHOTOYAEHA
f € R[x] coaep>kaTcs cpept cy, . .., Cyp, HIO3TOMY X IHUCAO He boabIne m, a m = deg(f) — deg(h) <
deg(f). O

I[Toz>xe (cM. 3amedanue 4.5.3) MBI YTOYHUAM 3TO CAEACTBUE C IIOMOIILIO IIOHSITUSI KPAMHOCTNU
KOPHSI.

Onpepenenne 4.3.8. Tlycts f, g € R[x] — MHOrouAeHBI Hapa obaacThio IeaocTHOCTZ R. [oBOpST, YTO
MHOTO4YAEH f (PpyHKUMOHANbHO paBeH MHOTOUAEHY g, ecau f(c) = g(c) ans aroboro ¢ € R. VHBEIMEI
CAOBaMM, MHOT'OYAEHEI (DYHKIIMOHAABHO PAaBHBI, ECAM 33aAABaeMble UMK (PYHKIIUKA PABHLL: f = g
(cM. 3ameqanue 4.3.2). OBBIYHOE PABEHCTBO MHOTOYAEHOB IIPY 3TOM KHOTAA HA3BIBAIOT (HOPMaNbHBLIM
paBeHCTBOM: MHOTO4YAEHHI f u g popMaAbHO paBHEL, ecau f = g.

ITpumep 4.3.9. Ilycts R = Z/27 = {0,1}. Paccmorpum muOrodneH f = x? — x. 3aMeTuM, 4TO
f(0) = f(1) = 0. TlosTomy MHOrouAeH f DYHKIMOHAABHO PaBeH MHOTOUAeHy 0, HO, KoHEeSHO, f # 0.
SroT mpuMep obobimaercst Ha moAe R = Z/pZ: pocTaTodHO B3SITh f = XP — X ¥ BCIOMHUTH MaAyIo
reopemy Pepma (creactsuze 2.12.2).

Samevwarue 4.3.10. OgeBUAHO, YTO U3 (POPMAABHOI'O PAaBEHCTBA MHOT'OYAEHOB CAEAYET (PYHKIIUO-
HaabHOE: ecau f = g, To f(c) = g(c) pnrs aroboro ¢ € R.

Teopema 4.3.11. Ecau obaacmv ueaocmHocmu R beckoreuna, mo u3 PYHKUUOHAADHO20 PABEH-
cmea MHozouneHo8 Hao R caedyem ux gopmanvrHoe paseHcmso.

Aoxazameavcmeo. Ilycts f,g € R[x] u f(c) = g(c) arst Bcex ¢ € R. [TocMoTpuM Ha pa3sHOCTB
h = f — g € R[x]. Aast aroboro ¢ € R BrimoareHo h(c) = f(c) — g(c) = 0, mo3TOMy ¢ — KOpeHb h.
Ecau h HeHyAeBOH, TO IO CAEACTBUIO 4.3.7 YCAO KOPHEl h He IPEBOCXOAUT €TO CTEIEHH; C APYTOi
CTOPOHEI, KaK MBI TOABKO YTO BUAEAU, AIOOOH 3AeMEHT OECKOHEYHOTO KOABIA R SBASIETCHT KOpHEM
h — npormBopeune. 3Hauut, h = 0, mostromy u f = g. O

4.4 Muorounenbl Hap R n C

AUTEPATVYPA: [F], ra. III, § 1, m. 8;ra. VI, § 1, mm. 7; [K1], rA. 6, § 3, m. 1; § 4, m. 1.
Ceituac MBI YTOYHUM PA3AOXKEHUE U3 IIPEANOIKEHUST 4.3.6 AAST CAYyYasi MHOT'OYAEHOB HaA IIOASIMHA
R u C.

Onpepenenne 4.4.1. Tlone k HasbIBaeTCsT anredpanyeckm 3amKHYTbIM, ECAM V¥ AIOOOr0 MHOTOYAEHA
f € k[x]| cTenenu BEIllle HyA€BOY MMEETCST KOPEHD B K.

ITpumep 4.4.2. Tlone xomnaekcHBIX yucen C saBAsieTCS aareOpandgecKy 3aMKHYTEIM. DTO YTBEP-
JKAEHIE HA3BIBAETCS OCHOBHOW TeopeMoi anredpbl; B HallleM Kypce MBI OyAEM IIOAB30BAThCS UM 6e3
AOKazaTeabcTBa. C APYTOff CTOPOHEI, IIOAE BELIECTBEHHLIX duceA R He aarebpawdyeckKu 3aMKHYTO:
HaIp¥Mep, y MHOTOYAEHa X + 1 HET BEIeCTBEHHBLIX KOPHEH.
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Teopema 4.4.3 (PasnoskeHre MHOrO4YAEHa Hal aarebpandecKu 3aMKHYTHIM IOAeM). [Tycms k — an-
eebpauvecku 3amrrymoe nose. Tozoa 060l Henysesol mrozouaer f € k[x] npedcmasnsemcsa
8 sude f =co(x —cy)...(x —cn), 20e co,C1,...,Cn € K.

Aoxazameavcmeo. o caepcrBuro 4.3.6 MoXkHO 3anucath f = (x —¢1) ... (X —cm)h, rae ¥ h € k[x]
HET KOPHEH; II0 OIIPEAEAEHUIO aArebpandecKodl 3aMKHYTOCTH U3 Toro caepyer, uro deg(h) < 0,
nostoMy h = cg € K — KOHCTaHTa. [

Teopema 4.4.4 (PaznoskeHue MHOTOYAEHA Hah [TOAEM BeINeCTBEHHBIX uucen). [Tycmo f € R[x], f # 0.
Tozda f moorcro npedcmasums 6 eude f = co(x —c1)...(x —cg)(x2 + arx +by)...(x2+ a;x +b,),
20€e Co,C1y-++,CsyQ1y---,Qr,b1,..., by eR uwal —4b; <0 Onn scezi=1,...,r.

Aoxasameavcmeo. NokasviBaeM mHAyKImeH no cremenu f. Ecam deg(f) = 0, To f = ¢o, s = 0,
T = 0. IIyctb Teneps deg(f) > 0. PaccmoTpuM f Kak MHOrOYAEH HaA KOMIIAEKCHBIME ducAaMu. I1o
OCHOBHO# TeopeMme aarebpsl y f ects xopewus A € C.

Ecaum A € R, To f peanTcst Ha X — A, u MOXKHO 3anucaTh f = (x — A)g. [Ipu srom deg(g) < deg(f),
¥ II0 IPEANIOAOXKEHNIO0 NHAYKIIUY g PACKAAABIBAETCS B IPOU3BEAEHNE HY XHOT'O BUAA; AOIUCHIBAS K
3TOMY Pa3AOKEHUIO CKOOKY (X — A), TOAYYaeM U Pa3AOKEHUE AAS f.

Ecan xxe A € C\R, paccmorpum f(A):

fA) = dp+ A+ - + apA
=T+ @A+ o+ QAT

(A)

o
o ol =

3HawuT, ¥ A, ¥ A ABASIOTCS KopHsMu f. [losTomy f aeamrcs Ha (x — A)(x — A). Banumrem f =
(x—A)(x—A)g. 3amermm, aTo (x—A)(x—A) = x2—(A+A)x+AA = x2— (2 Re(A)) + |A\|? — xBaapaTwamHbLit
MHOT'OYAEH C BEIeCTBEHHBIMU Ko dunmenTamu. [TosToMy Ko3hDUIMEHTE MHOTOYAEHE! § TAK)Ke
BemecTBeHHBI, deg(g) < deg(f) u MOXXHO IPUMEHUTH IPEATIONOXKeHZE MHAyKuuu. Kpome Toro,
AVCKPUMUHAHT KBaAPaTWIHOTO MHOroduAeHa (X — A)(x — A) Menbmme 0, TOCKOABKY y HETO HeET
BEIIECTBEHHBIX KOPHEH. [T09TOMy Hy’>XHOE Pa3AOKEHUe MHOTOYAEHA f IMOAYYAeTCs IPUIUCEHIBAHTEM
K Pa3sAO’KEHHUIO ¢ YKa3aHHOTO KBaAPATUYHOIO MHOTOYAEHA. O

4.5 KpaTtHble KOpHU U NPON3BOAHAS

AUTEPATVPA: [F], ra. VI, § 2, nm. 1, 3; [K1], ra. 6, § 1, . 3-4; [vdW], ra. 5, §§ 27-28.
Mzl BO3BpaIlaeMcs K PaCCMOTPEHUIO MHOTOYAEHOB HaA, IIPOMU3BOABHON 0OAACTBHIO IIEAOCTHOCTH
R.

Onpepenenne 4.5.1. ITycts f € R[x], ¢ € R. ['oBopsT, 4TO C sIBASIETCST KOpHEM MHOTO4YAeHA f KpaTHOCTH
m, ecau f peamrest Ha (x — ¢)™, HO He peamTcs Ha (x — ¢)™ !, Kopers f xpaTHOCTH 1 Ha3BIBAIOT
NpOCTbIM KOpHeM f, a KOpeHb KPaTHOCTH > 1 — KpaTHbIM KOpHeM f.
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Nemma 4.5.2. ITycmo f € R[x], c € R, m > 1. Saemenm c asasemca xoprem f kpamrocmu m
moz0da u moavko mozda, kozoa f moorcHo npedcmasums 6 eude f = (x —c)™ - g, 20e mMHO20UAEH
g € R[x] maxos, wmo g(c) # 0.

Aokazameavcmeo. Ecau ¢ — xopers f kpaTHOocTH M, To f = (x —¢)™ - g AAsT HeKoTOpOro g € R[x].
Ecaz g(c) = 0, To mo Teopeme Besy g aeaurcs Ha (x — ¢), mostomy g = (x —c)hu f = (x — ¢)™h,
TO ecTh, f peamTcst Ha (x — ¢)™ ! — mporuBopeuwe.

O6bpartHo, ecau f = (x —c)™ - g u g(c) # 0, To f peaurcs Ha (x — ¢)™. Ecau npu stom f
aeautcst Ha (x — ¢)™™ mo f = (x — ¢)™™! - h. CpaBHEBasi ABa BBIpaKEHUsSI AAs f,IIOAydaeM
(x —¢)™-g = (x —¢c)™"! . h, orkypa (x — ¢)™(g — (x — ¢)h) = 0. Tak xak R[x] — obracTb
IIEAOCTHOCTH, IoAydaeM g — (x — c)h = 0, oTkypa g = (x —c)h u ¢g(c) = 0 — nporuBopeume. [

Samevarue 4.5.3. TakuMm obpa3oM, €CAU B BBIPAKEHUUM AAST MHOTOUYAEHA f m3 caepcTBust 4.3.6
cobpaTh CKOOKM, COOTBETCTBYIOIINE OAMHAKOBLIM KOPHSIM, BMECTE, TO CKOOKA (X — C) OKa>KETCsI C
IIOKa3aTeAeM, B TOYHOCTH PaBHBEIM KPATHOCTX C KaK KOpHs f. B wacTHOCTH, M3 3TOr0 HEMEANEHHO
CAEAYET, UTO CyMMa KPaTHOCTEe KOpHe MHOro4YAeHa f He IIPEBOCXOAUT €r'0 CTEIIEHU.

Onpegenenne 4.5.4. Tlycts f € R[x], f = D, asx®. Npon3sogHbIM MHOTOUYEHOM OT MHOTOYIAeHA f
(mAM ero NPON3BOAHOI) HasbIBaeTCsT MHOTOIAEH f/ = > 7 sa x* L.
Samevarue 4.5.5. HamomuuM, 9TO AN 9/A€MeHTA C € R ¥ HaTypaAbHOI'O YMCAA L MOXXHO IIOAOKUTH
nc=c+---+c=(1+---+1)-ceR.

— |

n n

Mpeanoxenune 4.5.6 (CeoiicTBa mpousBopHoit). ITycms f,g € R[x], c€ R, m > 1. Tozda

1. (f+g)' =f"+ g’ (anpuTnsHoCTb ),

2. (cf) = cf’;

3. (fg)' = f'g+ fg’ (ToxpectBo JleiibHuua ),
4. (g™) =mgmig’.

Aoxasameavcmeo. Ilycts f = Y0 agx®, g = Do o bsx®.

1. f+9= Zf:o (as + bs)x®, mosTomy
o 0 -
erg Z aerb ZSQSXS:L ZSbX -1 _f/+9,~

2. cf = Y0, casx®, moatomy (cf)’ = X1 scax*t=c o saxs!=cf.

3. MokaykeM CHadana TOXKAECTBO JNeHbHUIA AAST MOHOMOE (MHOTOYAEHOB BUAA aX™): eCAM
f = ax™, g = bx™, To fg = abx™*™ u (fg)’ = (m + n)abx™™! B T0 Bpems Kak /' =
nax" 1, g’ = mbx™ !, orkyaa f'g + fg’ = nabx™ ! + mabx™ ! = (fg)’. [IycTs Teneps
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f, g IPOM3BOABHEL 3aIUIIEM WX B BUAE CyMMEBI MOHOMOB (9TO MOXXHO CAEAATH C AIOOBIM
MHOrounesHom): f = f; + .-+ f,, g=g; +--- + gs. Toraa

fg= (fr 4+ ,)(g1 + - +9y)

Z fig]’.

1<i<r
1<j<ss

Bo3bMeM IIPOM3BOAHYIO U BOCIOAB3YEMCS YK AOKA3aHHBIM CBOMCTBOM apAUTHBHOCTE. Kpome

TOrO, 3aMETUM, YTO MbI AOKa3aAl TOXKAECTBO JefOHUIA AAST MOHOMOB f; U gj, mosTOMYy
I gl / .

(figj)’ = fig; + figj. [loayaem:

(fg)' = > (figy)’

1<igr
1<j<s

= Z (fig; + figj)

I<igr
1<i<s

= > (figy) + D, (fig))

1<igr l<isr
1<j<s 1<j<s

= (it (g gs) H (it )+ 4 go)
= (fi+-+f) (g4 +9gs)+ (fr+- +f)(gr++9s)’
=f'g+ fg’

4, HpOBeAeM MHAYKIONWIO IIO M. AAH m=1 IIOAYYa€EM TOXAECTBO g/ = g/ HYCTI: TEIIEPbE M > 1
m-—2 ./ m—1_7/
g,

Toraa (g™)' =(g-g™ ) =9 - g™t +g- (g™ ) =g™ g +g-(m—-1)g"?g’ = mg
gTOo n Tpe6OBaAOCb.

O

Mpepnoxenve 4.5.7 (CBsi3b Me>XAY KOPHSIME MHOT'OYAEHA U €r0O IPOM3BOAHOM). ITycmwb f € R[x],
c € R. Baemernm ¢ asasemca KpamHum KopHem MHozouvaeHa f mozda u moavko moada, xoz0a
c asasemcsa xoprem u f, u f'.

Aoxasameavcmeo. Ecau ¢ — KpaTHbIf KopeHs f, To f aeanTcst Ha (x —c)?. Banmmewm f = (x—c)?- g
U [IOCYXTAaeM IPOM3BOAHYIO OT obemx dacreit: f' = ((x —¢)? - g)' = ((x — ¢)?)'g + (x — ¢)?¢’ =
2(x —c)g+ (x —c)?g’ = (x —¢)(2g + (x — ¢)g’). Buauut, ¢ siBAsIETCST U KOpHEM f'.

ObpatHo, ecau ¢ Kopesb f u f/, 3anumem f = (x — ¢)g u f' = (x — ¢)h. [Ipu sTom (x — ¢c)h =
f'=((x—c¢c)g) = (x—¢c)g+ (x—c)g’ =g+ (x —c)g’. Brauur, (x —c)(h — g’) = g, oTKyara
f=(x-c)g=(x—c)?*(h—g’), ¥ ¢c — KpaTHEL# KOpeHB f. O

Anst mccaepoBanust Hoaee TOHKUX BOIIPOCOB, KacAalOIIWXCS KPATHOCTEN KOpHeH, HaM yA0O6HO
6yAET IPEAIIOAOKUTD, YTO OCHOBHOE KOABIIO R SIBASIETCSI IIOAEM.
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Onpepenenne 4.5.8. Ilycte k — moae. XapakTepucTukon moast K Ha3BIBAETCS HAUMEHBIIIEE YHCAO
p Takoe, 4To 1+ ---+1 = 0 B k, eCAM OHO CYIIECTBYeT; B IIPOTMBHOM CAy4Yae I'OBOPST, UTO
S

o)
xapakTepucTrka k paBra 0. Obosnauenue: char(k) = p.

ITpumepv. 4.5.9. TToas Q, R, C umeroT xapakTepucTuky 0: HEKaKas CyMMa eAVHUI] He PaBHA HYAIO.
[Tone Z/p7Z mMeeT XapaKTEPUCTUKY P: ACHCTBUTEABHO, 1 4+ ---+ 1 = M, mpuueM p = 0 m m # 0
/P paKTep Y P A P P
m
mpul<m<p-—1.
Nemma 4.5.10. Xapaxmepucmuxa noas pasHa 0 UAU NPOCTNOMY “UCAY.

Aoxasameavcmeo. 3aMeTUM, YTO XaPAKTEPUCTUKA IIOASI HE MOXKET PaBHSITHCS 1, IIOCKOABKY B
none 1 # 0 (cm. onpepenenue 2.8.7). Ecanm xxe char(k) = ab — cocraBroe uucao (a,b > 1), 3ameTum,
aro 0=1+--+1=(1+---+1)(1+ -+ 1). [Tore ssBASIETCA OOAACTDIO IIEAOCTHOCTH, [IOITOMY

N~

ab a b
OAHa M3 ABYX IIOAYYUBINNXCSA CKODOK PpaBHa 0, HO q, b < (lb, YTO IIPOTUBOPEYUT MUHUMAABHOCTU B

OIIPEACNACHUY XapPaKTEPUCTUKHU. ]

Teopema 4.5.11. ITycmeo f € k[x], c € k — xopens f, m = 1, u zapaxmepucmura noas k pasra
nyaro. Beau ¢ asasemcs xkoprem f xpammocmu m, mo ¢ asasemcs koprem ' xpammnocmu
m — 1. Obpamno, ecau ¢ — xopeHs f' Kpamrocmu m — 1, mo ¢ — xopenv f xKpamHocmu m.

Aokazameavcmeo. Ilyctb ¢ — Kopers f KpaTHOCTZ M; 110 AeMMe 4.5.2 3T0 o3HavaeT, uTo f = (x —
c)™gug(c) # 0. BosbMmem npoumssopyio: f' = (x—c)™g’+m(x—c)™ g = (x—¢)™ 1 ((x—c)g’+mg).
M=I yTBep>kAaeM, 9TO MHOTOUAEH (X — ¢)g’ + Mg B TOUKe ¢ He paBeH HYAIO. AeHCTBUTEABHO, €TO
3HaveHKe B Touke ¢ paBHO 0 - g'(c) + mg(c) = mg(c). Ilpu saToM g(c) # 0 ¥ XapaKTePUCTUKA HIOAS
k paBHa Hyalo, mosToMy M # 0. CHOBa mpuMeHsst AeMMy 4.5.2, ToAydaeM, 9TO ¢ — KOpeHb f’
KpaTHOCT M — 1.

ObpaTHO, eCAM ¢ — KOpeHb ' KpaTHOCTH M — 1, IyCTh N — KPATHOCTBL ¢ Kak Kopus f. Ilo
YCAOBHUIO C siBAsIeTCsT KOpHeM f, moaToMmy n > 1. Ilo y>Xe p0Ka3aHHOMY TeIEPh C SIBASETCS KOPHEM
f’ kpaTHOCT N — 1, MO3TOMYy N — 1 = M — 1, OTKyAa N = M, YTO U TPeOOBAAOCE. 0

Samevarue 4.5.12. Teopema 4.5.11 He BBEIIOAHSETCS AAS IIOAEH IOAOKUTEABHON XapaKTEPUCTUKU.
[TycTsb, Hanpumep, k = Z/pZ — noae u3 p s3aeMeHTOB. PaccMoTpuM MHOrOUAeH f = xP(x — 1) =
xPT1 — xP. DaeMeHT ¢ = 0 IBASIETCSI KOPHEM MHOTOYA€HA f KPATHOCTH P, HO y €ro IPOM3BOAHOM
f' = (p + 1)xP — pxP~! = xP sneMeHT ¢ CHOBa SIBASIETCSI KOPHEM KPATHOCTH P.

Teopema 4.5.13. ITycmo f € k[x], ¢ € k, m > 1, u zapakmepucmuxa noas k pasHa HYatO.
Saemerm ¢ asasemca koprem f xKpamHnocmu m mozda u moavko mozoa, kozoa f(c) = f'(c) =
coo=fm=Y(e) =0 u f(™(c) £ 0.

Aokaszamenvcmeo. Ecau ¢ siBAsieTCst KOPHEM f KpaTHOCTH M, TO C sIBAsIETCsI KOpHeM f’ KpaTHOCTH
m—1, ..., xoprem f(™~Y) kparHOCTH 1, 1 HE SBASEeTCcS KopHeM f(™).
O6parHo, ecan f(c) = f'(c) = --- = f™V(c) = 0 m f(™)(c) # 0, BocmoAb3yeMCsT MHAYKIMET IO

m. Bazam = 1: f(c) = 0 u f'(c) # 0 — mo Teopeme 4.5.7 U3 3TOrO CAEAYET, UTO C — IPOCTOH KOPEHb
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f. MHOrOuYAEH f’ TaKOB, UTO OH ¥ €O IEPBLIE M — 2 IPOU3BOAHBLIE UMEIOT KOPeHb ¢, a (m — 1)-as
IIPOM3BOAHASI HE PaBHA HYAIO B TOYKE C. [I0 MPEATOAOKEHNIO NHAYKIIUA C — KOPEHD f' KpaTHOCTH
m — 1. ITo Teopeme 4.5.11 Toraa ¢ — KopeHb f KpaTHOCTH M, YTO X TPeOOBAAOCH AOKA3ATh. L]

4.6 Wutepnonauus
AUTEPATVPA: [F|, ra. VI, § 4, . 1-3; [K1], ra. 6, § 1, mm. 2; [vdW], ra. 5, § 29.

Onpepenenne 4.6.1. TIycte k — moae, X4,...,X, € K — HEKOTOPEIE MIOMIAPHO PA3AUYHEBIE SAEMEHTEI
K, Z Y1, ...,Yn € k. UIHTepnonsuvonHoii 3apayeii (uAz 3apayeil MHTEPNONALMN B L TOYKAX) C AQHHBIMU
(X1, +»Xn; Y1, -+, Yn) MBI OyAEM Ha3BIBATH 3aAa4y HAXOXKAEHUSI MHOrodaeHa f € k[x]| Takoro, uro
f(xi) =yi arst Bcex i=1,...,m.

Teopema 4.6.2. IIrmepnossayuorras 3adava umeem He boaee 00H020 peweHuA cpedu MHO20-
wneHos cmeneru, He npesocrodaweld n — 1. Boaee mozo, ecau f, g — 0sa pewerua o0rol
UHMEPNOAAYUOHHOU 3adavu, mo f — g deaumca Ha mMHo2ouaeH (X — X1) ... (X — Xpn).

Aoxasameavcmso. Ilycts f, g € k[x| — ABa MHOro4YAeHa, SIBASIIOIIUXCS PEIIEHUSIMY OAHOM MHTED-

IIOASIIIMOHHON 33Aa9¥ C AAHHBEIMA (Xi,...,Xn;Y1,-.-,Yn). DTO 03HaUaeT, 94To f(x;) = yi = g(xi)
AAST Beex 1 = 1,...,n. PaccMorpum MHOrOuAeH h = f — g; Toraa h(xi) = f(xi) — g(xi) = 0 pns
Bcex i. Bce X{ pasAWYHBI, IO3TOMY y MHOTOYAEHA h €CThb N PA3BAMYHBIX KOPHEH Xi,...,Xn. 110

IPEANOIKEHUIO 4.3.6 U3 9TOro CAEAYeT, 4To h AeAWTCs Ha (X — X1) ... (X — X ). B 9acTHOCTH, ecanm f
7 g OBIAM MHOTOYAEHAMU CTEIIEHU He BEHIMIE N — 1, TO U CTEIEHb h He IPEBOCXOAUT N — 1, OTKyAa
h=0uf=g. [

Samenarue 4.6.3. Y MHOTOUAEHA CTEMEHU N — 1 POBHO N K03 PUIIMEeHTOB; HePOPMAAbHO T'OBOPSI,
9TH N «CTEIEHEeH CBOOOALIY (PUKCUPYIOTCS BHIDOPOM €ro 3HAYEHUWH B L TOYKAX.

Ceityac MBI IIOKa’KEM, YTO BCAKAS 33Aa4a MHTEPIOASIINY B L TOUKAX UMEET PEIIEHUE, SIBASI-
IOITIeeCsT MHOTOYAEHOM CTEIIEeHU He BBIme N — 1 (X, CTano OBITH, MMEET EAMHCTBEHHOE DEIIEHUE
CPeAV MHOTOYAEHOB TaKoil cTeleH”). MEI SIBHO IIOCTPOMM II0 AQHHBIM WHTEPIOASIINOHHOM 3apadu
HY>XHBI MHOT'OYAEH HY>XHOM CTEIEHU, U AaXXe ABYMs crocobamu: Narpam>ka u HbioToHa.

ITycts (X1,.--,Xn;Y1,- -+, Yn) — OUKCHPOBAHHAST UHTEPIOASIIINOHHAS 3aaa4a. Obo3HaInM

@i=xX—%x1)...(x =%xi) ... (X —Xn);

3AECH BHEI.KAHa.,AI CKObKOI1 O3HAYa€T, 9TO COOTBCTCTBYIOI_TJ;I/Iﬁ MHOXUTEAD HY KHO IIPDOIIYyCTUTD. Boanee

dopMaAbHO,
o= [] x—x).
IESES
j#1
OTMeTHM, 4TO (i SIBASIETCSI MHOTOYAEHOM CTEIIEHY N — 1, a ero KOPHA — 3AEMEHTHI X1, . . ., Xi, . - ., Xn.

[TocMoTpuM Tellepb Ha MHOTOYIAEH @;/@i(X;). DTa 3aNuCh UMEET CMBICA, IOCKOABKY @i(Xxi) # 0.
VYKa3aHHBIH MHOTOYAEH IPUHUMAET 3HaUeHNe 1 B TOYKe X; U 3Ha4eHUsI 0 BO BCEX OCTAABHBIX TOYKaX
u3 Habopa Xi,...,Xn.
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Haxkowren, paccMorpuM cyMMmy T = Y10 yi@i/@i(xi). [Ipu IOACTaHOBKe X; B MHOTOYAEH f BCe
caaraeMele, KpoMe Yi@i/@i(xi), obparsTcs B 0, a yKasaHHOE CAAraeMoOe [IPUMET 3HAYEHUE Y.
SHAYNT, YKa3aHHBIA MHOTOYAEH SIBASIETCSI PEIIEHNEM Halllell MHTEPIIOASIIIMOHHOM 3apauu. Kpome
TOr'O, CTEIEHDb f HE IPEBOCXOAUT N — 1, TOCKOABKY CTEII€Hb Ka*KAOT'O (i paBHa 1L — 1.

Brinmirem ero ere pas:

f=Zyi(ix_)q)”'(X_Xi)“'("—w

i—Xl)...(Xi—Xi>...(Xi—Xn).

MHorounen f Ha3BIBAETCST UHTEPNOASALMNOHHLIM MHOro4sieHom JlarpaHxa.

O6paTuMcst Termepb KO BTOPOMY CIIOCO0Y, KOTOPEIA HOCUT Ha3BaHUE UHTEPNONSALMOHHOrO MHOro4Ie-
Ha HbloToHa. OH pemraeT Ty >ke caMyIo 3aAa4y UHTEPIOASIUYA B Tl TOYKaX U UMEET CTEIEHb HE BHIIIE
N — 1; KOHEYHO, U3 EAMHCTBEHHOCTHY PEIIEHNSI CAEAYET, UTO OH COBIIAAAET C MHTEPIOASIIUOHHBIM
MHOroYA€eHOM JarpaH>ka U OTAWYaeTcss AWML dhopMoit 3amucu. Popma HeroToHa yaobHaA, Koraa
AODaBAEHME HOBHIX TOYEK K MHTEPIIOASIIMOHHON 3aAa4de IPOUCXOAUT IOCAEAOBATEABHO.

A mMeHHO, MBI IIOCTPOMM CEPUI0 MHOTOYAEHOB fi, fs,...,f,, Takux, 94To MHOrouAeH f; mMmeeT
CTENEHD HE BbIIIE 1— 1 ¥ pemraeT 3aAaYy UHTEPIOASIUA B 1 TOYKAX C AQHHBIME (X1, . . ., Xi; Y1, - - -, Yi)-
[TocTpoerun 6YAET IPOUCXOAUTD II0 MHAYKIIMA: MBI OIUINEM, KaK CTPOUTE f; ¥ KaK 110 MHOTOYAEHY
f; cTpouTb MHOrO4YAeH fi,;; OYEBUAHO, 4TO f, OYAET pelIeHMeM MCXOAHON MHTEPIIOASIIMOHHON
3aAQ4M.

Sapaya MHTEPIIOASIIINYA B OAHOM TOYKE IIPOCTa — B KA4YeCTBE MHOT'OYAEHA f;, IPUHUMAOIIETO
3HAYEHWE Y; B TOYKE X;, MOXKHO B3STb KOHCTAHTY: f; = Y; — 3TO AEHCTBUTEABHO MHOI'OYAEH
crernenu He BhIme 0, YTO u TpeboBaAoCh. [IPEAIOAOKUM Telephb, YTO MHOI'OYAEH f; ITIOCTPOEH, TO
ecTs, fj(X;) = yj Aarst Beex j = 1,...,1, u deg(f;) < i— 1. Kak nocrpouts f;,;? ByaeM uckaTs ero B
Bupe fiyp = fi+citi(x—x%1)...(Xx—%i), TA€ Cit1 € k — HeKOTOpast KOHCTaHTa. DTO rapaHTUPYET HaM,
9YTO 3HAYEHUs f; B TOYKAX Xy, ..., X{ HE UCHOPTITC: A0BaBKa Ciy1(X —X1) ... (X —xi) obpamaercs B
0 B 9THX TOYKax. DTO O3HadaeT, 4To fii1(Xj) = Y; Arg j = 1,...,1. Kpome Toro, crenens fi ; He
IpeBOCXOAUT 1. OCTanoch AOOUTHCS BBITOAHEHUST YCAOBUS Tiy1(Xiy1) = Yis1 TOABOPOM KOHCTAHTHI
Cit1. To ecTb, HaM HY>XHO, 9TOBBI fi(Xiy1) + Cit1(Xis1 —X1) ... (Xiz1 — Xi) = Yiy1. OTCIOAQ AETKO
HaXOAUTCST Ciy1:

Yis1 — filXis1)
(Xit1 —x1) oo (Xg41 — Xi).

BaMeTI/IM, YTO 3HAMEHATEAL 3TOH ApO6I/I — HEHYAE€Basi KOHCTaHTa.

Ciy1 =

TaxuM 06pa3oM, UHTEPIOASIINOHHEIA MHOTOYAEH HbIOTOHA SIBASIETCS MHOT'OYAEHOM f,, B IOCAe-
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AOBATEABHOCTHI

f1 =y,
—f
fy =, 4 Y20,
Xo — X1
—f
fy— 4+ — Y3 —falx)
(X3 —x1)(xs — x2)
n _fnf n
fn = 1:n—l + Y 1(X )

(Xn —%x1) -+ (Xn —Xn_1)

4.7 HOJA v HenpuBOoAUMOCTb

AUTEPATVPA: [F], ra. VI, § 1, on. 3-6; [K1], ra. 5, § 3, m. 1-2.

[TpOAOAYKEIM IIOCTPOEHME TEOPUU AEAUMOCTH B KOABIIE MHOTOYAEHOB, IIaPAAAEABHON TeOPUU
AEAMOCTH B KOABIIE IIEABIX YUCEA. HauwHast ¢ 3Toro MecTa, MbI 6yAe€M paccMaTpPUBATh MHOTOYIAEHEI
Hap IIOAEM K.

Onpepenenne 4.7.1. Tlycts f, g € k[x]. MuOrouaer d Ha3bIBaeTCs 0OLWMUM AeUTENEM MHOTOYAEHOB f
ng,ecamd|fud]g.

Onpepenenune 4.7.2. Ilycts f, g € k[x]. Muorounen d HasbiBaeTcst Hanbonbwum obWMM aenuTenem
MHorouneHos f u g (obosmauenue: d = ged(f, g)), ecan

1. d — obmuit peruTens f u g;
2. ecau d’ — eme Kako#-HUOYyADL obmuit peauTens f u g, To d’ | d.

Samenarue 4.7.3. Cpasy >xe 3ameTuM, 94T0 ecAn d u d’ — ABa HamOOABIIKX OOIUX AEAUTEAS
MHOro4YA€eHOB f 1 g, To o onpepeaerutio umeeM d | d’ u d’ | d; 9To o3HadYaeT, YTO MHOTOYAEHE! d 1
d’ accomumpoBaHEI, TO €CTb, OTANYAIOTCS AOMHOXKEHUEM HA HEHYAEBYIO KOHCTAHTY. B KOABIIE IIEABIX
YUCEA ¥ Ka*XAOTO IAEMEHTA He Hoaee ABYX aCCOIMUPOBAHHEIX — OH CaM U IIPOTUBOIIOAOKHEIN K
HEMY, ¥ IIO3TOMY MOXXHO BBIOPATh M3 HUX HEOTPUIATEABHBIN, M CYUTATHL €T'0 HAUOOABIIMM OOIITUIM
AEAUTENEM. B KOABIle MHOTOYAEHOB HEM3BECTHO, KaKO! U3 (BO3MOKHOI'O) MHOYKECTBA aCCOLUKUPO-
BaHHBLIX BBIOMPATH; MOYKHO, KOHEYHO, BCETAQ BRIOMPATH MHOTOYAEH CO CTAPIIUM KO3PPUIMEHTOM 1,
HO MBI 9TOr'0 He OYAEM AeAaTh, ¥ OYAEM TOBOPUTH, YTO gcd MHOTOYAEHOB onpedeneH ¢ movHOCMbHo
0o accouuuposarHHoOCmU.

Teopema 4.7.4. Hauboavwuli obwuti Oeaumens mHozouaeros f, g € k[x| cywecmeyem, onpede-
NEH 00HO3HAYHO C MOYHOCMBIO 00 ACCOUUUPOBAHHOCTU, U MOodHCeMm bvimb npedcmasaeH 8
sude gcd(f, g) = uof + vog Oas HexomMOPHLT U, Vg € k[X]

Aokxazameavcmeo. 3ameruM, 4To ged(0,g) = g, MO3TOMY MOXKHO cumTaTh, 4To f # 0 m g # O.
Paccmorpum MEOMeCTBO | MHOrOYAeHOB BrAA Uf + Vg AAST BCEBO3MOXKHEBIX U,V € K[x| # BEIGepeM
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U3 HUX HEHyAeBO# MHOrouaeH d = Ugf + Vog HauMeHbIIel cTeneHn (BO3MOXKHO, TAKUX HECKOABKO —
BO3bMEM A000# U3 HuX). MBI yTBep>KAaeM, 9TO d SIBASETCS HaOOABIIEM 0OImUM AeauTeneM f 7 g.
[Topenum f Ha d c ocratkoM: f = dh+7, rae deg(r) < deg(d). Toraa r = f—dh = f— (uyf+veg)h =
(1 —uph)f + (—voh)g AexxuT B | ¥ UMeeT MeHBIIYIO CTENEHD; I03TOMY T = 0, TO eCThb, f AeAUTCST Ha
d. AganoruvHo, g peauTcss Ha d. OTo o3HadaeT, uTo d — obmuit peauTeadb f 1 g. Ecam >xe h —
Kakoii-To obmuit peauteab f u g, To u d = upf + vog peauTcs Ha h. OJ

SamevaHue 4.7.5. IlpepcTaBareHme U3 TeopeMEI 4.7.4 HA3BEIBAETCS, KaK U B CAYYaA€ IIEABIX UHUCEA,
NNHENHbIM NpeacTaBiaeHneM Hanbonbliero obuiero aenntens.

CoBepIIIeHHO aHAAOTHYHO CAYYAI0 IIEABIX YMCEA IIPOKMCXOAUT U anropucdm IBKAnga B KOABIIE
MHOTOYAEHOB: EANHCTBEHHOE OTAWYME COCTOUT B TOM, YTO IIPK Ka’*KAOM IIare aaropudma yOLIBaeT
HE MOAYAB YKCAQ, a CTEIEHb MHOT'OYAEHA:

Nemma 4.7.6. Ecau f = gq + r daa f, g € kK[x], mo ged(f, g) = ged(g, 7).

Aoxazamenvcmeo. Ilycts d = ged(f, g); Toraa r = f — gq peautcs Ha d, u ecAm h — HEKOTOPEHIX
obmuii peAuTeAb g U T, TO f = gq + T peauTcsa Ha h, nosToMy h sBasieTcs obmumM peauTereM f u
g, ¥ II0 OIIPEAEAEHNIO HAUOOABIIETO ODIIETO AEAUTEAS AOAKHO BBIIOAHSTHCSI h | d. [losTomy d
SIBASIETCS ¥ HauOOABIINM OOIITUM AEAUTEAEM ¢ U T. ]

Teneps AAsT TOro, 4Tobnl HafiTu ged(f, g), MoxHO cumTaTh, uTo deg(f) > deg(g) mw g # O.
BamnumeM f = gq; + r; ¥ 3ameruM, uto ged(f, g) = ged(g, 1), npudem ged(r;) < ged(g), moaTomy
MO>KHO nepe#iTu or maps! (f, g) k mape (g, 1) ¥ IOBTOPUTE OIEPAIIMIO:

fzgq1+T1
g=T1q2+T2

Ty = Ta2(s3 + T3

ITpomecc He MOYKET IPOAOAIKATECST GECKOHETHO, IIOCKOABKY CTEIeHb ocTaTKa yoriBaeT. CTano GBITH,
OH OCTAHOBUTCSI, KOTAQ OYEPEAHOM OCTATOK OKAa’KETCsi PaBHBIM 0; €CAM T,, — IIOCAEAHUH HEHYAEBOM
ocTaTok, To ged(f, g) = ged(g, 1) = ged(ry,12) = -+ = ged(rn_1,Tn) = ged(ry,0) = 1.

VTOYHMM CTENEHN MHOIOYAEHOB, BXOASIIIUX B AMHeHHOe mpeacTaBaerune HOA u3 Teopemsr 4.7.4:

Mpepnoxenue 4.7.7. ITycmws f,g € k[x], d = gcd(f, g), deg(f) = m, deg(g) = n. Cywecmsyrom
MHO20%AEHDL U, Vo € k[X] marue, wmo deg(ug) < n, deg(vo) < m, u d = uef + vog.

Aoxazamenvcmeo. Be3 orpaHuyYeHUsT OOITHOCTY MOXXHO CYUTATh, YTO M < M. ITo Teopeme 4.7.4
HaMAYTCS Kakue-mo Uy, vj € k[x| rakue, uro d = ujf+vyg. IloaearM ug c ocTaTKoM Ha g: U) = gq+T.
Toraa d = w)f +vig = (gq + r)f + v{g = rf + (v — qf)g. Toroxxum ug = 7, vo = v'0 — qf. M=t
3HaeM, 4ro deg(uy) < deg(g) = n. Haroren, vog = d — uef, npuuem deg(d) < deg(f) = m u
deg(uof) = deg(ug) + deg(f) < n+ m; mosromy n+m > deg(vog) = deg(vo) +deg(g) = deg(vo) +n
7 deg(vo) < m, 94TO U TPe6OBAAOCE. O
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HaKOHeIJ;, OIIPEACAMM aHAAOI'M IIPOCTBIX YNCEA B KOABIIE MHOI'OYACHOB.

Onpepenenue 4.7.8. MuorouaeH p € k[x| Ha3bIBaeTCst HENPUBOAUMBIM, ECAY P HEHYAEBOH, HeoOpaTH-
MEIH, ¥ U3 Toro, uTo p = fg anst f, g € K[x], caepyeT, 9To f accoIurpoBaHO C P UAU g aCCOIMUPOBAHO

cp.
Nemma 4.7.9. ITycmo f,g,p € k[x] u p Henpusodum. Ecaup | fg, mop | f uaup | g.

Aokazamenvcmeo. Ecau f e peaurcst Ha p, To ged(f, p) = 1. Banumem 1 = upf +vop # AOMHOXKEM
3TO PaBEHCTBO Ha g: g = Upfg + vopg. [lo ycroBuio fg aeamTcs Ha p, osTOMy 0ba CAaraeMBIX B
IIPaBOil YacT! AEASITCS Ha P, IO3TOMY U g AEAUTCS Ha P. ]

Teopema 4.7.10. Nr0boti nenyaesol Heobpamumviti mHozouaer f u3s k[x| npedcmasasemcsa
6 sude f = p1...pm, 20e P1,...,Pm € K[x] — Henpusodumvie mHozoxaers.. Boaee mozo,
makxoe pasnoxHcerue 00HO3HAYHO C MOYHOCMBIO 00 NOPAOKA COMHOMCUMENET, U 3AMEHDL UL
HA ACCOUUUPOBAHHDLE.

Aoxazamenvcmeo. AAsT AOKA3aTEABCTBA CYIIECTBOBAHUS — MHAYKIIUS IO CTEIEeHN MHOTOYAeHa f;
ecau f HeIPUBOAVM, AOKAa3bIBATh HEUero, MHade ke 3anuireM f = gh Tak, 9To6BI cTenery g u h
OLIAM MeHbIle CTeeH f ¥ BOCIOAB3YEMCS MHAYKIIMOHHBIM IIPEAIIOAOKEHUEM.

A\ 0Ka3aTeABCTBO EAMHCTBEHHOCTH IIPOXOAUT TOYHO TaK JKe, KaK B CAYYae IEABIX ducen (CM.
TeopeMy 2.5.3), TOABKO MHAYKIIIO CHOBa HY’KHO BECTH HE IO MOAYAIO UHCAQ, a IO CTENEHH
MHOTI'OYAEHA. [

4.8 Tlong 4yacTHbIX

AUTEPATVPA: [F|, ra. VI, § 3, . 1-2; [K1], ra. 5, § 4, om. 1; [vdW], ra. 3, § 13.

[Tyctb R — obaacTs meaoctHOCTZ (CM. ompepenerze 2.8.9). Ceifuac MBI pacmzpuM KOABIO R a0
IIOAST €CTECTBEHHBIM 06pa3oM. OTa KOHCTPYKIUS COBEPIIEHHO aHAAOTHYHA IIEPEXOAY OT IEABIX UUCEA
K PaIfMOHAABHBIM: PAIlMOHAABHOE YXCAO MOYKHO CUMTATh APOOBIO, B UMCAUTEAE U 3HAMEHATEAE
KOTOPOH CTOSAT LeAble YKUCAa. [IlepBas mpobaeMa, KOTOPYIO HY>KHO MOBOPOTH — HEOAHO3HAYHOCTD
IIPEACTABAEHUSI B BUAE Apobu: HampuMmep, Apobu 4/6, (—2)/(—3) u 2/3 obo3HavaoT OAHO U TO K€
PaIMOHAABHOE YUCAO.

PaccmoTrprum MuO)ecTBO R x (R\{0}) m BBeapeM Ha HeM CAeAyIoOIlee OTHOIIEHWE: Iapa (a,s)
CUWTAETCsT SKBUBAAEHTHOM mape (b,t) Toraa # ToabKO TOraa, koraa at = bs B R. Mbr byaem
HCIIOAB30BaTh OOBIYHOEe 0bO3HaueHUEe AAS 3TOrO OTHomeHus: (a,s) ~ (b,t)

Nemma 4.8.1. O5mo omnowerue axsusasernmrocmu Ha R x (R\{0}).

Aokazamenvcmeo. PedaercusroCcT: (a,s) ~ (@, s), TOCKOABKY as = as. CUMMETPUIHOCTD: ECAU
(a,s) ~ (b,t), To at = cs, otkyaa (b,t) ~ (a,s). TpausuTuBHOCTSL: ecau (a,s) ~ (b,t) u (b,t) ~
(c,u), To at = bs m bu = ct. ITosTomy atu = bsu = cts, oTkyaa t(auw — cs) = 0 u, TOCKOABKY
t # 0, a R — 06AaCTb IIeAOCTHOCTH, IIOAYYAEM QU = CS, YTO O3HAYaAEeT, ITo (a,s) ~ (c,u). O
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darTop-MHOXKeCTBO R X (R\{0}) mO yKasaHHOMY OTHOLIEHWIO SKBUBAAEHTHOCTH MBI OyAeM
obosnavaTh uepes Frac(R), a xkaacc maper (a,s) B Frac(R) 6yaem obosHauaTh depes ¢ ¥ Ha3blBaTh
Apobbto. Terepb BBeAEM Ha IIOAYYEHHOM MHOMKECTBE OIEpAlUy II0 06pas3y u mop0bMio omeparuit Han
PaIMOHAABHBIMYU IUCAAMU:

a b at + bs
S t st
a b*ab
s t st

Kaxk Bcerpa mpu BBEAEHUU OIlepalyii Ha paKTOP-MHOXKECTBE, 3TA 3AlUCh A Priori COAEP’KUT HEOAHO-
3HAYHOCTb, KOTOPYIO HY>KHO Pa3pelluTh, IPOBEPUB KOPPEKMHOCT b BBEACHHLIX OIE€PAIIn.

CHavyana pa3bepeMcsi C IPOU3BEACHUEM: MBI OIIPEAEAUAN IIPOU3BEAEHUE ABYX KAACCOB X, Y €
Frac(R) ¢ momombio BEIGOpa IIPEACTABUATEAEH: ecAn (a,S) — IPEACTAaBUTEADB KAaacca X, a (b,t) —
IIPEACTABUTEAD KAACCA Y, MBI OIIPEAEAUAN XY KaK KAACC, COAepKaumit mapy (ab, st). Aast Hagana
3ameTuM, 4To st # 0 (IOCKOABKY R — 06AaCTh IIEAOCTHOCTHM ), IIOTOMY 3Ta Iapa ACACTBUTEABHO
aexxuT B R x (R\{0}). Uro 6yaer, ecau MbI BEIbGepeM APYTUX IpeAcTaBuTeneit? [IycTh, ACHCTBATEABHO,
(a’,s’) — eme opHa mapa w3 Kaacca x, a (b’,t’) — mapa u3 kaacca y. 9To o3HadaeT, 4TO (a,s) ~
(a’,s")m (b,t) ~ (b’,t'). Bepro an, uTo nmaps! (ab, st) u (a’d’, s't’) nonmaau B opus kaacc? ITpoBepum
9TO: HaM AaHO as’ = a’s u bt’ = b’t, a xoueTcss mpoBepuTh, uTo abs’t’ = a’b’st. AAsi 3TOro HY>XHO
AW IIEPEMHOKUTL ABa AQHHEIX PaBEHCTBA.

Aanee, MBI OIIPEAEAUAY CYMMY ABYX KAACCOB X U | TaK: ECAH (@, S) — IPEACTABUTEAD KAACCA X, &
(b, t) — IpeACTaBUTEAD KAACCA |, MBI OLIPEAEAUAY X + Y KaK KAACC, COAepKamuit mapy (at + bs, st).
YTto 6yaeT npu BhIbOpe Apyrux mpeacraBureneir? [IycTs cHoBa (a’,s’) — emme opHa mapa w3 Kaacca
x, a (b’,t’) — mapa u3 Kaacca y, To ecTh, (a,s) ~ (a’,s’) u (b,t) ~ (b’,t’). Bepro Am, uTO mapHI
(at + bs,st) u (a’t’ + b’s’,s't’) nomaau B opmn xaacc? Ham pano Ham paHo as’ = a’s mw bt = b't,
a XO4eTCs IPOBEPUTh, ¥To (at + bs)s’t’ = (a’t’ + b’s’)st. Ho w3 as’ = a’s caeayer as'tt’ = a’stt’,
a u3 bt’ = b’t caepyer bss’t’ = b’ss’t, u croxenuem moaydaeMm as’tt’ + bss’t’ = a’stt’ + b’ss’t,
TO ecTb, (at + bs)s’t’ = (a’'t’ + b’s’)st, aT0 U TpeboBarOCE.

Oneparnun Ha Frac(R) ompeaeAeHEl, OCTaAOCH IPOBEPUTH, ITO HOAYIUAOCH HIOAE.

Teopema 4.8.2. [Tycmv R — obaacmvd yeaocmrocmu. Mrootcecmeo Frac(R) ¢ esedentbimu eviwe
ONEePAUUAMU ABNAETNCA NONEM.

Onpepenenne 4.8.3. Frac(R) Ha3bIBaeTCst NOMEM HYaCTHbIX 0BAACTH IIEAOCTHOCTH R.

Aoxazamenvcmeo meopemaut. 1. AcconmaTrBHOCTL CAOXKEHISI: (% + %) + ﬁ = ‘“S;tbs + ﬁ =
(at+bs)utest a b c)y _ a bu+tct _ atu+t(bu+ct)s
Stu v s T (t + u) =5t = e , 9TO TO >KE€ CaMOe.

140 .
0 Q+Q:a+05_g

2. He#ATpaAbHBIA 9AEMEHT IIO CAOXKEHHUIO — APOOb 7. AeACTBUTEABHO, 1 - = o

IIepEMHOYKEHNE B APYI'OM IOPSIAKE MOXKHO OLYCTUTH B CHAY KOMMYTATUBHOCTH (CM. IIYHKT 4).
Bamerum, uTo 2 = 2 st Aro6oro s € R\{0}.

3. TIpoTHBOMOAOKHOM APOGHIO K < Gyaer Apobs —%: & 4+ =2 — ast(-a)s _ 2=

[0}
s S-S s 1°
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4. KoMMyTaTUBHOCTb CAOXKEHHUS: < + % — attbs % 4+ & — bstat

s st ? s st
5. ACCOIMaTMBHOCTb yMHOXKeHHsT: (- 2). £ = 4b. ¢ _ abe _a.bc_arb. c)
6. He#iTpaAbHBIR 9AEMEHT 110 YMHOMKEHUIO — APOOD % AeACTBUTEABHO, ¢ % = ‘51—11 = <. SameTuy,
9T0 1 = £ AAst Aroboro s € R\{0}.
7. KoMMyTaTUBHOCTE YMHOXKEHHUST: ¢ - % = ‘;—E = % S

8. ARcuOMa IOASL: y KaXKAO# Apobu ¢ # 0 eCTh OOpaTHEIA 9AEMEHT 0 YMHOXKEHUIO. 3aMETUM,
qro ecar a = 0, To § = 0. [losromy a # 0 1 MOXHO paccMOTpeTh Apobb 2, KoTopas u ByaeT
obparmoit: ¢ - & =98 — 1 71

s a as 1
OcTanoch 3aMeTUTh, ITO B IIOAYUEHHOM KOAbIle Frac(R) BrimoaHeHO ycaoBume 0 # 1: ycaoBue
% = % o3Ha4dano 66l, aTo 0-1 =1-1 8 R, To ecTh, 0 = 1, 9TO HEBO3MOXXHO, IIOCKOABKY R — obaacTb

IIEAOCTHOCTH. ]

OrMmeTuM TEIIEPDb, 9TO KOADBIIO R MO’XHO CUKMTATD ACXKaAIITUM B IIOAE Frac(R): Ka’KAOMY SAEMEHTY

a € R MO>XXHO COIIOCTaBUTHL APOOL <; IpPM 3TOM Pa3HBEIM dAEMEHTaM R COIOCTaBASIIOTCS Pa3HBbIE

1?

061, TOCKOABKY M3 ¢ = 2 chreayer a-1 = b -1, To ecTb, a = b. ChrOKeHMe U YMHOXKEHME
ApobH, y 1 1 AY ) ) . y
IOAYYEHHBIX ADODell BBHITASIAUT TaK JKe, KaK CAOKEHUE U YMHOXeHue B R: T + % = C‘T*b, T % = %.
Taxum obpasoM, MOXKHO CYUTATH, YTO MBI PACIIUPUAK R ¥ ¥ Ka>KAOI0O HEHYAEBOI'O dAeMeHTa S € R

B HOBOM KoAblIle Frac(R) okazancs obpaTHbIii: Apobb %

ITpumep 4.8.4. VI3 KOHCTPYKIMK 09eBUAHO, 4TO Frac(Z) = Q.

4.9 Tlone paumnoHanbHbIX hyHKLNIA

AUTEPATVPA: [F], ra. VI, § 3, on. 1-5, 7; [K1], ra. 5, § 2, m. 2-3; [vdW], ra. 5, § 36.

Onpepenenne 4.9.1. TTpuMeHIM KOHCTPYKIUIO IIOAS JaCTHEIX K KOABIYY MHOTOYAEHOB K[X| Haa moneM
k. IToayuennoe noae Frac(k[x]|) HaseiBaeTcs nonem paumoHanbHbix dyHkumii (Hag k) u obosHadaeTcs
ugepe3 k(x).

TaxuMm obpa3oM, IOAE PAlIMOHAABHEIX (PYHKIIAYE COCTOUT U3 Apobeil Buaa g, rae f, g — MHOrO-
YAeHBI (C yIETOM OTHOIIEHUSI S5KBABAAECHTHOCTH ), KOTOPBIE CKAAABIBAIOTCS U [IEPEMHOXKAIOTCST KaK
IIPUBBIYHBIE Apobu. VcxopHoe KOABIO K[X| MBI TpaKTyeM KaK IIOAMHOMKECTBO K(X), COCTOSIIEE U3
Apobeit Bupa T
Samevarue 4.9.2. CroBO «DYHKIUSIY» B TEPMUHE «IIOAE PAIIMOHAABHBIX (PYHKIZAY HECKOABKO
0bMaH4YWBO: MBI YK€ YOEAUAUCH, UYTO HE CTOUT OTOXKAECTBASITH MHOTO4UAEH f € K[X] ¢ dyHKIHEH
k — k, ¢ — f(c). TouHO Tak >ke, MO>KHO IIOIIEITATHCSI COLIOCTABUTE PAI[MOHAABHON MYHKIUY é € k(x)
orobpaxxernue k — k, ¢ — f(c)/g(c), opHako oHa He ompepeAeHa B TOUKAxX C, AASI KOTOPHIX ¢(c) = 0;
KpOMe 3TOr0, ¥ Pa3HBIX IIPEACTaBUTEAEN Kaacca Apobu f/g 6yAyT pasHble 06AACTH ONPEAEAEHUS:
HaIIpuMep, ApPobb é He OIIpEeAEAEHA B TOYKE 1, a paBHAs eif ApoOb X(X’il) HE OIIPEeAEAEHA B TOYKAX
0 z 1. MoykeT 0Ka3aThCsI, YTO YKa3aHHOE OTOOpa’keHUe He OIMPEAEAEHO BOODIIEe H B OAHON TOYKE:
AT TIOAST kK = 7Z/p7 3HaMeHaTeAb APO6U ﬁ, Hanpumep, obparraercs B 0 BO BceX TOYKaX C € K.

9To IIOKa3bIBAE€T, 9TO C HOACTaHOBKOfI 3HAYEHUN B rA,IZ)O6I/I HYy>XHO OBITH IIPEAENABHO aKKYPATHBIM.
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Onpepenenne 4.9.3. PamuonanpHast QyHKIUS g € k(x) Ha3bIBaeTcs: npaBunbHoii, ecau deg(f) < deg(g)

Nemma 4.9.4. 9m0 onpedeneHue KOppeKmHo, mo ecmbv, He 3asucum om evbopa npedcmasume-

net: ecau é = 5’ u deg(f) < deg(g), mo deg(f) < deg(g).

o f§ = fg, mostomy deg(f) + deg(g) = deg(f) + deg(g). O

Q=

Aoxaszamenvcmeo. Ecam g =

Nemma 4.9.5. Cymma, pasrocms u npoussedeHue NPasusbHBIE 0pobet. — npasusbHble Opobu.

f

Aoxasameavcmeo. Ilycts 5 ¥ ¢ — TpaBUABHEIE Apobu, To ectb, deg(f) < deg(g) m deg(?) <

Q)=

deg(g). Toraa g + g = f—;&g‘cq. Ipu sTom deg(fd) < deg(gq) m deg(fg) < deg(ggy), mosTomy m
[IOAYYEHHAsI CyMMa SIBASIETCSI IPAaBUABHON APOOBIO. AAST CAydYast pasHOCTH AOCTATOYHO 3aMETHUTH,
9TO HPOTHUBOMNOAOIKHAST APOOB K NPaBUABHON ApOOH TakKe sIBAsETCs NpaBMAbHOM. Hakomer,
deg(ff) < deg(gQ), mOSTOMY I IPOM3BEACHHE % SIBASIETCSI IPABUABHON APOOBIO. N

Nemma 4.9.6. Ecau mHozouren paser npagusvHol 0pobu, mo oH HY~aAEe8oU.

Aoxasameavcmeo. Ilpeamorosxum, uro f € k[x|] — mexkoropmrt mmorouaer, P = 2 € k(x) —
IpaBUAbHAA APoOb (3peck g, h € k[x]), u f = 1. Pasencrso f = { osmauaer, uro fh = g, u mosTomy
deg(g) = deg(f)+deg(h). C aApyroit CTOpOHSI, IO OIIPEAEAEHNIO IIPaBUABbHON Apobu deg(g) < deg(h).
[TosTomy deg(f) < 0, To ecTs, f = 0. O]

Mpeanoxenune 4.9.7. Nrobyro payuorarvHyro gyHkyuro @ € k(x) MoocHO e0uHCcmBeHHbIM 06Da30M
npedcmasums 8 8ude CYMMbL MHO204AEHA U npasu/LbHou pauuonaﬂbnou pyrryuu. @ =+,
20e f € k[x], P € k(x), u ecau @ = f+ 1|), mof="fu VP = 1]) Boaee mozo, sHameHamenn
MOIICHO 63AMb PAGHBLM SHAMEHAMENIO @, MO eCTb, ECAU @ = ¢ 0L HEKOMOPHT a,b € K([x],
mo P = ¢ daa Hnexomopozo c € k[x].

Aoxasamenvcmeo. 3amummeM @ = ¢ AAS HEKOTOPHIX a,b € k[x], b # 0. IToaearum a ma b C
ocTaTKoM: a = bq + 1, rae q, T € k[x] u deg(r) < deg(b). Torpa ¢ = me”—T = b—q+l = %+
q+ 1, ¥ APoGB y IpaBuUAbHAs. J\OKa’XeM eAUHCTBEHHOCTD: IyCTh f +1|) —f +1T), TOrAQ f f = 1|) —1).
B AeBolt JacTH STOrO PaBEHCTBA CTOMT MHOTOYACH, B IIPaBOX — IpPaBUABHAs APOOE (o remume 4.9.5);

u3 AneMMEI 4.9.6 caepyer, uTO f — f = 0, To ecTh, f = fu VP = 1|) 3aMeTuM, HaKOHEIl, YTO B HAIIEM

Iﬁv

c"l-a

IIOCTPOEHNY 3HaMeHATeAb 1) paBeH 3HaMEHATEAIO . [

BripeneHUEe MHOTOYAEHA SIBASIETCSI IIEPBBIM IIaroM Ha IYTU K BBIIBAECHUIO CTPYKTYPBI IIOAS
PaIMOHANABHBIX DYHKIWH.

Onpepenenve 4.9.8. Panvonanbras dyHKIZS P € k(x) HasbIBaeTCsT NpocTeillleil, ECAX ee MOXKHO
[IPEACTABUTDL B BUAE ) = pim, rae f,p € k[x], p — HeIpuBOAUMBI MHOTOYAEH, M > 1 — HaTypaAbHOE
uucao, u deg(f) < deg(p).

Hamra 1meab — AOKa3aTh, 9TO Af0Dasi IpaBUABHAS PaliOHAAbHAST MYHKUINS IPEACTABASIETCS (B
HEKOTOPOM CMBICAE EAMHCTBEHHBIM 06Pa3oM) B BUAE CYMMBI IIPOCTEMIINX.
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Nemma 4.9.9. ITycmo gih € k(x) — npasuavHas PayUOHANPHAA PYHKUUA, U MHO20UAEHDL g, h €

. _ f a b

k[x] 631?U.M,HO npocmei: ged(g,h) = 1.. Tozda g MOOHCHO npedcmasums 6 sude g—h =S5t w
20e g, + € k(x) — npasuavrble payuoHassHoie GYHKYUU.

- £ _ . ugtvh _ ¢ (ug , vhy _

Aoxasamenvcmeso. 3anumem ug + vh = 1. Toraa on = f gh =f = =f (gh + gh) =

u vy _ fv uf fv uf
f- <R + §> =9 T B cuay npeanosxenus 4.9.7 MOXXHO 3ammcaTbh Apobu 3 ¥ 5, KaK CyMMEI
MHOT'OYAEHOB U HpaBI/IAbeIX Apobeii ¢ TeMu ke 3HaMeHATeASIMU. COeAWHSIST MHOTOYAEHBI BMECTE,
moAyHaeM o = C + & g T K’ TAe a, b, ¢ € k[x]|. Hakorer, u3 3TOro paBeHCTBO BUAHO, YTO C SIBASIETCS
CyMMoi# HpaBI/IABHbIX Apo6e1/1, TO €CTb, IO AeMMe 4.9.5, IpaBUABHON APODOBIO, M U3 EAMHCTBEHHOCTH

B npepnoxkerum 4.9.7, ¢ = 0. [

Nemma 4.9.10. ITpasuavryro 0pobs suda p—fn (30ecw f,p € k[x], m > 1) mootcHo 3anucamo 8
eude cymmoL <t + 3+ + TR, 20e a; € k[x], deg a; < degp.

Aoxazameavcmeo. VEpayknus no m. Baza m = 1 oueBupHa. [lepexoa;: l'I_VCTb m > 1. HOAeAI/IM f
Ha p c ocratkoM: f = pq + 1, deg(r) < deg(p). Teneps MOXKHO 3amucaThb pm Lgm_ P—CL +om =
p_q_ + o ¥ IO IPEATIONOKEHIIO MHAYKIIUH nepBon Ap06b MO’KHO 3alllCaTh KakK cmey ,A,po6e1/1
B KOTOpI:IX IPUCYTCTBYIOT 3HAMEHATEAR P, P2, ...,p™ ', @ YACAUTEAN UMEIOT CTEIEHb, MEHBIIYIO

crenenu p. [IpunuceiBasi craraeMoe —— p , IOAYYaeM TO, YTO TPebOBaAOCE. [
Haxkomerr, Bce TOTOBO AASL AOKA3aTEABCTBA TAABHOM TEOPEMEI.

S

Teopema 4.9.11. ITycmo g € k(x) — npasuavran 0pobs, g = p;*t...pl — KAHOHUMECKOE PA3NO-
orCeHUE § HA HENPUsooumdle mMHo+cument. Tozoa g MOIHCHO npedcmasumsd 6 sude CYMmbl
npocmeﬂwu:z: Opobetl, 68 3HAMEHAMENAT KOMOPHIT CTMOAM P1, P2, ..., P1 ", P2:Por- -1 Do 2y - -,
Ps, P2, ..., pMe. Kpome mozo, maxoe npedcmasaeHue eOUHCMBERHO ¢ MoYHocMB10 00 nopadka,

68 KOMOpPOM 3aNnuUCaHbl CAA2AEMDLE.

Aoxaszamenvcmeo. Ilo mpeprosxerumio 4.9.9 MO>XKHO pacIIenUTh 3HAMEHATEAD IPABUABHONE Apobu
Ha ABa B3aMHO IIPOCTBIX COMHOMKUTEAST; IIPUMEHSISI €€ HECKOABKO pa3, IOAYYaeM, UTO i = % +

-+ p <. Nanee, mo remMme 4.9.10, Ka’Kp0€e CraraeMoe BAAA —w; IIPEACTABASIETCS B BI/IAe CYMMBI
Py
IIPOCTERIINX.

ANST AOKA3aTEABCTBA EAMHCTBEHHOCTH IIPEAIIOAOKUM, YTO CyMMa IIPOCTEAINX Apobelt yKa3aH-
HOT'O BHAQ PaBHA APYTO# CyMMe IPOCTeHImumx Apobeii Toro >xe BuAAd. AOKa’*XeM, UTO BCE YUCAUTEAU
COOTBETCTBYIOIINX APODell B 06erX JaCTsIX 3TOIO PABEHCTBA COBIAAAIOT. [IpeAIONOKUM ITPOTUB-
HOEe — HAIIAWCH Pa3AWYHBIE YUCAUTEAUN B APOOSIX C OAMHAKOBBIMU 3HAMEHATEASIMU B AEBOH U
IIpaBoil JacTsix. Bes orpaHudeHust 06UIHOCTH (C TOYHOCTH AO HyMepaIuyd MHOTOYAEHOB P, .. ., Ps)
MO’KHO CUMTATh, YTO 3HAMEHATEAU 3TUX Apobeil — cTelneHM MHOTO4YAEHA P;. [locMoTpuM Ha Bce

pO6I/I B AEBOI I/I HpaBOfI 9aCTH, 3HaME€HATEAN KOTOprX — CTEIIEHU P;. IIYCTh B AEBOM YaCTU CTOUT

§i+g2+ -+ ml,aBHpaBOI/IqaCTI/I b1+b2+ # bn
1
ANST HeKOTOpOI‘O n. Paccmorpum MaKCI/IMaABHoe TaKoe n Tor,A,a Qnt+1 = bny1,. .., G, = by, TO-
aAn+1 An+41 bnii bny1
3TOMYy ApPObU pRFLs -y it B AEBOI YaCTH PaBHBEI COOTBETCTBEHHO APODOSIM PRy oy it B IIpaBoit
1
vacTu. BrruepkuBas st Apobu, IoAydIaeM PaBEHCTBO BUAA
a az an by b bn
— 4+ S+ +—+A=—+ S+ -+ — +B,
P1 1 P1 P1  P1 1



rae A u B — cymMBl pApobeif, B 3HaMe€HATEASIX KOTOPBIX CTOUT CTENEeHH Po, ..., Ps. [IPK 3TOM, IO

IIPEATIONOKEHUIO, O, # Dy. NOMHOXUM YKa3aHHOE PABEHCTBO Ha PI'py 2...pots:

mg

(apr "+ agpy 2+ an)py . Pt APyl =
(bipy ™+ bapp 2+ -+ b )Py P+ Bprpy . po

STO y>Ke PaBEHCTBO MHOTOYAEHOB (MBI M30aBUAUCH OT BCEX 3HaMeHaTeael). PackpoeM CKobGKU
7 3aMeTHUM, YTO B A€BOH YaCTU AUIIL OAHO CAAaraeMoe He COAEPYKUT MHOMKUTEAb P;, & MMEHHO,
AnPs 2. ..pos. AeHCTBUTEABHO, IO IPEATIONOIKEHNUIO, A He COAEDPIKUT CTENEHN P; B 3SHAMEHATEASX, U
OCTaABbHBIE CAATaeMEIE CAEBA (ECAK OHU BOODIIE €CTh) TaKIKE ACASTCS Ha P;. AHAAOTHYHO, B IPaBOil
YacTW AWIIL CAATaeMoe b,py'?...pls HE COAEP’KUT MHOXKUTEADL P;. [I09TOMY Halle paBeHCTBO
IIPUHUMAET BHUA,

APy Pe A () pr=bapa? o pt (L) P

BHAYUT, Pa3HOCTD AnPy ... Po — bups?...ps = (an — by)py? ... pIs AEARTCS Ha Pi; OAHAKO,
P2y--.,Ps B3AUMHO IIPOCTHI C P1, MO3TOMY C,, — Dy AEAUTCS Ha P;. HO MBI HaUMHAAU C CYMMBEI
mpocTeiimux Apobeit, To ecTb, deg(a,) < deg(p;) u deg(b,) < deg(pi1), oTkypa deg(an — by) <

deg(p1) u, cTano 6bITH, a, = b, — ODPOTHBOPEIHLE. ]

Cnepcteue 4.9.12. 1. Nrwbas npasuavras 0pobsv us C(x) npedcmasasemcs 8 sude Cymmbl

Opobeti suda —om C)m, 20e a,ceC, m>1.

2. Nrwbas npasuavras 0pobv us R(x) npedcmasasemca e sude cymms, 0pobets suda —c)

20e a,ce R, m > 1, u dpobeti sudamcz—;fwu 20e a,b,c,deR, a2 —-4b <0, m > 1.

Aoxaszamenvcmeo. Hanpsimyio caepyer u3 TeopeMsbl 4.9.11 u Teopem 4.4.3, 4.4.4. O

Teopema 4.9.11 He yKa3bIBAET SIBHOT'O aATOPUTMA HAXOXKAEHUS PA3AOKEHUS IPABUABHON Apobu
B CYMMY IIPOCTEHINUX. DTOT aATOPUTM MOKHO M3BAEYDL U3 AOKA3aTEALCTBA IIpeANOKeHUs 4.9.9
u AeMMBI 4.9.10, HO OH HECKOABKO 3aMBICAOBAT: HAIIPMMEP, B AOKa3aTeAbCTBe 4.9.9 Tpebyercs
YMEHUE HAaXOAUTH KO3 PUIUEHTEI B AMHENHOM IIPEACTABAEHUN HAUOOABIIETO OOIIETO AEAUTEAS.
Ha npakTuke pnst HaXOXKAEHUS PA3AOKEHUSI B CYMMY IIPOCTERIINX XOPOIIO paboTaeT MeTOA HeoIpe-
MEAEHHBIX K03 DUIIEeHTOB. KpoMe TOro, MO>KHO BBIIUCATDL U SIBHBIE (DOPMYAEBL (KOHEYHO, ECAN
M3BECTHO Pa3AO’KEHUE 3HaMeHaTeAsI APOOU Ha HelIPUBOAUMEIE MHOTOYAEHE!). [IpuBepeM DOpPMYyABI
AAST IIPOCTEMIIETO CAYyYas: PAMOHAABHON (PYHKIUK Hal KOMIAEKCHBIMU YUCAAMU, 3HAMEHATEAD
KOTOpPOM He UMeeT KPaTHBIX KOpHEN.

Mpepnoxenne 4.9.13. ITycmo 5 e C(x) — mpasuavHas O0pobsv, u g = (X —c1)...(x —cn), 20e
Ciy...,¢cn € C — nonapro pasauursvie wucaa. Toz0a é = Xf—lcl +-+ Xf’;n, 20e a; = f(ci)/g’'(cq).

Aoxasamenvcmso. Tlo Teopeme 4.9.11 CyIIecTByeT pa3sho’KeHHe BUAA — = >, % ocTanock
. 9. g i1 e

HalTy KO3 DUIMEHTHI ; AAS BCeX j. N\OMHOXXHKM 3TO PaBEHCTBO Ha (:

f:Zai(x—cl)...(x—Ci)---(X—Cn)

i=1
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(HaHOMHI/IM, YTO KPEBIIMIE€EYKA HaA MHOXUTEAECM O3HAYAET, YTO €TI0 HY XHO IIPDOIIYCTUTL B IIPOMU3BEAE-

uun). ITopcTaBuM Cj; BCe craraeMele CIIpaBa, KPOME j-T'O, COAEPIKAT MHOXKUTEAD (X — Cj), HO3TOMY
obpaIaoTcs B HyAb. SHAYUT,

—_—

f(cj) = aj(cj —c1)...(cj —¢j)...(¢j —cn).
ITocMoTpuM Tellepb Ha IIPOM3BOAHYIO MHOTOYUAEHA g = (X — C1) ... (X — Cp):
g' = ((x—c)(x—c1) e (x—¢j) . (x —cn))
=(x—c¢j)(x—c1)...(x—c¢j) ... (x—cn)+ (x—c5)((x —c1)...(x —¢j) ... (x —cn))"

=(x—c1)...(x—¢j)...(x—cn)+ (x—c5)((x—c1)...(x —¢j) ... (x —cn))".

o —_—

Hakoserr, moacTaBuM cj, ¥ Bropoe caaraemoe obparurcs B 0: g'(cj) = (¢j—c1)...(¢j —¢j) ... (cj—cn).
CpaBHUBasI C IOAYYEHHBIM BhIIIE BEIpa’keHHeM AAst f(cj), moaygaem, uTo f(cj) = a;jg’(cj), oTKyaa
a; = f(cj)/g’(c;), 9o u TpeboBaNOC. O
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5 BbluncnurenbHas nuHeinHasa anredpa

5.1 Cuctembl nuHeHbIX YypaBHEHU U INEMeHTapHble NPeodpa3oBaHus

AUTEPATVPA: [F|, ra. IV, § 4, n. 5; [K1], ra. 1, § 3, mmm. 1, 2.
ITycte R — accouaTuBHOE KOMMYTATUBHOE KOABIIO C epAumHUIel. Mul 6yaeM Ha3bIBATHL CUCTEMON
NNHeliHbIX ypaBHeHnii (Hap R) Habop ypaBHeHUH: BUAA

A11X1 + Q12Xo + - + AinXn = b1
A1X1 + Ag2Xo + -+ + AopnXyy = bg
Ami1X1 + QmeXe + -+ AmnXn = bma
rae aij (1 <i<m,1<j<mn),b;(l<i<m)— anements R, a Xi,...,X, — HEU3BECTHEIE.
Pewennem 3Toit cucTeMBl AMHENHEIX YPaBHEHUH Ha3bIBaeTCsT Habop (Cy, ..., Cn) S9AEMEHTOB R, mpu

IIOACTAHOBKE KOTOPOI'O B Ka’KAO€ U3 M YPaBHEHUN CHCTEMBI IIOAYYAETCS BEPHOE PABEHCTBO, TO €CTh,
2s1@ijc) = by praBcex i=1,...,m,

B mepBoM mpubamrkeHuMEM AMHEHHAs aarebpa M3ydaeT CBOMCTBA MHOMKECTB PEIIEHUN CHUCTEM
AVHENHBIX ypaBHeHu#. Hama bamkaiinas meab — yKasaTh HECKOABKO IIpeobpa3oBaHuil, KOTOPEBIE
He MEHSIIOT MHOJXECTBO PEIIEHUY CUCTEMBI, HO, BOSMOJXHO, VIIPOIIIAIOT €€ BUA. UTOOBI He IIMCATh
Ka)KABIA pas 3HAQUKU + U =, MBI OYAEM IIOAB30BATBCS MAMPUHHOU HOPMOU 3GNUCU CACTEMEL.
MaTpuuein yKa3aHHON CHCTEMBI AWHENHBIX YPAaBHEHUN Ha3LIBAETCS TabAMIIA

agz Ao e Ain
(6511 Ao . on
Ami1 AGmo ... Qmn

3aMeTuM, OAHAKO, YTO MAaTPUIlA CUCTEMBI AMHENHEBIX YPaBHEHUHN COAEPIKUT HE BCIO MHAOPMAIIUIO
O CUCTeMe: MBI HUTAE HE UCIOAB30BaAM IIPaBhble YacTHU 3TUX ypaBHeHU#. PacwumpenHoi matpuuei
HaIley CUCTEMBI AMHEWHBLIX YPaBHEHUH Ha3bIBAETCs Tabauila

aiq aio e Ain b1
Aaoq Qoo e Aon b2
Qmi Qmz --- Qmn | bm

BepTukranbHas YepTa CAYXKUT AASL BU3YAABHOT'O OTAEAEHUS KOI(PDUIINEHTOB AE€BOY JaCcTU U IIPaBO
YaCTY CUCTEMEI, MHOTAA MBI OIIYCKAEM €€.

SaMeTuM, YTO B MATPUIlE AMHERHON CUCTEMEL C TN YPAaBHEHUSIMU X N HEU3BECTHLIMU COAEPKUTCS
M CTPOK ¥ N CTOADBIIOB; Ha IIepeceueHn CTPOKY C HOMEPOM 1 X CTOABIIA C HOMEPOM j CTOUT SAEMEHT
aij. B pacmmperHo#l MaTpuIle TaKo# CHCTEMBI M CTPOK # N + 1 cToAber.
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Yacro MBI 6yA€M 3aIMCEIBATBE MATPUILY TaK: (Qij)i<i<m: B 3TOH MaTPHUIE M CTPOK, N CTOAL-
1<j<n
IIOB, X Ha II€PECEIEHNN i-Off CTPOKM ! j-TO CTOAOIIEI CTOMT 3AEMEHT aij. Hcam pasmep MaTpuIbI

IIOAPa3yMeBaeTCsI U3BECTHEIM, MBI 6YAEM COKpaIaTh 3TY 3aIMCh AO (aij).
Cpeay MHOXecTBa IIpeobpa3oBaHuil CHCTEM AWHENHBIX YPaBHEHUN BBIAEASIIOT TPU HECAOMKHBIX
THIIA IpeobpasoBaHU, UTPAIOIINX BA’KHYIO POAL B HAXOXKAECHUY PEIIEHUH.

1. DaeMeHTapHOe IIpeobpa3oBaHKe IIEPBOIO TUIA: IPUOABUTE K 1-My YPaBHEHHUIO j-O€ YPaBHEHUE,
YMHO>XEHHOE Ha HEKOTOPBIX 3AeMeHT A € R. VlHBIMU caoBaMu, i-0€ ypaBHEHUE

Ai1X1 + QigXy + - + AinXn = bi
3aMEHSIETCS IIPY 9TOM IIpeobpa3oBaHUy Ha yPaBHEHHUE
(ai1 + Aaj1)xq + (@iz + Aqja)xz + - + (Qin + AQjn)Xn = by + Ab;,
a BCE OCTaAbHBIE YPaBHEHUSI OCTAIOTCS HEM3MEHHBIMMU.

2. DaemMmeHTapHOE IIpeobpa3oBaHUe BTOPOrO TUIIA: IIOMEHSITh MeCTaMU i-Oe¢ YpaBHEHUWE U j-0€
ypaBHeHUe. OCTanbHBIE YPAaBHEHNUS IIPU 3TOM OCTAIOTCS HEM3MEHHBIMU.

3. DAeMeHTapHOEe IIpeobpa3oBaHUEe TPETHETO TUNIA: AOMHOXXHUTDL 1-0€ YypaBHEHUE Ha 0OpaTMMBbIi
9AEMEHT KOoAblla R. VHBIMEU caoBaMu, AAST HEKOTOPOTO € € R* ypaBHEHUe II0A HOMEPOM i

Ai1X1 + Qi2X2 + -+ + QAinXpn = bi
3aMEHSIETCs Ha YPaBHECHUE
€QAi1X1 + €QioXg + - -+ + EQAinXn = €by,
d OCTaABHBIE YPAaBHEHUS HE MEHSAIOTCHA.

Hecno>xHO IOHSATE, KaK yKa3aHHbBIE IIPEOOPA30BaHUS MEHSIIOT MATPHUILy CUCTEMBI U PACIINPEHHYIO
MaTpHUIy CUCTEMBI: SAEMEHTAPHOE IIpeobpa3oBaHue IIEPBOIO TUIIA NIPUOABASIET K i-0# CTPOKe j-yio,
YMHOXXEHHYIO Ha A € R; BTOpOro THIIa — MEHSIET MECTaMU CTPOKM C HOMEPAMU i ¥ j; TPETHETO
THIIAa — AOMHO>KaeT BCE AEMEHTHI i-0#f CTpPoKU Ha € € R*.

Mz1 6yA€M HCIIOAB30BATh CAEAYIOIINE YCAOBHBIE 0DO3HAUEHUS AASI SAEMEHTAPHBIX IIpeobpa-
30BaHU: Ipeobpa3oBaHUe IIEPBOIO TUIIA, IPUOABASIONIEE K 1-Of CTPOKE j-YIO, YMHOMKEHHYIO Ha
A, obosmagaercss gepes Ti;(A) (3pece 1 < 1,j < m, i # j, A € R); npeobpasoBarue BTOPOro THUIIA,
MeHsIIOIee MeCTaMy CTPOKK C HoMepaMu i 1 j, obosHagaeTcss depes Sij (3aeck 1 <1i,j <m, i #j),
a Ipeobpa3oBaHUE TPETHETO TUIIA, AOMHOJKAIOIIEe i-YIO CTPOKY Ha €, obo3HauaeTcst gepe3 Di(¢)
(3peck 1 <1 < m, € € R*). Uepes HEKOTOPOE BPEMSI 3TU CHMBOABL IIPEBPATSITCS B 0O03HAUEHUS
COBEPIIEHHO KOHKPETHBIX OOBEKTOB, CBSI3aHHBIX C COOTBETCTBYIOIIUMY IIPEOOPA30BAHUSAMI.

Cpasy >xe 3aMeTUM, ITO Ka>KAO€ 3AEMEHTapHOE Ipeobpa3oBaHue 06pamuMO: 3TO O3HAYAET, YTO
AASI KaKAOTO SAEMEHTAPHOTO IIpeobpa3oBaHus HAMAETCS APYTroe aAeMeHTapHOoe Ipeobpa3oBanye
(Ha3BIBaeMoe 06paMHbIM TaKOe, ITO IPUMEHEHVE ABYX STUX Ipeobpa3oBaHuil moAPsiA (B A060M
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LIOPSIAKE) K CUCTEME He MeHsIeT ee. A\efCTBUTEABHO, CPA3y BUAHO, UTO AASI IPEOOPA30BAHUS TPETHETO
tuna D;(e) obparesM sBasteTcst Di(e7!), a AAsT mpeobpasoBaHusi BTOPOro THUNA Sij 06paTHBIM
SIBASIETCSI OHO caMo. HakoHer, HeCAOKHasI BBIKAAAKA IIOKa3bIBAeT, YTO AASI IIPe0bPa30BaHUsI IEPBOIO
tuna Tij(A) obpaTHBIM sBASIETCsS IpeobpasoBaHme [ij(—A): mOCAEAOBATEABHOE IPUMEHEHNE STUX
ABYX IIpeobpa3oBaHUl CHadaAa IPUOaBASIET K 1-My YPaBHEHUIO UCXOAHON CHCTEMEL j-0€, YMHOKEHHOE
Ha A, a IIOTOM IPUOABASIET j-0e, YMHOXKEHHOE Ha —A (MAM Ha06OPOT), O3TOMY i-0€ ypaBHEHUE B
UTOTe He U3MeHsieTcs (a OCTaAbHBIE — TeM bGoaee).

JNlemma 5.1.1. Saemernmaprvie npeobpasosarus He MeHAOM MmHodHcecmsea (6cex) peuieHull
cucmemot.

Aokaszamenvcmeo. [lo 3aMedaHmUIo BBIIIE, KAa’KAOE dAEMEHTapHOe Ipeobpas3oBaHuMe 0OpaTUMO;
IIO3TOMY AOCTATOYHO AOKA3aTh, YTO MHOXKECTBO PEIIEHUN CACTEMEI HE YMEHBIIAETCS: eCA Habop
(C1,...,Cn) SIBASIETCSI PELIEHNEM CUCTEMEL, TO OH OYAET SIBASITHCSI ¥ PEIIIEHUEM CUCTEMBI, IIOAY Y€HHON
73 Hee 3AeMEHTAPHBIM IIPeobpa3oBaHUEM. DTO OUYEBUAHO AASI IPeobpa30BaHull BTOPOrO U TPETHETO
TUIIOB, ¥ HECAOXKHO IIPOBEPUTH AAS IPeobpa3oBaHU IIEPBOTO THUIIA. ]

5.2 Mertop lNaycca

AUTEPATVPA: [F], ra. IV, § 4, n. 5; [K1], ra. 1, § 3, mm. 3.

Ceitgyac MBI OIUMINIEM, KaK PEIIATH IPOM3BOABHYIO CUCTEMY AMHEWHBIX YPaBHEHUN Hal noaem.
OcHOBHasI “AEST COCTOUT B TOM, UTOOBI CHadYaAad IIPUBECTH CUCTEMY K YAOOHOMY AAS PEIIEHUS
BHAY — CMYNEHUAMOMY. AATOPATM IPUBEAECHUS IPOU3BOABHON CHCTEMBI K CTYIEHYATOMY BUAY
Ha3bIBAETCSI mMemodom [aycca. MBI paAUIM CTPOTOE OIPEAEAEHNE CTYIIEHYAaTOI'0 BUAA IIOCAE TOTO,
KaK OIMIIEM 3TOT aATOPHUTM.

Kak obwrano, HaM 6yaAeT ya06HO paboTaTh HE C CUCTEMOW AMHEHHBIX ypaBHEHU, a C ee [pac-
IMUPEHHOM| MaTpuIel: MeToa 'aycca COCTOUT B IOCAEAOBATEABHOM IPUMEHEHWN K PAaCIINPEHHON
MaTPHUIE CUCTEMBI SIAEMEHTAPHLIX IIPeobpa3oBaHuil, IIOCAE YETO MATPHUIIA CTAHOBUTCS CMYNEH™a-
mot, U BCE PEIIEHUSI COOTBETCTBYIOIIEN CUCTEMBI AETKO BBINMCATH; II0 AeMMe 5.1.1 moaydeHHOE
MHO>KECTBO PEIIEeHUH OYAET ¥ MHOKECTBOM PELIEHUN MCXOAHOM CHCTEMEL.

Wrak, mycTs (aij) — MaTpulia Hap moaeM k pasmepa m x n. Mer 6yaeM m3ydaTb ee CTOAOITED
IIOCAEAOBATEABHO, CAEBA HAIIpaBO. Bo3pMeM IepBuIi cToAbel. Bo3amoskHBI pABa BapumaHTa: AuOO
OH COCTOUT U3 OAHUX HyAe#, Aubo B HeM HalipeTcs: HEHYAEBOU aneMeHT. Ecau croaberr cocTouT
U3 OAHUX HYAEW, MBI IPOIYCKAEM €r'0 M IIEPEXOAMM K CAEAYIOIIEMY CTOADILYy, IIOKa He HalAeM
KaKO-HUOYAL CTOADEIT C HEHYAEBEIM dAeMeHTOM. [IycTh, HaKoHell, B CTOADIIE C HOMEPOM j; HAIIEACS
HEHYAEBOU AeMeHT (eCAKM TaKOTO CTOADIA HeT, TO Hallla MaTPUIA HyAeBasi, I aATOPUATM 3aBepIIeH).

ANsT Hagana IIOCTAaBUM STOT HEHYAEBOM 3AEMEHT Ha IIEPBOE MECTO B CTOADIE ITOCPEACTBOM
dNAEMEHTAPHOr'O IIpeobpa3oBaHUsI BTOPOro TUma. lTelepb MBI CAEAAEM BCE OCTAAbHBIE 3AEMEHTHL
HaIero CToAbIIa HYAEBEIMYE C IIOMOIIBIO SIAEMEHTAPHBIX IpeobpasoBanuil nepBoro tumna. Aeraercs
3TO TaK: TENePhb MBI CUMTAEM, UTO SAEMEHT (1 j, HE PaBeH HYAIO; €CAM KaKOH-HUOYAb 3AEMEHT a; j,
IIepBOro CTOADIIA TaK>Xe He paBeH HYAIO, TO IpmbaBUM K i-0f CTPOUKE IIEPBYIO, YMHOXKEHHYIO Ha
—ayj,/ay;,. VIHEBIME CAOBaMU, IPOBEAEM dAEMEHTapHOe Ipeobpasosanue T, j, (—aij,/ay,j, ). [Ipu aToM
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M3MEHUTCS TOABKO i-asi CTPOUKa, U €€ IIEePBEI 3IAeMEeHT CTaHeT PaBHEIM O j, + a1, - (—aij,/a1j,) = 0.
[TpopenaeM 3TO AAST BCEX HEHYAEBBIX IAEMEHTOB IIEPBOI'O CTOALIIA. 3aMeTWM, YTO 3AECH MBI
UCIIOAB30BAAM TOT (PAKT, YTO HEHYAEBOM 3AEMEHT d,j, OOpaTUM, TO €CTb, YTO K SIBASIETCS IIOAEM.

Temepb cTOADEIT C HOMEPOM j; HAIEW MATPUILI COAEPKUT EAVHCTBEHHLIY HEHYAEBOR dAEMEHT
aij, (a BCe CTOABIEI, CTOSIIME CA€Ba OT HEro, HyAeBkle). MEICAGHHO 3abyAeM IIPO IEPBYIO CTPOUKY
Hamre# MaTPUITLI ¥ IIPO BCe CTOABIIBI BIIAOTH AO CTOADIIA C HOMEPOM j; ¥ IIOBTOPKM HAIITY OIIePAITHIO:
Tenepb MbI bepeM cToAbGel] ¢ HOMepoM j; + 1 ¥ UIeM B HEM HEHYAEBOW SAEMEHT, He IPUHUMAST
BO BHUMaHWE NEPBYIO CTPOUYKY. ECAZ BO Bcex mo3muusix (KpoMe, MOXKET OBITH, IIEPBOM) 3TOrO
CTOADITBI CTOSIT HYAM, MBI ABUTAEMCS AAABIIE BIPABO, IIOKA HE HAXOAWM, HAKOHEI, CTOADeI c
HOMEDPOM j2, B KOTOPOM CTOUT KaKOH-HUOYAb HEHYAEBO! 3A€MEHT He B IIepBoii cTpouke. [locpeacTBOM
SAEMEHTApPHOI'0 IPeobpa30BaHUs BTOPOI'O THUIIA MOXXHO IIOCTAaBUTDL ITOT HEHYAEBOU INEMEHT Ha
BTOPOE MECTO, & 3aTEM, C IIOMOIIBIO IAEMEHTAPHLIX IIPe0bpa30BaHUil IEPBOTO THUIIA, AOODUTHCS TOTO,
YTO BCE IAEMEHTHI HUYKE €TI0 CTaHYT HYASIMU. 3aMeTHUM, YTO IIepBasi CTPOYKA B 9TUX IIPe0bpPa30BaHUIX
yoKe HUKaK He Y4acCTBYET, IIO3TOMY IIPO Hee X MO>KHO 3abwnITh. Kpome Toro, B cToabliax ¢ HOMepaMu
1,...,j1 CTOAT HyAM Ha TeX IIO3UIUSIX, KOTOPLIE 3aTPAruBalOTCs ITUMU IPpeobpa3oBaHUSIMY, IIO3TOMY
oHU He m3MeHsOTcs. VTak, B cToADIlE ¢ HOMEPOM j, TEmeph CTOUT HEW3BECTHO UTO Ha IIEPBOH
[IO3UIUY, HEHYAEBOM SAEMEHT d3j, Ha BTOpO# mosunuu, 1 0 Ha OCTAaABHBIX IO3UIUAX. Aanee,
KOHEYHO, MBI IIPOAOATKAEM TY K€ IIPOILEAYPY, 3abbIBasi IIPO IEPBLIM ABE CTPOYKYU U IIPO CTOADIIEI C
HOMEpaMu 1,...,Jj2. 3aMeTuM, ITO MBI 003aHBI ABUTAThCSA BIPaBo: 1 < j; < jp < j3 < ..., IO3TOMY
3TOT IIPOIECC OCTAHOBUTCS.

[ToryuenHas mMaTpuiia

0 ... 0 aiy * * * * * * * * * *
0O ... 0 0 O 0 azj, =* ... = * L.k * ...
6 ... 0 0 0... 0 O O ... 0 azj, = * * * *
0 0O 0 O O 0 o0 . 0O 0 O 0 as;, = *
0 0O 0 O 0O 0 0. 0O 0 O 0 0 O 0
o.. o0 o0 o0..0 0 0.0 o0 0..0 0 0...0

¥ Ha3LIBAETCS CTYIEHYATOM; Teleph MBI TOTOBEL AATH (DOPMAABHOE OIPEAEAEHUE.
Onpepenenne 5.2.1. Matpuia <aij)11<<i'<<?f Ha3BbIBAETCSI CTYNEHYATOW, €CAU CYIIECTBYET HEKOTOpPAS
IIOCAEAOBATEABHOCTD MHAEKCOB 1 < j\1]\< jo < -+ <js < M Takas, 4TO

e a;;j, # 0 ansg aroboroi=1,...,s;

e a;j =0mpuj <ji;

e a;; = 0 anst aroboro j mpu i > s.

VHBIME CAOBaMM, B CTYIEHYATON MAaTPHUIE MMEIOTCSI CTPOKU 1,...,S TaKue, YTO B CTPOKE
C HOMEPOM 1 IepBHIf HEHYAEBOM SAEMEHT CTOMT B HO3UIUY (i,ji), @ BCE CTPOKM C HOMeEpPaMU
s+ 1,..., m — HyAeBEIE.
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HemyaeBble 3AEMEHTHI A1 j,, dzj,, - - -, Os,j, B CTyII€HYaTON! MaTpuIe (aij) MbI 6yAeM Ha3bIBATH
BeayLMMHN.

Yro >Xe HaM AaeT IpuUMeHeHUe MeToAa ['aycca K pacIVpeHHON MaTpPHUIlE CUCTEMBI AMHENHBIX
ypaBHeHu#? HamoMHUM, 9TO pacIImpeHHass MaTpPHUIla CACTEMBI COCTOUT M3 M CTPOK U N + 1 cToAbIIa,
TA€ M — YUCAO YPaBHEHU, N — YUCAO Hem3BeCTHBIX. CaMbI#l IIpaBhI CTOADEI pacIIupeHHOMR
MaTPHUIIEI HECET OCODBIM CMBICA — 3TO IIPaBasi YacTb CUCTEMEL. [l03TOMY Cpa3y paccMOTpUM OCOOLIH
CAydYail: IPEATIONOKUM, YTO BEAYIIUY IAEMEHT OKA3aACS B ITOCAEAHEM CTOADIEe. OUeBUAHO, UTO 3TO
MOXXET OBITh TOABKO IIOCAEAHWN BEAYIIUM SAEMEHT (g j . 1OTAa ypaBHEHHE C HOMEPOM S BBITASIAUT
Tak: 0x1 + -+ -+ 0xp = ag5,, ¥ A5 j, # 0. OYEBUAHO, ITO 3TO ypaBHEHNE HE NMEET PEIIEHUH, TO3TOMY
¥ BCS CACTeEMAa HE UMEET PeIleHu.

Teneps MOKHO CUWTATh, UTO js < N + 1, ¥ BCEM BEAYIIUM 3AEMEHTAM COOTBETCTBYIOT II€PEMEH-
HEIE Xj,, ..., X;j,. Bce ocmaavHvie IepeMeHHbIe MBI 6yAe€M Ha3bIBaTh CBODOAHLIMU, a TEpEMEHHEIE
Xjyy - - -y Xj, — 3aBUCUMbIMK. Terepb MBI yTBEPKAAEM, YTO MHOXKECTBO PEIIEHUHN IIOAYYEHHON CUCTEMBI
BBICASIAUT TaK: CBOOOAHEIE IIepEMEHHBIE MOTI'YT IPUHUMATDL IPOU3BOABHBIE 3HAYEHMS, 1, KAK TOABKO
OHY 33)AHbI, 3HAUYEHUS 3aBUCKMBIX IIEPEMEHHBIX OIIPEAEASIIOTCSI OAHO3HAYHLIM 0H6pasoM.

AeNCTBATEABHO, IPEATIOAOKKAM, ITO MBI 3aAAAX IIPOU3BOABHEIE 3HAYEHUS CBOOOAHEBIX IIEPEMEH-
HBIX. [IofiaeM ITO ypaBHEHUSM CHU3Y BBEPX U HaUHEM BBIPA’KATh 3HAUEHWUS 3aBUCUMBIX IIEPEMEHHDBIX.
SameTnM, YTO YpaBHEHUS C HOMepaMmu S + 1,..., m darkTudecku umeioT Bup 0 = 0, mosToMy He
BAUMSIIOT Ha MHOKECTBO PEIIEHUHA CUCTEMBI, ¥ UX MOXHO BbIOpocuTh. [lochrepHee ypaBHEHUE MMEET
BHA, O j Xj, + -+ = bg, ¥ 3HAUEHUs] BCEX [IEPEMEHHBIX B A€BOM YacTH, KPOME X; , YKE 3apaHbl. AeAs
Ha HEHYAEBOM 3AEMEHT (g ;j U IIEPEHOCS «MHOTOTOYMEY B IIPABYIO YaCTh, IIOAYYAEM BEIPAYKEHUE AAS
3aBUCUMOM IIEPEMEHHOM X; . Teneps BO3bMEM IPEATIOCAEAHEE YPABHEHME: As_1j, ,Xj,_, + = bg_1;
MBI y>K€ 3HAEM 3HAYEHUSI BCEX IEPEMEHHBLIX B A€BOW YacTH, KPOME X;, ., IO3TOMY aHAAOTHYHBIM
0bpa3oM IOAyYaeM BhIPaKEHHE AAST CAEAYIOIIEH 3aBUCHMMOM IepeMeHHOM, X;, ,. IIpoaoaskas sToT
IIPOIIECC, MBI AOMAEM X AQ IIEPBOM CTPOYKY, BEIPA3WB 3HAYEHUE X, .

WTak, ecAu 3apaHbl 3HAYEHUSI CBOOOAHEBIX IIEPEMEHHBIX, TO 3HAYEHUS CBOOOAHBIX II€PEMEHHBIX
OIIPEAEASTIOTCS OAHO3HAYHO. C APYTo#f CTOPOHBI, 3HAYEHUS CBOOOAHEBIX IIEPEMEHHEIX MOTYT OBITH CO-
BEPIIEHHO IIPOM3BOABLHBEIMY, U IPUBEAEHHLIY aATOPATM YTBEPKAAET, YTO HAUAETCS pEIIeHNE C TaKu-
MU 3HAYEHUSIMU CBODOAHLBIX Il€peMeHHBIX. VHBIMKU CAOBaMM, MBI YCTaHOBUAY B3aXMHO-OAHO3HAYHOE
COOTBETCTBUE MEXAY MHOKECTBOM PEIIEHUH HAIIEN CHCTEMBI X MHOKECTBOM IIPOU3BOABHBEIX HaOOPOB
3HAYEHUY He3aBUCUMBIX II€PEMEHHBIX.

5.3 Onepauun Hapg maTpuuamm

AUTEPATVPA: [F], ra. IV, § 1; [K1], ra. 3, § 3, mm. 1-3.

Onpepenenne 5.3.1. Matpuueii Hap KoAbIIOM R MBI 6yAeM Ha3bIBATh IPSIMOYTOABHYIO TabAHMITY, CO-
CTaBAEHHYIO U3 9AEMEHTOB KOAbIIa R. VIHEIMU CAOBaMM, 3aAaTh MATPHUIy A — 3HAYUT, 3aAaTh HabOp
3AEMEHTOB aij € R anst Bcex 1,j Takux, 9T0 1 <1 < m, 1 < j < n. OTu 3A€MEHTHl Ha3BIBAIOTCS
koathmunentamn MaTpumsl A u MbI mumeM A = (ayj). IIpu sToM MBI 6yaeM m306pa’kaTh TaKyro
MaTPUIY B BUAE TaOAUIIEI U3 T CTPOK X N CTOADIIOB, B KOTOPOI Ha IIEPECEUYEHUN i-i CTPOKU U
j-TO CTOAGIIa CTOWT SAEMEHT aij. ByaeM roBOpHUTE, YTO A SBASETCS MaTPHUIER M X T; MHOKECTBO
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BCEX MATPUI M X N Haa KOAbIOM R obosHawaercs gepe3 M(m,n,R). Ecamw m = n (ducaro cTpox
COBIIAAAET C UUCAOM CTOADIIOB), MAaTpHIlAa HA3LIBAETCS KBaApaTHOW; MBI 6yaeMm mucatb M(n, R)
BMecTo M(n,n, R). [Ipu 3ToM N Ha3BIBaeTCsT NOPSIAKOM KBaApaTHON MaTpuisl u3 M(n, R).

OAEMEeHT, CTOSIINYE B MaTpulle A Ha IlepecedeHn i-# CTPOKU U j-TO CTOABIIa MBI YacTo 6yaeMm
obosHavaTh depe3 Aij; 6yA€M TOBOPHUTB, YTO B MaTpuile A 3AeMEHT Ajj CTOMT Ha nosuumm (i,j).

BBepeM ocHOBHEBIE omepalum Hap Marpunamu. Ecam A = (aij), B = (bij) — ABe MaTpuifer
OAMHAKOBOI'O pa3sMepa M X M, OIPEAEAUM KX CYMMY A + B Kak MaTpuily, y KOTOPO# Ha IO3UIIUA
(i,j) cTomT aij + byj. MueiMu caoBamu, (A + B)ij = Ayj + By ans Beex 1 <i<m, <1i<n. Takum
obpazoM, CAOKEHUE MATPUIL IIPOUCXOAUT NOKOMNOHEHMHO.

['opa3po mHTEpecHee BEIPASIAUT YMHOXKeHUe MaTpuil. Ilycts A € M(m,n,R), B M(n,p,R) —
obpaTuTe BHUMAaHME, YTO YUCAO CTOADIIOB II€PBOY MATPHUIILI PABHO YUCAY CTPOK BTOPO# MaTPUITHL.
Torpa mx npousBepeHUEM AB HasbIBaeTCsi MaTpulla pa3Mepa M X P, ¥ KOTOPOR Ha IO3WUIUU
(i,k) crour Z?:l Ai;Bjx. MabIME croBamu, (AB)ix = Z)TL:1 Aj;Bjr. ObparuTe BHUMaHNE, YTO IPU
¢urcrpoBaHHEIX 1 1 k 3AeMEHTHI Ajj IPOOETaoT CTPOKY MaTPUIEI A C HOMEPOM 1, 8 3AE€MEHTEI
B;x mpoberator croaben Mmarpunsl B ¢ HomepoMm k. To ecTh, AAST TOTO, YTOOBI IOAYYIUTEL SAEMEHT,
crosimtuit B MaTpuiie AB Ha mosunuu (i, k), Hy>XKHO B3STH i-10 CTPOKYy MaTpuusl A, k-if croaberr
MaTpuisl B,  chopMupoBaTL CyMMY IIPOU3BEAECHUY COOTBETCTBYIOIIUAX SAEMEHTOB 3TOH CTPOKU U
3TOro CTOADIIA; IO YCAOBMIO Ha pasMep MaTpull A u B oHE MMeIOT OAMHAKOBYIO AAMHY.

OnpepeArM Tak>Ke Pe3yAbTaT YMHOXKEHUSI CKaAsipa (3A€MEHTa KOABIA R) Ha MaTpUIy Hap
R: myctb A € R, A € M(m, n, R). Paccmorpum MaTpuily, B KOTOpOil Ha mo3uiu (i,j) cTouT AAjj;
MBI 6yaeMm obo3HauaTh ee yepe3 AA. To ecTh, IpU YMHOXKEHAUM MATPHUIILI A Ha CKaAsIP A KasKABIT
3AEMEHT MaTPHIEI A YMHOXKAeTCsI Ha A (3A€Ch MBI IIPEATIOAATAEM, UTO KOABIIO R KOMMYTAaTHBHO,
[I03TOMY HEBa’KHO, C KaKO¥ CTOPOHBI IIPOMCXOAUT YMHOXKEHUE).

HakoHer, emre opHa BadkKHAsI Ollepanysi — TPAHCMOHUpOBaHUe MaTpuIisl. [Iycts A € M(m,n, R).
Onpeaeaum Marpuny A’ € M(n, m,R) Tak: y Hee B nosunuu (j,i) crout snemenT Aij. Takas
MaTpuIla Ha3bIBAETCS MATPHUIER, TPAHCIOHUPOBaHHOK K MaTpulle A. HedopMmarbHO roBopsi, 3TO
MaTPHUIIA, IIOAYIEHHAS U3 MATPHUILI A «CHMMETPUENRS OTHOCHTEABHO TAABHOM AmaroHaau. [Ipwm
3TOM CTPOKX C HOMepaMu 1,2,..., M MaTpUILl A CTAaHOBATCS CTOoAbIIaMu ¢ HoMepamu 1,2,...,m
MaTpuibl A'; aHAAOTMYHO, CTOABIEI MaTPUIEI A IPEBPAINAIOTCS B CTPOKK MaTpuusl AT,

Teneps chopMyAUPYEM CBOMCTBA BBEAECHHLIX OIIEPAIIWA.

Teopema 5.3.2 (CroiicTBa onepanuit Hap MaTpuiiamu). Caedyrowiue moarcoecmea 8biNOAHAOMCA
onsa a0bvir mampuy A, B, C Had xommymamusHuim Koavyom R u oas arobuvix A, L€ R, ecau
onpedeneHsv, Pe3YALMAMDbL 8CET B8TOOAWUL 68 HUTL ONepayul.

1. A+ (B+C) = (A +B) + C (accoyuamusrHocmsd cAodHceHUA);

2. nycmv 0 — mampuuya, sce xKosgpuyuerma, Komopol Hyaeswvie;, moeda A +0=0+A = A
(HetumpansoHbil SAEMEHM OMHOCUMENDHO CAOHCEHUA);

3. Oaa awbol mampuus A Hatidemcea mampuya —A maxas, wmo A+ (—A) = (—A)+A =0
(npomueonoaosHcHbl snemenm);
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4. A+ B =B+ A (KomMmymamusHocmb CAOIHCEHUR).

5. (AB)C = A(BC) (accoyuamusHocmsd YMHOHCEHUA);

6. A(B+C)=AB + AC (nesasn ducmpubymusHocms);

7. (B+ C)A = BA + CA (npasas ducmpubymusHocms);

8. A(A + B) = AA + AB (nesan ducmpubymusHocms YMHOHCEHUA HA CKANAAD),

A+ WA =AA + A (npasas ducmpubymusHoCMs YMHONHCEHUA HA CKAAAD ),

10. (AA)B = A(AB) = A(AB);

12.

(
(

11. (AWA = A(pA);
(A+B)T=AT +BT;
(

13. (AB)T =BTAT.

[TosicHUM (POPMYAUPOBKY . ..ECAK ONPEAEAEHBI PE3YABTATHI BCEX BXOASIIUX B HUX OIEPAlily:
MEI MOYKEM CAOXKUTb ABE MATPHUIBI TOABKO B TOM CAydYae, €CAM OHU MMEIOT OAMHAKOBHIH pasMep, U
[IEPEMHOXXUTH ABE MATPHUIEL TOABKO B TOM CAYdYae, ECAU KOAMIECTBO CTOABIIOB [IEPBOM MATPUIIEL
COBIIAAAET C KOAUYECTBOM CTPOK BTOPO# Marpuisl. [TosToMmy, ckaskeM, ToxxaectBo A + (B + C) =
(A + B) + C BrImoaHseTCT Ans AIOOEIX A, B, C € M(m,n, R), ToxxaectBo (AB)C = A(BC) — ans
A06BIX A € M(m,n, R), B e M(n,p,R), C e M(p, q,R), Toxxpectso A(B + C) = AB + AC — ans
AfobeIx A € M(m,n,R) z B, C € M(n,p,R), u Tak panee.

Aoxasamenvcmeo. Hamomuuaem, 9T0 9epe3 Aij MBI 0603HaIae€M SAEMEHT MATPUILl A, CTOAIINA B
no3unuy (i,j). AAsS TOro, YTOOBI IPOBEPUTEL PABEHCTBO ABYX MAaTPHIl, AOCTATOYHO IIPOBEPUTH, UTO
OHU MMEIOT OAMHAKOBEIA pa3Mep X UTO SAEMEHTHI, CTOSIIIINE B COOTBETCTBYIOIINX ITO3UIUSIX STUX
MaTpUIl, PaBHLI. MBI 3afiMeEMCSI MMEHHO IIPOBEPKOM IIOAEMEHTHOI'O PABEHCTBA, OCTABUB YUTATEAIO
[TpuBHaABHYIO| IPOBEPKY PaBEHCTBA Pa3MEPOB.

1. A+ (B+C))y=Ay+(B+C)y=Ai+ (Bij +Cij) = (A4j +Byy) +Ciy = (A+B)yy + Cy5 =
((A 4 B) + C)ij; 3AeCh MBI BOCIIOAB30BAANCEH aCCOIMATUBHOCTBIO CAOMKEHHUS B KOABIE R.

2. (A—FO)U ZAij-i-Oij IAij—i-O:Ai)' =0+Aij ZOij-i-Aij =(0+A>ij.

3. CocraBuM MaTpuiy —A U3 3AE€MEHTOB —Ajj, TO €CTb, HoAOKHEM (—A);; = —Ay. Toraa
(A+(—=A))i; = Ayj+(—A)y = Ayy—Ay; = 0, otkyaa A+ (—A) = 0; amarormuso, (—A)+A = 0.

4. (A+B)y = Ay + By = By + Ayj = (B + A)ij, IOCKOABKY CAOXKEHHE B R KOMMYyTaTHBHO.
5. Ilyctes A € M(m,n,R), Be M(n,p,R), C e M(p, q,R). Toraa

P n

Z AB 1ka1 Z ZAiijkal;

k=1 k=1j=1
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10.

11.

12.

13.

C APYyTOM CTOPOHEI,

HOAY"—II/IBI_TII/IGCﬂ CYMMBI OTAXYAIOTCSA TOABKO M3MEHEHUEM IIOPAAKA CYMMMPOBAHNMSA.

[Iyctes A € M(m,n,R), B M(n,p,R). Toraa

(A(B+ C))ic = >, Aij(B+ Cjic = > (AyBji + Ay Ce)
j=1

j=1

n n

(AB + AC)ix = (AB)ix + (AC)i = > AyiBjic + Y AjCiic = Y (AyBjic + Ay Ciro).

j=1 j=1 j=1

. AOKBB&TGABCTBO COBEPIIEHHO aHANOTMYIHO AOKA3ATEABCTBY IIPEABIAYIIETO IIYHKTA.

(A(A +B))i = MA + B)yj = MAg; + Bij) = My + ABij = (M55 + (AB)g; = (AA + AB)s;.

((}\ -+ H)A)ij = (}\ + H)Ai]’ = }\Aij + ].LAU = (AA)U + (PLA)ij = (}\A + HA)ij-

Bamermm, aTo ((AA)B)ik = 255 ((AA)ijBjx) = 2;(AAijBjk); kxpome Toro,

(AAB))ic = Y (A (AB)jic) = D (AyABjic) = > (My;Bjic)

(A(AB))ix = A(AB)ix = AZ(Aiijk) = Z(AAiijk)-
(AWA) = AR Ay; = ApAy; = A(HAG) = A(uA)y; = (A(LA))s-
((A+B)T)ij = (A +B)ji = Aji + Bji = (AT)yy + (BT)y; = (AT + BT)y;.

((AB) )ik = (AB)ii = 235(AxiBji) = 255 ((AT)j(B)i5) = 25 ((BT)55(AT)j) = BTAT,

]

Onpepenenue 5.3.3. PaccMoTpuM MaTpuIry pasmepa N X N, ¥ KOTOPo# B mo3umuu (i,j) crout 1, ecan
1=j,u 0, ecau 1 # j. Takast MaTpuila Ha3bEIBAETCS €AUHUYHON MaTpuLuein 1 obo3HadaeTcst depes k.,

(z gacTo MBI 6ypeM 0603HAUATH ee IPOCTO depe3 E, ecAm pasMep siCeH M3 KOHTEKCTA). JTa MaTPUIA
AEHCTBUTEABHO UT'PAET POAbL HERTPAABHOT'O IAEMEHTA OTHOCUTEABHO YMHOMKEHUS, KaK ITOKa3bIBAET

CAeAYIOlIee YTBEPKAEHUE.

Mpeanoxenue 5.3.4. ITycemsv A € M(m,n,R). Toeda E,, -A =A-E, = A.
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Aoxasameavcmeo. 3amerum, 9To (B, -A)ix = Zj (Em)ijAjx. B moayumsmIeiicss cymme MaTpUYHBIHR
snemeHT (E.,)ij; paBer 0 Anst Bcex j, kpoMme j = i. I[ToaToMy OT CyMMBI OCTa€TCs OAHO CAAraeMoe,
COOTBETCTBYIOIIEE CAYHal0 j = 1, ¥ paBHOE A;yx. DTO BBIIOAHEHO AAS BCeX 1i, K, moaTomy E.p - A = A.

BTOpOG PaBEHCTBO AOKA3BIBACTCSI aHANAOI'MYHO. ]

Samenarue 5.3.5. 3aMeTuM, ITO AAST KBAAPATHBIX MATPHUI] (GUKCUPOBAHHOIO pasMepa (TO eCTs,
AAST aneMeHTOB M(m, R)) cBoiicTBa 1-7 u3 TeopeMEl 5.3.2 ¥ CBOWCTBO €AMHWYHBIX MaTPHI, U3
IpeArOsKeHUsT 5.3.4 03HAYAIOT, YTO STU MATPHUIIEI 0O0Pa3yIOT aCcCOIMATUBHOE KOABIO C EAMHUIIEH. DTO
KOABIIO M(m, R) Ha3EIBaeTCs KOMbLOM KBapaTHbIX MAaTpUL, TOpPsiAKa N. OTMETHM, YTO 3TO KOABIIO He
SIBASIETCSI KOMMYTATUBHLIM IIPK N = 2:

01 00 10 00 00 01

00/ \1 0/ \oo o 1) \1 o) \oo
HanmomHMM, 9TO 3A€MEHT A IIPOM3BOABLHOIO aCCOIIMATUBHOI'O KOABIIA A C €AMHUIIEH HA3BIBAETCSI
06pamuMbIM, ECA HABAETCSI d9AeMEHT b € A Takoit, uTo ab = ba = 1 B A. Takoit snemeHT b
obo3HavYaeTCss Yepe3 a | 1 Ha3hIBAETCS 06pamHblmM K a. B TOAHOM COOTBETCTBUM C 3TUM, KBaApaTHAS
Matpua A € M(n,R) HasblBaeTcst 06paTUMON, ecAar HafAeTCsT MaTpuIa, obo3HawaeMasi depes
A"t e M(n,R), Takasz, uro A-A~! = A~1.A = E,,. [Ipu 5ToM, KaK U B IPOM3BOABHOM aCCOLAATHBHOM

KOABIIE C eAMHUIIEH, AAsT o6paTuMolt MaTpuisl A BeimoaHeHO (A1)~ = A, a Anst Habopa 06paTUMbIX
MaTpui] Ag, ..., A BHIIOAHEHO (Ap-Ag-----Ag) t=A7t-- - A ATL

YroMsiHeM eIre OAHO Ba’KHOE CBOMCTBO, CBSI3BIBAIOIEe OOPATMMOCTD ¥ TPAHCIIOHMPOBAHUE.

Npennoxenne 5.3.6. Ecau mampuua A € M(n,R) o6pamuma, mo u mampuya AT obpamuma,
npuvem (A7)t = (A"HT,

Aoxasamenvcmeo. [Toabsysicek ceoitctsoMm (13) u3 Teopemsr 5.3.2, moaygaem AT - (AT = (A1,
A)T = (E,.)". Ocranoce sameruts, aro (E,)"
MaTpPUIBl AETKO BUAETH, 9TO (E, )ij = (En)ji AAs Beex 1,j. PaBencrso (A™1)T- AT = E,, mposepsiercst

= E,, IOCKOABKY U3 OIIPEAENEHUST €AUHUIHON

AHAAOTHYHO. O

Samevarue 5.3.7. Koawo marpuir M(n,R) He sIBAsIETCsI ITOAEM IIPH N > 2, IOCKOABKY B HEM
1 0
M(2,R); A-A=
0 ol € (2,R); Torpa 0 0
Marpuria A HUKaK He MOXET O6bITh obparumoit B M (2, R). HeTpyaHO IpUAyMaTh aHAAOTMYHBIN
npuMep B M(n, R) aas atoboro n > 2.

eCTb AeAuTeAu Hyas. Hanpuwmep, nycts A = . IToaTomy

Y06HO KOHCTPYMPOBAaTh MATPUIBI U3 MaA€HbKUX KYCOYKOB: ODO3HAYMM Yepe3 €i; MaTPHILY
3 M(m,n,R), y Koropo# B mosuuuu (i,j) cromT 1, a BO BCeX OCTAABHBIX NO3ULIUSAX CTOUT 0.
3aMeTuM, 9YTO M ¥ T B Hallle 0OO3HAYEHNE €i; He BXOAST — MBI IOAPa3yMeBaeM, YTO BCETAA U3
KOHTEKCTA SICHO, KaKOr0 pasMepa MaTPHUIEl PACCMATPUBAIOTCS (€CAM 3TO BOOOIIE BasKHO). MAi06YIO
MaTpuiy A = (aij) € M(m,n,R) Toraa MOXXHO IIPEACTaBUTb B BHAE A = Zi,j aijeij. Hampumep,
AAST EAMHUYHOM MaTPUILI UMeeM E,, = €11 + exy + - - - + enn. MaTpuIe! e;; Ha3bIBaloTC MATPUYHBIMK
eaMHuuaMu (He IyTaTh C eOUHUMHBMU Mampuyamu!)
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Kak mepeMHO)XalOTCsT MaTPUIHBbIE EAMHUIEI! B IDOM3BEAEHNUN €ij - €| HEHYAEBEIE 9AEMEHTEI
MOTYT CTOSITb TOABKO B i-0ff CTPOUKe (IIOCKOABKY BCE CTPOYKHM MAaTPHUILI €ij, KpOMe i-0if, HyAeBhIe),
¥ TOABKO B l-oM cTOAbIle (IIOCKOABKY BCE CTOAOLLI MAaTPHUIEL ey, KpoMe l-ro, HyaeBble). IloaTomy
IIPOU3BEAEHHUE €jj - €| MOXKET OTAMYATHCS OT HYASI TOABKO B IIO3UIMH €i. BHMMaTeAbHOE pac-
CMOTPEHNE IIPOU3BEAEHUS i-0ff CTPOYKM MaTPHUIIEI €i; Ha |- CTOAGel MaTPHUIILl €y ITOKa3bIBaeT,
9To

ey, ecamj =Kk;
€ij - €kl = .
0, ecamj #k.

Haxower, poka>keM ITOAE3HBLIN KPUTEPUY PaBEHCTBA ABYX MATPHII.
Mpeanoxenue 5.3.8. ITycmv A, B € M(m,n,R). Caedyrowue ymeeporcOerus pasHOCUNDHDL:
1. A=B;
2. UA = uB dasa scex ue M(1, m,R);
3. Av = Bv daa scez ve M(n,1,R),

4. WAV = uBv das scez ue M(1,m,R), ve M(n,1,R).

Aoxasamenvcmeo. Ilyctb A = (aij), B = (byj). OueBHAHO, YTO M3 IEPBOTO YTBEPIKACHUS
CAEAYIOT ocTanbHBEIE. AokaxkeM, 4To (2) = (1). BosbMeM B KadgecTBe U MATPHIY e;;. Toraa
UA = <ail Aig ... ain>, uB = (bﬂ bis ... bin>, ¥ U3 UX PABEHCTBA CAEAYET PABEHCTBO i-X
crpouek Matpuir A u B. IloactaBass 1 = 1,..., m, noaydaem, uTo A = B.

CoBepIlIEHHO aHAAOTUYHO AOKa3bIBaeTcs, 4To (3) = (1). HakoHen, mokaskeM, uro (4) = (1).
A OCTaTOYHO 3aMETUTh, YTO ECAM U = €1; U V = €j; TO UAV = ai; 1 uBv = by;; moacraBasis
BCEBO3MOYKHEIE TTapHI (1i,j), moAydaeM, uto A = B. [

5.4 Matpuubl 3neMeHTapHbIX Npeobpa3oBaHuii

AUTEPATVPA: [K1], ra. 1, § 3, mm. 6.

B xadecTBe IIepBOr0o IPUMEHEHUS OIEPAIINM HAA MATPHUIIAMU MBI UCTOAKYEM SAEMEHTAPHBIE
peobpa3oBaHusi, BBEACHHEIE B pa3aene 5.1, KaKk AOMHOXKEHUSI Ha MaTPUIILI OIIPEAEAECHHOTO BHAA.

Arsi#j (1 <1i,j <n)uA e R onpepeanm T;5(A) = E,, + Aeyj. OTo MarTpuua, KoTopas
OTAMYAETCS OT EAMHUYHON MaTPHILI AUIIb B OAHON mo3muuu (i,j), B KoTopoi crout A. HamoMuwmwM,
YTO IIO 3TUM ’K€ AAHHEIM 1i,]j, A MBI OIIPEAEAUAN SAEMEHTAPHOE IIpeobpa3oBaHue IIEPBOT0O TUIA KaK
npubaBAeHUE K i-1f CTPOKE MATPHUIILI €€ j-Off CTPOKM, YMHOXKEHHO! Ha A. OKa3bIBaeTCs, IPOBEAECHUE
9TOr0 SAEMEHTAPHOro npeobpa3oBanust Hap MaTpuieir A € M(n, m, R) paBHOCEABHO YMHOXKEHUIO
MaTpuipel A caeBa Ha Iij(A). AeficTBurenrHO, mycTb A = (aij) € M(n, m,R). ITocmorpum Ha
Mmarpuiy Tij(A)A. IlockoabKy MaTpuna T;; OTAMYAeTCs OT MaTpuubl E, TOABKO B i-il CTpOKe,
npousBepeHUe Tij(A)A OTAMYAETCs OT MaTPHUIBI A TOABKO B i-# CTpoke. 3Ha4MT, HaM OCTaAOCh
TOABKO IIEPEMHOKUTD i-I0 CTPOKY MaTpuIbl Iij(A) Ha A, M 3aIucaTh PE3YAbTAT B i-I0 CTPOKY
pesyabTara. B i-it crpoke marpumbl Tij(A) AMIIE ABa 3A€MEHTa OTAMYHEI OT HYAS: 3AEMEHT B
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mo3uIuy i paBeH 1, a aneMeHT B nmo3unuu j paBeH A. [Ipu ymHOXeHUUM Ha K-# cTOAGel MaTpuIrs: A,
IIOAYYaeM CAEAYIOIIEE:

A1k

Aix

ajk

QAnk

STO IPOUCXOAUT B KaXKAOM CTOADIIE MaTPUIBbI A; IOITOMY i-s1 CTpoKa IPOM3BeAEHUs 1i;(A) paBHa
(ai1 +Aaj1 -+ Qin + AQjn), TO €CTB, PaBHA CyMMe i-#f CTPOKM MaTPUIbLl A 1 j-if CTPOKYM MaTpPUIEI
A, YMHOXEHHO# Ha A.

Temepb pazbepeMcs ¢ IAeMEHTAPHBIMY IPeobpa30BaHUSIMY BTOPOrO TUMNA. AAS MHAEKCOB 1 # j
paccmoTpuM Matpuny Si; € M(n, R), KoTopas oTARYaeTcs OT eAMHUYHOM MaTpuisl E, mepecra-
HOBKOI CTPOK ¢ HoMepawmu 1 u j. Takum obpasom, Si; oTamdaercs oT E,, B YeTHIpeX NO3UIUSAX: B
nosumnusx (i,1) u (j,j) crost 0 (BMecTo 1), a B mo3unusx (i,j) u (j, 1) croar 1 (Bmecro 0). MabIME
choBamm, Si; = B, — ey — €55 + ey + eji. [lokakem, 9TO yMHOKeHHME MaTpPUILl A Ha Sij CAreBa
PaBHOCUABHO dAEMEHTAPHOMY IIPe0HPazs0BaHUIO BTOPOI'O THUIIA MAaTPUILI A — II€PECTaHOBKE i-0# u
j-oit cTpouru. N\eACTBUTEABHO, IPOU3BEACHNE SijA OTAMYAETCS OT MATPUIEI A TOABKO B CTPOYKax
C HOMepaMu 1 u j: i-ast CTpodYKa paBHA Ipom3BeAeHuUIO cTpouku (0 --- 0 1 0 --- 0) (rael
CTOWT Ha j-M MeCTe) Ha MaTpHUIy A, TO €CTb, j-Oif CTPOUKe MATPUIE! A. AHAAOTUYHO, j-asi CTPOUKa
IIPOM3BEACHHUsT SijA pPaBHA NMPOU3BEAEHUIO CTPOYKU 0 - 010 --- 0) (rae 1 crour =Ha i-M
MecTe) Ha MaTpPUIy A, TO €CTb, i-Off CTPOYKE MATPHUIEL A.

Haxowner, anst maAeKCa 1 # obpaTuMoro saeMeHTa € € R* paccmorpum Marpuiy Di(e) € M(n, R),
KOTOpasi OTAMYAETCS OT EAMHUYHON MaTpuubl E, Awmms B no3umuu (i,1), rae crout ¢. To ecTs,
Di(e) = E + (e — 1)ey;. IlokaskeM, uTo yMHOKeHME MaTpuubl A Ha Di(e) caeBa PaBHOCUABHO
dAEMEHTapHOMY IIPeobpa3s0oBaHUIO TPETHET'O THUIIA MATPHUIBI A — YMHOXXEHUIO i-0M CTPOYKH Ha
¢. AefictBuTeabHO, MaTpuia Di(e) - A oTArYaeTcss oT A TOABKO B i-if cTpouke, u i-ast cTpodka
Marpunel Di(e) - A paBHa IPOU3BEACHUIO ((O ceeE e 0)) CA = e((O S O)) A,
YTO PaBHO IIPOM3BEACHUIO € U 1-Of CTPOYKU MATPUIBI A.

TarkuMm 06pa3oM, MBI ICTOAKOBAAM 3AeMEHTapHBIE IIPeobpa30BaHus Hal CTPOKAMU MAaTPUIIBI KaK
AOMHOXKEHWSI CA€Ba Ha HECAOXKHBIE MaTPUIE! Ti;(A), Si; 1 Di(e):

e ymMHOXKeHHe Ha [i;(A) cAeBa COOTBETCTBYyeT IpHMOaBAEHHMIO K i-0#f CTpOUKe j-Oif CTPOUKH,
YMHO>XEHHOH Ha A;

e YMHOJKEHHE Ha Sij CA€Ba COOTBETCTBYET IIEPECTAHOBKE i-Off 1 j-0if CTPOYEK;

e ymHOXeHUEe Ha Di(€) CA€Ba COOTBETCTBYET YMHOXKEHUIO 1-0f CTPOYKY Ha €.
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[Ipumensist TpaHcIoHMpoBaHue (¢ yaeroM coiictBa (AB)T = BTAT), moaygaem, aro snemenTapHEIE
npeobpazoBaHUSA Hald CMoabyamy MaTPHUIBl COOTBETCTBYIOT AOMHOMKEHUS CNPaAga Ha ITU KE

MaTPHUIBI: ACHCTBUTEABHO, IIPY TPAHCIOHUPOBAHUN CTPOKY MATPHI IPEBPAIIAIOTCS B CTOADOIIBI, U
(Ti'(A))T = TﬁO\), (Sij)T = Sij: (Di(ﬂ))T = Di(e). [TosTomy

e yMHOXXeHUE Ha [j(A) CIIpaBa COOTBETCTBYET IPUOABAEHUIO K j-OMYy CTOABILY i-oro cToabIia,
YMHO>XEHHOI'O Ha A;

® YMHOJXEHME Ha Sij CIpaBa COOTBETCTBYET IIEPECTAHOBKE i-Or0 ! j-Or0 CTOABIIOB;

e ymMHOXeHUEe Ha D;i(€) CIpaBa COOTBETCTBYET YMHOXKEHUIO 1-OT'0 CTOADIIA Ha €.

BameTuM, 4TO 06PATUMOCTD SIAEMEHTAPHBIX [IPE0OPA30BaAHMI COOTBETCTBYET TOMY (DaKTy, YTO Afobast
MaTpHUIA 3AeMeHTapHOro npeobpasoBanust obpatuma. Tak, (Tij(A))~! = Tij(—A), (Syy) ™' = Sy »
(Di(e))™! = Di(e™?!). Temepp 3TO MOKHO IIPOBEPUTH HENOCPEACTBEHHBIM MATPUYHEIM IIEPEMHOIKE-
HUEM.

Terepb MBI MO>KEM MCTOAKOBATb MeTOA ['aycca Kak HEKOTOPHI MaTpPUYHBIN (akT. HamoMmumM,
9TO MeTOA ['aycca roBOPHUT, YTO C IOMOIIBIO SIAEMEHTAPHEIX IPeoOPa30BaHUNl CTPOK MOXKHO AIOOYIO
MaTPHIy IPUBECTH K CTYyIEeHYATOMY BUAY. B TepMuHaxX MaTpWI] 3TO O3HAYAET, YTO AAS AOOOM
Marpunel A € M(m,n,k) Hap moaeMm k HaAyTCST MaTPHIE! SAeMEHTapHBIX Ipeobpa3oBaHUil
P1,...,Ps € M(m, k) Tarue, uro MaTpuma PsPs_; ... P A sBAsieTCS CTyIEHYaTOMH.

ITpoBeAEM IIOCAE ITOTO HEKOTOPBIE SAeMEHTapHbIE Ipeobpa3oBaHus Hap cmoabyamu. [Tocmor-
PUM Ha IIEPBYIO CTPOYKY CTyIeHYaTol MaTpumsl A = (aij).

0O ... 01 = ... =
O ... 00 = ... =
0O ... 00 = ... =
3aeck 1 crout B mosunuu (1,j1), m a;; = 0 mpu j < ji. AAS KadKAOTO j > j; IpubaBUM K j-My

cToabry cToaber, ¢ HOMepOM ji, YMHOXEHHEIN Ha —day ;. [locae sToro B mosunuu (1,j) okaskercs
ai; — a;,; = 0. To ecTh, mocae Takux npubaBAeHuil IepBasi CTPOYKa Halllell MaTPUILl OYAET UMEeTh
TOABKO OAVH HEHYAeBO# sneMeHT — 1 B mosumuu (1,j;). [IpopoA>kuM 3Ty omeparuio: IOCMOTPUM Ha
BTOPYIO CTPOUKY HaIrmeil MaTpuilbl. EcAM OHa OTAWYAEeTCs OT HYAEBOH, TO TaM CTOUT 1 B HEKOTOPOW
nosunuu (2,jz). Ilpubasum K j-My cToabmy cToAbel ¢ HOMEPOM j,, YMHOMKEHHBIR Ha —dy ;. Ilpn
3TOM IIEPBAasi CTPOYKA HAIEW MATPHUILI y>Ke HUKAK HE M3MEHUTCS, a BO BTOPO OCTAHETCSI AUIID
OAUH HEHYAEBOU SAeMEHT — 2 B MO3UIUK (2, ). COBEPUINB aHANOIMYHOE AEHCTBUE AASI BCEX CTPOK
HaIlle# MaTPUITBI, MBI MOKEM AOOMTHECS TOT'0, YTO HAIlla MATPUIA OTAMYAETCS OT HYAEBOW AUIIL B
nosunusx (1,1),(2,j2), .- - (1, jr), TA€ cTOAT eprHULEL. [TocA€e 3TOrO IEPECTAHOBKON CTOADIIOB MOXKHO
AOBUTBCSI TOTO, YTO TU AMHUIEI 6YAYT cTosiTh B mosmmusx (1,1),(2,2),...(r,r). IloayuenHas
MaTpHIla Ha3bIBAETCS OKAMEHHOW eanHnyHoin MaTtpureit. Mo>xHo n306pa3uts ee B 6a09HOM bopMme
CAEAYIOIIM 0bpa3oM:

E. O

0 0
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(3pech B, — epAMHUYHAS MaTpUla pasMepa T X T, a HyA€BbE OAOKYM KMEIOT PA3MeEPHI T X (1L — T),
(m—7)xru(m-—r1)x (n—r)). Koregno, Bo3MO>XXHO, 4To T = 0 ¥ Hallla MaTPUIa HyAEBas.
CdopmyarupyeM TO, 94TO OBIAO CAEAAHO, HA MATPUYHOM si3bIKe. Kak MBI 3HaeM, 3AEMEHTAPHEIE
[IEPECTAHOBKY CTOADGIIOB COOTBETCTBYIOT AOMHOYKEHUSIM HAIIEH MATPHUIIEI HA MATPUIBL SIAEMEHTAPHEIX
mpeobpasoBaHuil cupasa. [1o3ToMy Ha caMoOM AeA€ MBI TOABKO 9TO AOKA3aAU CAEAYIOUIYIO TEOPEMY:

Teopema 5.4.1. Ana aroboti mampuyse A € M(m,n,k) Had nosem k Hatidymca mampuys
anemermapHulr npeobpasosaruti Py, ..., Py, Qq,..., Qs maxue, wmo

E, O

PiPi1...P1AQ1... Qs1Qs = 0 o

O HEKOMOPOZ20 T.

Cnepctsue 5.4.2. Ans ar060t mampuyst A € M(m,n, k) nad nosem k cywecmsyrom obpamumvie

E., O
mampuus P e M(m, k), Q € M(n, k) maxue, ymo A = PDQ, 20e D = 0 0o

oxalUMAEeHHAA eOUHUYHAA mampuya. Boaee mozo, mampuuv. P u Q Asasromca npoussederu-

e M(m,n, k) —

AMU MAMPUY, FIAEMEHMAPHBIT NPeobpadosarul.

E. O
0 O
O6osHaunM IpaByio JacTb depe3 D — 3To okaliMAeHHas eAMHWYHas MaTpuna. Bce marpunsr Py, Q;

Aoxaszameavcmso. Ilo Teopeme 5.4.1 moxxHO 3anucath PPy ;1...P1AQ;... Qs 1Qs =

0obpaTUMBI, ITIO3TOMY MOXXHO IIOCAEAOBATEABHO AOMHOKUTH Ha OOpaTHBIE K HUM C COOTBETCTBYIOIIUX
CTOPOH 1 IOAY4uTh paBeHcTBo A = P71 ... P{'DQ:!... Q;'. IToaoxum Temeps P = Py 1... P, Q =
Q:'...Qi'; marpumer P 1 Q 06paTUMBI, IOCKOABKY OHE SIBASIIOTCS IIPOM3BEACHUSIMY O6PATHMbIX
matpui. [Toayuum A = PDQ, uTo u TpeboBaroCsk. [

SameruM, uTo Habop marpun, Py, ..., P, Qq, ..., Qi U3 TeopeMBl He SIBASIETCS OAHO3HAYHO OIIpe-
AEAEHHBIM. B TO ke BpeMst (XOTsI MBI 9TOTO [IOKA HE AOKA3aAM) HATYPAABHOE YUCAO T, IOAYIEHHON
II0 MaTpulie A, OIPEAEAEHO OAHO3HAYHO: €CAY B3SITh APYTME MATPUIILI SIAEMEHTAPHBIX IIpeobpaso-
BaHWM, TIOCAE AOMHOXKEHUSI Ha KOTOPBIE MATPHUIla A IIPEBPATUTCS B OKANMAEHHYIO EAMHUYHYIO, TO
pa3Mep 3TO¥ €AMHUYHOM MATPHUIILI BCE PABHO OKA’KETCS PABHBIM T. DTO YKUCAO T SIBASIETCSI Ba>KHOU
XapaKTEPUCTUKON MATPUILI A ¥ HA3LIBAETCS €€ paH20M. [10Ka YTO OTMETHUM, YTO AAST KBAaAPATHOMN
MaTpuIbl A 06paTHMOCTE PAaBHOCUABHA TOMY, UTO OKalMAEHHAS €AMHUYHASI MATPHUIA, K KOTOPOH
TIIPUBOAUTCA MaTpulla A, Ha CaMOM AEAE SIBASETCS €AUHUIHOM:

Cnepctsue 5.4.3. ITycmv xsadpamran mampuya A € M(n, k) Had nosem k npedcmasaera 8
E. O
sude A =P,P,_;...P; 0 0 Q1...Q¢-1Q¢, 20e Pi, Qi — mampuys, snemermapHvc npeob-
pasosaruli. Toz0a obpamumocmsd MAMPUYUdb, A PABHOCUADHA TOMY, ¥MO T = 1.
Urvimu cnosamu, mampuua A obpamuma mozda u moavko mozoa, x020a €e MOAHCHO

npedcmasums 6 sude NPou3seleHUs MAMPUY, SNEMEHMAPHBLL NPeobpa3dosarHUull.
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Aoxazameavcmeo. Ecau r = n, To B cepeprHEe PA3A0KEHUST A CTOUT €AMHUYHASI MaTPHUIlA, KOTO-
PYIO MOXHO BBEIYEPKHYTD, U IIOAYUUTCS, YTO A SIBASIETCS IPOU3BEAECHUEM MATPUI, SIAEMEHTAPHBIX
mpeobpasoBanuit. KaXkpast U3 MaTpHUI] 9AeMEHTApHBIX Ipeobpa3oBaumii obpaTuMa, a IPOU3BEAEHUE
obpaTUMBIX 9AEMEHTOB KOAbIla obparumo (Aemma 2.8.10).

O6paTHo, IpeATIoOAOKUM, UTO A obpaTtumma. I3 paBeHCTBa

E. O

A-:PSPS—]."'P]. (O O

Q1. Qe1Q:¢
IIOAYyYaeM, YTO
E, O

Pri PAPOAQUQL Qi = |

OmsTh Xe, B A€BO# YacTW CTOUT IIPOU3BEAEHUE OOPAaTUMBIX MATPUIL, IIO3TOMY ¥ MAaTPUIA B IIPaBOi

JacTu AOAXKHA ObITH obpaTtumoit. Ho MaTpura Buaa MOXXeT OBITH 06paTMMO¥ TOABKO IIPH

N
0 O
T = n. AeHCTBUTEABHO, ECAY T < T, TO Y Hee IIOCAEAHSISI CTPOKA PaBHA HYAIO, X B A0OOM IIPOU3Be-
AEHUU 3TOY MaTPUILI Ha APYIVIO IIOCAEAHSISI CTPOKA TaK>Xe HYAEeBasi; IIO3TOMY 3TO IIPOU3BEAEHUE

HE MOXXET OBITH EAMHUYHON MaTPUIIEH. L]

5.5 bBnoynble maTpuubl

[Tpu pabore c BOABIIMMY MATPHUIAME YacTO YAOOHO pa3buBaTh UX Ha KYCOYKU IIOMEHBIIE. Ml
BHAEAU 9TO B TeopeMe 5.4.1: oKafiMAeHHAs eAMHUYHAST MAaTPUIA PasMepa M X N ¥ PaHra T UMEET

BUA, . Boobmie, myctb m = my + - + Mg, 1 =Ny + - -+ + Ny — pa3bueHuss 4uces m u N

T

0 0
B CyMMYy S ¥ t cararaeMeIX, COOTBETCTBeHHO. Toraa marpuia A € M(m,n, R) pasbuBaercs Ha st
MaTpHUI] C pasMepaM# Ty X T;: MBI TPYNIKXPYEM IEPBBIE My CTPOK, CAEAYIOIIME My CTPOK, ¥ TaK
DANEE; & TAK’Ke IIEPBBIE N; CTOADIIOB, CAEAYIOIINE Mo, U TaK Aaree. Obo3HaYMM 3T OAOKHM Uepes
xij € M(mi,nj,R) pasti=1,...,s,j=1,...,t. MaTpuna c BbIOpaHHEIMK Pa3bUEHUSIMI MHOKECTB
CTPOK ¥ CTOADIIOB Ha3EIBAETCsI 0I0YHOW MATPULLEN YKa3aHME pa3breHnit CTPOK U CTOADIIOB HA3bIBAETCS
6nouHoli cTpykTypoii. Hammpumep, B IpuBeAEHHOM BBINIE IIPIMeEPE OKaMAEHHAST eAMHUYHAS MaTpUIla

E. O

uMeeT BUA | . B COOTBETCTBUY C Pa3bUEHUIMZ M =T+ (M —T), n =7+ (n —71).

[TIyctb Temeps B € M(m,n, R) — ele opHa MaTpuIla TOro >Ke pa3sMepa, 9T0 U A, ¥ IyCTh AAST B
BBIOpaHBI Te ke pa3bueHuss m = my + -+ - + Mg, N = Ny + - - - + Ny; TaKuUM obpasoM, y MaTpuis B
ecTb 6A0KH Yi; € M(my, ny, R). [Tocmorpum Ha cymmy A + B. Oro croBa Marpuia u3 M(m, n, R).
MoskHO 1 ee pa3buTh Ha 6AOKEM TeM ke 00pa3oM 1 MOAYYMTE 6A0KHZ zi; € M(my, n,, R). Herpyano
IOHATB, 9TO Zij = Xij + Yij A Bcex i=1,...,s,j = 1,...,t. lHBIME croBaMM, OAOUHEIE MATPUIILI
C OAHOM U TOH >Ke OBAOYHON CTPYKTYPOH CKAAABIBAIOTCSI IIOOAOTHO.

[TocMoTpuM Tenephb, KakK IIEPEMHOMKAIOTCS 6A0UHBIE MaTpuiel. [Iyctb A € M(m,n,R), B €
M(n, p,R), 7 mycTh BEIOpAHBI Pa3OUEHUST YUCEA ML, N, P: M = My + -+ + Mg, L =Ny + -+ + Ny,
P =7P1+--+pu Toraa A sBasieTcs 6rouHOM MaTpue# ¢ 6aokamu, CKaxkeM, Xi; € M(my, 1y, R), a
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B — 6.a0unoit MaTpuiei ¢ 6a0KaMu Yjx € M (1, Pk, R). Ux npousseperne AB aexxur B M(m, p, R),
U €r0 MO>XHO PAaCCMOTPETH KaK OAOYHYIO MATPHUIY B COOTBETCTBUU C YKA3aHHBIMU Pa3bmeHUsIMU
uncea M u p. Baoku marpuier AB obosnauum depes zi, € M(my, px, R). Kak 610K zi CBsi3aH C
6aoxamu MaTpui A u B? Oxa3sniBaeTcs

t
Zix = XitYik + - T XYk = 2 XijYjk-
j=1
Taxum obpasoM, OAOUHEIE MATPHUIILI MOXKHO IIEPEMHOXKATE «IIOOAOYHOY, U POPMYyAd AAST KAXKAOTO
6A0Ka B IIPOM3BEAEHUU BBITASIAUT TOYHO TaK JKe, KaK (POPMyAd AASI SIAEMEHTA B IIPOU3BEAEHUN
marpun,. ObpaTuTe BHMMaHHUE, OAHAKO, UTO TENEPh B 3TOM IIPOM3BEACHHHN 3AEMEHTHI Xij X Yjk
SIBASIFOTCSI MATPUIIAMY, TaK YTO MBI AOAXKHEI CAEAUTD 32 IOPSIAKOM, B KOTOPOM OHY IIEPEMHOKAIOTCSI.

5.6 TlepectaHoBku

AUTEPATVPA: [F], ra. IV, § 2, mm. 2.

Ham HeobxopmMO Ha BpeMsI OTBAEYLCH OT AUHENHON aAreOphbl, YTOOBI BBECTH Ba’KHOE IIOHSATUE
epynnwv. nepecmarosox. Ilycte X — HEKOTOpoe MHO>KeCTBO. [lepectaHoBKO Ha MHO>XecTBe X Ha-
3pIBaeTcs buekius X — X. 3ameTuM, 9TO Afobass bmekius obpaTuma: ecau 7 X — X — OmeKIus,
TO CYIIECTBYeT 1 obpaTHOe oTobpakeHme 71 : X — X, TakyKe SBASIIOIeecss bueKueit, Takoe, 9TO

1

7TO 7'[_l 1 7T - O Tt TOKAECTBEHHEI. Hamomumm TaK>X€E, 9YTO KOMIIO3UIIUA OTO6pa}KeHI/Ifl daCCOIIMaTBHaA.

Onpepenenne 5.6.1. Muo>xectBo G ¢ buHapHO# omepanmeir o: G — G Ha3BIBAeTCSA Fpynnoi, ecCAmn
BBIIIOAHSIFOTCSI CAEAYIOIIUE CBOMCTBA:

e ao(boc)=(aob)oc anrs Beex a,b, c € G; (accoumaTmBHOCTb);

e CyIecTByeT 3AeMeHT e € G (eANHNYHbIN INEMEHT) TaKOH!, YTO AASI AIO6OTO a € G BBIIOAHEHO
aoe=e€eoa=aq,

e AAst Atoboro a € G madipercs saemeHT a ! € G (HasbiBaeMblif 06paTHBIM K ) Takoi, 4TO
1

aoqa :a‘loaze.
Onpepenenne 5.6.2. Muo>xecTBO Bcex buekmuit m3 X B X obo3Hawaercs depe3 S(X) u HasbIBaeT-
CsI TPYNnoil NepecTaHOBOK MHO>XeCcTBa X. TOXXKAeCTBeHHOe oTobpaskenue idy: X — X Ha3BIBA€TCsI
TOX/ECTBEHHOI NepecTaHOBKOM.

Kax mer 3ameTuam Boime, S(X) AeACTBATEABHO SIBASIETCSI TPYNIIION B CMEBICAE OIpeAereHus 5.6.1
OTHOCUTEABHO OIEepPAly KOMIIO3UIINY, KOTOPAs EIlle HAa3LIBAETCS YMHOXEHWEM IIEPECTAHOBOK.

3agacTyo HaM He BaXKHA IIPUPOAA IAEMEHTOB MHOXKECTBA X, a BA)KHO AMIIL UX KOAMIECTEO,
ocobeHHO ecAu X KOHEYHO. [103TOMY AAST KaXKAOT'O HATYPAABHOIO T MOYKHO PacCMATPUBATH IPYIIILY
[IEPECTAHOBOK KAKOIO-HUOYADL BHIAEAEHHOI'O MHOKECTBA X3 1L 9IAEMEHTOB, HAIIPUMED, MHOXKECTBA
{1,...,n}. OTa rpyuna obosxauaercst uepe3 S,,: S({1,...,n}) = S,,. DreMeHT 7T TPynnE S, MOXKHO
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3aNKCHIBATH B BUAE TAOAUIEI U3 ABYX CTPOK, B IIEPBO CTPOKE KOTOPOR CTOST 4uCAa 1,...,Nn (Kak

IIPaBUAO, B IIOPSIAKE BO3PACTAHUS ), a IIOA KaKABIM U3 HUX CTOHT ero obpas 7t(1),...,m(n):
1 2 ... n
s
m(l) m(2) ... m(n)

[loHATHO, YTO IO TAKOW 3alIMCK OAHO3HAYHO BOCCTAHABAMBAETCS IAEMEHT 7T, X 0OPATHO, ECAM €CTH
TabAUIla, B IEPBOM CTPOKE KOTOPOM CTOAT WmMcAa 1,...,MN, a BO BTOPO#l — Te K€ CaMble YUCAA B
KaKOM-TO IIOPSIAKE, TO OHA 33aAd€T HEKOTOPBIX SAEMEHT S,,. Takasi 3amuch Ha3bIBAETCS TabnnyHoim
3anucblo mepecTaHOBKU. Hampumep, rpynmna S; COCTOUT U3 OAHOTO (TOXKAECTBEHHOI'O) SAEMEHTA

2

1) 'pynma S, cOCTOUT M3 ABYX SAEMEHTOB: OAUH U3 HUX TOXKAECTBEHHBIH, L o a Apyroi
IIepeCTaBASIET MecTaMu 1 1 2: 1) ['pynma S; cOCTOUT M3 LIECTH SAEMEHTOB:
S 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
3=

1 23/'\132/)’\213/’\231/’\312)'\3 21
HecaoxxHOe KOMOUHATOPHOE PaCCyKAEHUE IIOKA3LIBAET, YTO KOAXYECTBO IAEMEHTOB B S, paBHO n!l.
AeficTBuTEABHO, 06pa3oM sneMeHTa 1 MOXKeT OBITH AFOOOM U3 N SIAEMEHTOB MHOXECTBA {1,...,n},
obpazoM sneMeHTa 2 — A0OOHM U3 OCTABINKXCSI N— 1, U TaK AaAee; Bcero moaydaeM n-(n—1)-----1 = nl

Pa3AMYHBIX BAPUAHTOB.

TabAnyHas 3aIUCh TO3BOASIET BU3YAAU3IPOBATE IEPEMHOKEHNE IEPECTAHOBOK: AASL TOTO, YTODOLI
IIEPEMHOXUTE IIEPECTAHOBKY 7T X P, HY>XHO 3aIIMCATb APYT IIOA APYTOM TabAWYHEBIE 3AIIUCH 7T U
P, IIEPECTaBUTL CTOADIIEI B TabAmIle p TaK, YTOOBLI B IIEPBOY CTPOKE OKa3anacCh 8MOPas CTPOKA
TabAMITEL 7T, ¥ COOPMUPOBATL OTBET U3 IIEPBOY CTPOKY BEPXHEN TaOAUIILI M BTOPOH CTPOKU HIDKHEHR
TabAUIEI — 3TO OYAET TabAMYHON 3aIIKChIO IIEPECTAaHOBKHY P o 7. ObpaTuTe BHUMAaHUE Ha IOPSIAOK!
HamomuuM, 9TO MBI 3aIMCHIBaEM KOMIIO3UINIO OTOOPasKEHUHN cnpasa HAAE60: 3AIUCh P O 7T O3HAYAET,
YTO MBI CHadaAa IPUMeEHSIEM OTOOpa’keHUeE 7T, a 3aTeM — OTOOpa’keHUe pP. DTO Ba*KHO, IIOCKOALKY
opy N > 3 YMHOXKEHUE B I'pynme S,, HEKOMMYTATUBHO. AefCTBUTEABHO, PACCMOTPUM II€PECTAHOBKY

1 23 1 2

T = up= . [lepeMHOXXUM KX IIO OIIMCAHHOMY BBIIIE CIIOCODY:
1 3 2 2 31

123 123

13 2 13 2 1 3
P o7 — —

123 1 3 2 13

2 31 2 13

123 123

2 31 2 31 1 23
7'top — —

1 23 2 31 2 1

1 3 2 3 21
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1 2 3 1 2

M T = =
BI IIOAYYUAY, YTO PO 5 1 3 , TTOP 3 9 1

, ¥ BUAHO, YTO 9TO Pa3Hble IIEPECTAHOBKY!

porT # MO,

Ceftyac MBI IIOKa’KeM, YTO AI0Dasi II€pecTaHOBKA IIPEACTABASIETCS B BUAE IIPOU3BEAECHUS IIepPeCTa-
HOBOK IIpocTeiiiero Buaa. VHTYUTUBHO SICHO, YTO IPOCTEMIIel [HETOXKAECTBEHHOM| IIepeCTaHOBKOR
SIBASIETCSI Ta, KOTOpPas AWIIL MEHSIETCSI MeCTaMU ABa AEMEHTA, a OCTaAbHEIE OCTaBASIET Ha CBOUX
MeCTax.

Onpepenenne 5.6.3. Tlycts 1 < 1i,j <nui#j. ObosHauuM gepes Tij CAEAYIONIIYIO IEPECTAHOBKY:
Tii (1’) = j)

() =1,

Tij(k) =k mopm k # 1i,j.

Ee TabanuHas 3ammuch BBEITASAANT TaK:

(moppasyMeBaeTCsi, 9TO BCe CTOAOMKY C MHOTOTOYUSIMYU OTBEYAIOT HEMOOBUINCHBIM INEMEHTAM ).
Taxasi mepecTaHOBKa Ha3BIBAe€TCs TpaHcnosuumeii. IlepectanoBKa BuAA Tii41 (Ipu 1 <i<n—1)
Ha3bIBAETCSI 3/IEMEHTAPHOW TPAHCNO3NLUEN.

OueBuAHO, YTO ArObasi TPAHCIO3UIUS Tij COBIIAAAET C Tj; U SIBASIETCS obpaTHOHR K cebe ca-
MO#: Tij = Tji, Tij © Tyj = 1d. IlocMOTpuM, YTO IPOMCXOAUT NIPKU YMHOKEHUHU IIEPECTAHOBKU Ha
TPAHCIO3MIWIO: CPAaBHUM TabAMYHBIE 3alMCH IIEPECTAHOBOK 7T 1 7T O Tij. HETPYAHO BUAETH, ITO OHHI
Pa3AMYAIOTCS TOABKO B CTOADIIaX ¢ HOMepaMH i # j (IIOCKOABKY Tij COBIIAAAET C TOXKAECTBEHHOM! B
OCTaABHEBIX TOYKAX). A MMEHHO,

= . . y TOTyy =

VIHBIMU CAOBaMM, AOMHOJKEHNE Ha Tij CIIPaBa COOTBETCTBYET II€PECTAHOBKE i-oft j—OfI HOBI/IIJ;I/Iﬁ B
HIDKHEHR CTpPOKE TabAWYHOL 3alncH IIEPECTAHOBKU.

Mpennoxenue 5.6.4. N1wbas nepecmarosxa Asasemca npoudgedeHuem mpaHcno3uluul.

Aokxaszamenvcmeo. Ilycte 7 € S,,. HauHeM ¢ TOXKAECTBEHHON II€PECTAHOBKY id ¥ IIOKa’>keM, UTO
IIOCAEAOBaTEABHBIM AOMHOXKEHUEM Ha TPAHCIO3UIUK CIIPAaBA MOXKHO IIOAYYUTH IIEPECTAHOBKY TT.
CHagana pA06beMCsT TOro, 9YTOOBI Ha IIEPBOM MeCTe B HUDKHEN CTPOKe TabAMYHOM 3amucu Haired
IIEPECTAHOBKHU CTOSIAO TO, YTO HY>KHO — TO €CTh, 71(1). AASI 9TOr0 Hy>KHO IIEPECTABUTH MECTAMMU
IIEepBEBIX CTOAOUK C TeM, B KoTopoM cTouT 7i(1) (Komeuto, ecam 7(1) = 1, HUIEro IepecTaBASATH U
He Hy>XHO). [IocAe 9TOro mocTaBMM Ha BTOPOE MECTO B HIDKHEH CTPOKe 71(2): TaK KakK 7T SIBASIETCSI
IIepecTaHoBKOM, To 71(1) # 71(2), m03TOMY TAe-TO CIIpaBa OT IIEpPBOro CTOADIA ecThb CTOoAber ¢ 71(2).
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ITomensiem ero co BTopeIM. M Tak apanee: Ha k-mmare MbI A0OMBaeMCsi TOTO, YTO IIEPBBIE K YMCEA
B HIUDKHEN CTPOKe Halllell IIepeCTaHOBKYU BBIPASA€AU Tak: 71(1),71(2),...,7(k). B KoHIE KOHIIOB
(po#AsT A0 k = M) MBI IOAYYUM IIEPECTAHOBKY 7T IyTeM AOMHOXEHUs id Ha TPaHCIO3ULIXY, YTO U
TpeboBaAOCE. [

Mpeanoxenue 5.6.5. Nrwbas mpaHcnoduyus A8AAEMCA NPOUIBEOEHUEM HEUEMHO20 YUCAQ SAe-
MEHMAPHBLT MPAHCNO3UUUT.

Aoxaszamenvcmeo. HedopmarbHO 3apada BEITASIAUT TaK: HaM Pa3peIIeH0 MEHSATh MeCTaMy AI0ObIE
ABa COCEAHUX 3AEMEHTa B CTPOKE, & XO4ETCs IIOMEHSATh MEeCTaMU ABa SAEMEHTa, CTOSIIIAX AANEKO
ApPyT oT Apyra. Kak atoro pobutrbcsa? OueHb IPOCTO: CHavaAd «IIPOABHAHYTHY IIOCAEAOBATEABHO
AEBBIM U3 3TUX 3AEMEHTOB HAIlpaBO AO BTOPOT'O, IIOMEHSTH UX TaM MeCTaMM, a IIOTOM BTOPOU
3AEMEHT «OTOTHATh» O0bpaTHO Ha MeCTO AeBoro. IIpm 3ToM Hamy 3AeMeHTHI IIOMEHSIOTCSI MeCTaMu,
a BCE OCTAAbHBIE SAEMEHTHI OCTAHYTCS Ha CBOMX MECTaX: AIOOOH INEMEHT MeXXAY HAIIUMU MBI
3aTPOHEM POBHO ABa pasa: Ha IIYTH «TYyAa» U Ha IIYyTU «0OpaTHO»; CHadaaa OH CABMHETCS Ha IIar
BAEBO, a IIOTOM — Ha ITar BIpaBo. Hy, a At0boit sneMeHT, CTOAMUE He MeXXAY HAIIUMU, U IIOAABHO
OCTAHETCSI Ha CBOEM MecCTe. AKKYpaTHBIN ITOACUET IIOKa3bIBAET, YTO MBI COBEPIIUAY HEUETHOE YUCAO
oIepanui.
DopMaABHO >Xe 3TO PACCYKAEHUE BEIPA’KAETCS B BUAE (POPMYABI

Ty = Tii+1 O Ti41,i42© - - 0 Tj—2,j—1 O Tj—1,j © Tj—2j—1 O - . - Ti+1,i+2 O Tii+1

(3A€Ch MBI CIUTAEM, 9TO 1 < j). DTO PABEHCTBO HECAOXKHO IIPOBEPUTD HAIPSIMYIO, ¥ OHO IPEACTABASIET
TPAHCIIO3UINIO Tij B BUAE Ipou3BeAeHUs 2(j — 1) — 1 sAeMeHTapHEIX TPaHCIO3UINL. ]

Onpepenenmne 5.6.6. Ilycts 71 € S,,. ['oBopsiT, 4TO mapa MHAEKCOB (i,j) oOpasyeT UHBEPCUIO AAST
IIEPECTAaHOBKY T, ecAM i < j u 7(1) > 7(j). KoaudgecTBO Imap MHAEKCOB OT 1 A0 N, 06pa3yOIuX
MHBEPCUIO AASI 7T, HA3BIBAETCSI YNCIIOM UHBEPCUIA TIEPECTAHOBKY 7T ¥ 0D03HAYaeTCst depes inv(7r).

HedopmarbHO roBOpsi, YUCAO UHBEPCUN M3MEPSIET «OTKAOHEHUE» [IEPECTAHOBKU OT TOXKAECTBEH-
HOM: ecAm 7t = id, To AAST 1 < j Bceraa BHIMOAHEHO 7i(1) = 1 < j = 71(j), mosTomy inv(id) = 0. Hucro
WHBEPCUN — 3TO KOAMYIECTBO AP IAEMEHTOB, CTOSIINX B «HEMIPABUABHOMY IOPSIAKE. BarkHeitmei
XapaKTePUCTUKON [IEPECTAHOBKY SIBASIETCSI YEMHOCMb €€ YUCAA UHBEPCHUH, KOTOPAsi Ha3EIBAETCSI
3HAKOM:

Onpepgenenne 5.6.7. TIycts e S,,. Yucao (—1)*V(™) masniBaeTcst 3HAKOM TIEPECTAHOBKY 7T U 0BO3HA-
vaeTcst gepes sgn (7). VupiMu croBamu, sgn(m) = 1, ecam inv(7) geTHo, u sgn(m) = —1, ecan inv(7)
HeueTHO. [lepecTaHOBKa HA3BIBAETCSI YETHOIM, eCAl sgn(7T) = 1, U HeveTHol, ecar sgn(m) = —1.

ITpumep 5.6.8. EAMHCTBEHHEIN dAeMEHT B S; SIBASIETCS 4eTHOM IepecTaHoBKO#. OpHA U3 ABYX
IIEPECTAHOBOK B S, (TOXKAECTBEHHAsI) SIBASIETCS YETHOM, a Apyrasi — HedeTHo#. Cpepu mecTm

. 1 2 3
IIEPECTAHOBOK B S3; MMEETCS TPU YETHBIX M TPU HEYETHBIX: YETHBIMU SIBASIOTCS id, 5 3 1 u
1 2 3
31 o) a HEYETHBIMY — TPAHCIO3UIIAU Tip, Ti3 X To3.
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Oxa3BIBAETCS, ECAU IIEPECTAHOBKA IIPEACTABAECHA B BUAE IIPOM3BEACHUS TPAHCIO3UIIAHA, TO IET-
HOCTb YMCAQ STUX TPAHCIIO3UIUY BCETAA COBIAAAET C YETHOCTHIO IIEPECTAHOBKY (XOTS IIOHSATHO, YTO
Y IIEPECTAHOBKY MOXKET OBITH MHOI'O PA3AMYHBIX IIPEACTABAEHUN B BUAE IPOU3BEACHUSI TPAHCIIO3U-
muit). AAsT AOKa3aTEABCTBA STOIO HaM HEOOXOAMMO IIOCMOTPETH Ha TO, YTO IIPOMCXOAUT CO 3HAKOM
TP AOMHOJKEHUHU IIEPECTAHOBKY HA TPAHCIIO3UIIXIO.

Mpepnoxenue 5.6.9. ITycms me Sy, Ty € Sn — mpancnosuyua. Tozda sgn(m) = —sgn(mo Ty).

Aoxazamenvcmeo. [locMoTpuM, Kak MEHSIETCS YUCAO WHBEPCUR II€PECTAHOBKU IIPY AOMHOMKEHUU
Ha s/eMeHMapHyro mparcnoduyuro. CpaBHIM II€PECTaHOBKU

i i+1 ... i i+1

=\ ni) mi+1) ...  FTOTRRT ni+1) ()

3aMeTuM, YTO BHE CTOADOIIOB C HOMEpPaMX 1 ¥ 1 + 1 3TU IEPECTaHOBKU COBIAAAIOT, IIOITOMY UHCAO
UHBepCU# AASI MHAEKCOB BHE MHOXECTBA {i,1+ 1}, y HuX opumHakoBoe. Aanree, eCAM AAST HEKOTOPOTO
j ¢ {i,1+1} unA€eKCE i ¥ j 06pa3yIOT UHBEPCUIO AAS TT (HaIpUMep, MBI uMeAn j < i1 71(j) > 7(i)), To
i+1 1 j 06pa3yIOT UHBEPCHUIO AAST TIOT; 141, (MOCKOABKY (TtoTii41)(1+1) = (i) < 7(j) = (moTi141)(j)
7 j < i+ 1), u Ha060pOT. AHANOTHYHO, eCAM 1+ 1 1 j 06pa3yOT MHBEPCHUIO AAS 7T, TO 1 ¥ j 06pa3yoT
MHBEPCUIO AASI 7T O Tyii+1, ¥ Haobopor. [TosToMy cpeam Bcex Iap MHAEKCOB, KpoMe Iapsl (i,j),
KOAWYECTBO MHBEPCHUI y 7T U 7T 0 Ty i1 q oAuMHaKoBoe. Ho ecan (i,1+ 1) aBAsteTcs umBepcueil Ans
7, To (i,1+ 1) He sIBAsSIETCS MHBEpCHER AAS 710 Ti ii1, IOCKOABKY 3HAYEHUS 7T ¥ 7O Ti i1 HA 1 X
i+ 1 momensiauch Mectamu. ObpaTHo, ecau mapa (i,1+ 1) He 6Bl MHBEPCUEN AASI 7T, OHA CTAHET
MHBEPCUEN AAS 770 Ti j41. SHAUNT, YNACAO MHBEPCHUH 7T O T iy OTAMYAETCS OT YMCAA MHBEPCHUR Ti ii1
POBHO Ha AMHHUILY: inv(7 o Ty i41) = inv(7r) + 1. [loaToMy 5TH YUCAA KMEIOT Pa3HYIO YETHOCTb.
STO0 03HAYAET, UTO IIPYU AOMHOKEHUY Ha IAEMEHTAPHYIO TPAHCIO3UIIWIO IIEPECTAHOBKA MEHSIET
3Hak. [Io mpearosxkenuio 5.6.5 AT06YIO TPaHCIO3UIINIO MOKHO 3aIIXCATh KaK IIPOU3BEAEHYE HEYETHOI'O
YUCAQ SIAEMEHTAPHEIX, IO3TOMY IPY AOMHOKEHUY Ha AIOOVIO TPAHCIO3UIINIO IIEPECTAHOBKA MEHSIET
3HAK HEYETHOE YKUCAO pa3 — TO €CThb, MEHSIET 3HAaK. O

Cneacrsue 5.6.10. ITycms m= 1,0 --07Tg, 20e Ty, ..., Ts — mparcnoduyuu. Tozda sgn(m) = (—1)°.

Aoxasameavcmeo. 3amumeM 7 = id 0T 0 - - 0T ¥ IOCMOTPUM Ha 3TO IPOM3BEACHNE TaK: MBI Hada-
AH C TOXXAECTBEHHOM! IIEPECTAHOBKY ¥ $ Pa3 AOMHOXKUAU Ha TPAHCIIO3ULIUK CIpaBa. TOXKAECTBEHHAS
IIEPECTAHOBKA SIBASIETCSI Y€THOM, U IIPU KAXKAOM AOMHOYKEHUY 3HAK MEHSIETCSI Ha IPOTUBOIOAOXKHBIH,
[I03TOMY UTOTOBBIY 3HAK paBeH (—1)°. O

Cnepacteue 5.6.11. ITpu n > 2 8 epynne S,, noposny (no n!/2) wemuuz u HexemHuT nepecma-
HOBOK.

Aoxasameavcmeo. Paccmorpum orobparxernue f: S,, — Sy, 7T +— moTy2. HeTpyaHo BuAETH, YTO 3TO
bueknust (06paTHBIM K 3TOMY OTOOPa’KEHUIO sIBAsIETCsI OHO caMmo: (fof)(7r) = f(f(7r)) = (7oTip)oTip =
7, moatoMmy f o f = ids ). IIpu aTom mmo npearosxeHuo 5.6.9 f IepEBOAUT YeTHBIE IEPECTAHOBKY B
HEYETHRIE, & HEUETHRLIE — B YeTHEIE. [loaToMy f ycTaHaBAMBaeT OMEKIINIO MEXKAY IIOAMHOMKECTBOM
YeTHBIX IIEPECTAHOBOK U IIOAMHOXKECTBOM HEYETHBIX IIEPECTAHOBOK B S,,. Bcero mepecranoBox n!,
IIOTOMY ¥ YeTHEIX, X HEYETHHIX 110 n!/2. O
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Tenepb HECAOXKHO II0KA3aTh, YTO 3HAK BEAET CeDsT MYABTUIIAWKATHABHO:
Teopema 5.6.12. ITycmw T, p € S,,; mozda sgn(mo p) = sgn(7) - sgn(p).

Aoxasamesvcmeo. IlpepcTaBEM 7T M 0 B BUAE IPOM3BEACHUS TPAHCIO3UIMA: 7T = 07 0 - - O O,
P = T 0 0T Ilo caepcrBuio 5.6.10 mmeem sgn(m) = (—1)% u sgn(p) = (—1)'. IIpm sTom
TMOpP =070---0050T; O+ 0Ty €CTh IIPOU3BEACHNE S + t TPAHCIO3UIUH, TOITOMY Sgn(7To p) =
(=1 = (=1)* - (=1)" = sgn(m) - sgn(p). 0

Cnepcreue 5.6.13. ITycmo me S,,; mozda sgn(m ') = sgn(m).

1

Aoxasameavcmeo. 3amerum, 4ro o 7+ = id, mosTomy sgn(m) - sgn(7 ) = sgn(id) = 1. O

5.7 Onpenenutenb

AUTEPATVPA: [F], ra. IV, § 2, om. 1, 3, 4; [K1], ra. 3, § 1; [vdW], ra. 4, § 25.
Temneps Bce ToTOBO, YTOOBI BBECTH MHTEPECHBIN MHBAPMAHT KBaAPATHON MaTPHIIH.

Onpepenenne 5.7.1. Ilycts A = (ayj) € M(n, k) — KBappaTHas MaTpuia Hap moaem k. Ee onpepenu-
Tenem (AAM AETEPMUHAHTOM) HA3BEIBAETCSI CAEAYIOIIUA SIAEMEHT IOAST k:

n
det(A) = Z sgn(7r) - A1) - Aom(2) - - An,(n) = Z sgn(7) H Ai,n(i)-
i=1

TIES TIES 1

Me1 6ypeM Tak>Ke UCIIOAB30BaTh obosHaueHme |A| = det(A).

ITpumepwvt 5.7.2. e OnpepenuTenb MaTPUIEL 1 X 1: B 9TOM CAydYae B CYMMe U3 OIPEAENAEHUST
det(A) Bcero opHO charaeMoe, M 3HAK TOXKAECTBEHHON IIEPECTAHOBKM PaBeH 1, IIO3TOMY

det((all)) = aj.
e OmpepennTenb MaTpuusl 2 X 2: Sy = {id, T1»}, mpuuem sgn(id) = 1, sgn(tip) = —1, mosromy

a;; Qi
Q21 Q22

= Q11022 — A12021.

e OmpepenuTenb MaTpPUIEL 3 X 3:

a;; a2 a3
Q21 Qg2 (23| = A110220a33 + Q12023037 + Q33021032 — Q12021033 — 13031 A2z — A11A23032.

az; dz2 a3z
BrIsicHuM IpocTeiime CBONCTBA OIIPEAEAUTENS.

Npennoxenne 5.7.3. ITycmvs A € M(n, k); mozda det(AT) = det(A).
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Aoxasamesvcmeo. ITocmoTpuM Ha GOPMYAY AAS OIPEAEANTEAS MAaTPUIbl A = (ayj). B cararaemon,
COOTBETCTBYIOIIEM IIEPECTAHOBKE 7T, IEPEMHOXKAIOTCST SAEMEHTEI BUAA O r(i), TO €CTh, SAEMEHTEI
BUAA Qi AAS j = m(i). BameTum, uro j = 71(1) Toraa m TOABKO TOraAa, Koraa 7 '(j) = i. MHBIMEZ
CAOBaMu, B PacCMaTPUBAEMOM CAAraeéMOM IIE€PEMHOXKAIOTCS IAEMEHTBI BHAA (q-1(j)j AAS BCEX

j=1,...,n. [loaToMy MBI MOXeM 3alKCaThb
n n n
det(A) = Z sgn() Ham(i) = Z sgn () Haﬂfl(j)’j = Z sgn() 1_[ )i
TIESH i=1 TIES 1 j=1 TIES KL j=1

B mocaepHEM PAaBEHCTBE MBI BOCIOAB30BAAUCH T€M (PAKTOM, YTO €CAH 7T IPOBEraeT BCIO [PYIIILY
Sn, To u 7! mpoberaer Bcioo S.; Kpome Toro, sgn(7) = sgn(7m!), IOTOMY MOXKHO 3aMEHUTbH
CyMMUPOBAHVE II0 BCEM 7T Ha CyMMUPOBaHZe 110 BceM 77 1. Ho ImoCAeAHee BEIpasKeHUE COBIIAAAET
c dopmynoit arst det(AT): snemenT maTpuier A, crosmuit B mosunun (7(j),j) — 3TO B TOYHOCTH

saemenT MaTtpuisl A, crosmuit B mosummu (j, 7t(j)). N

CACAYIOLT_II/IG CBO¥CTBA OIIPEAECNAUTENAST KACAIOTCs €I'0 3aBHCHUMOCTE OT PA3AMYHEBIX onepar.mﬁ Hap

crpokamu. Ilycts A = (aij) € M(n, k) — KBappaTHas MaTpuna, (aj;, al,,...,aj,) — HeKoTopas
crpoka. PaccMoTpuM Marpuity A’, MOAYYEHHYIO 3aMEHON 1-Off CTPOKM MaTpPUILI A Ha CTPOKY
(afy,aly,...,al,), u Mmarpuny A", IOAyYEHHYIO 3aME€HOH i-O#f CTPOKM MATPUILI A Ha CTPOKY
(a1 + afy, @iz + als, ..., in + af,). CxeMaTuyHO MBI HyAEM M306pa’KaTh 3TO TAK:
/ / / /
A= ai; Qi ... Qin ,A = ai; QA .. ain |
" / / /
A= lan+aj; az+aj, ... an+aj,

SAECh MHOTOTOYMSI CUMBOAM3UPYIOT TOT (PaKT, 9TO BCe Tpu MaTpuisl A, A’, A” coBmapaioT 3a
npepaeraMu i-# cTpoku. OKa3bIBAETCsI, UTO OLIPEAEAUTEAD BEAET CEOsT aAAUTUBHO IO OTHOIIEHUIO
K cTpokaM Marpuusl: det(A”) = det(A) + det(A’). VHBIME croBaMU, eCAM NPEACTABUTEL KaKyIO-
HUOYAB CTPOKY MaTPHUIBI B BUAE CYMMBI ABYX CTPOK, TO OIPEAEAUTEAD NCXOAHON MaTpPUIEl OyaAeT
PaBeH CyMMe OIIPEAEAMTEAEN MATpPHIl, B KOTOPHIX 3Ta CTPOKA 3aMeHEeHa Ha CTPOKH-CAAraeMble.

Hawm 6yaeT ypobHee 3amuCBIBAaTBL 9TO CAEAyIOMUM obpasoM: obo3HawuM U = (Qii, Qig,-- ., Ain),

/

v = (a{;, al,,...,al ) (Takum obpasom, u,v € M(1,n,k) — ABe cTpoku AAMHEL ). Toraa

u+v =|ul+ v

(3aech U + v 0bo3HAYAET [TOKOMIIOHEHTHYIO| CYMMY CTPOK W ¥ V, ¥ CHOBA IIOAPA3yMeBAETCsI, YTO B
OCTAABHBIX IO3UIUSIX 3T TPU MATPUILI COBIAAAIOT).
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[TocmoTpuM Ha POPMYAY AASI OIMPEAEAUTEAST MATPHUIEL A

det(A") = Z SeN(T0)A1n(1) - - - (Qin() + Qi) - - - Qrye(m)

TES

(3A€CH MBI BOCIIOAB30BAAUCH TEM, UTO B i-0#f CTPOKe MaTpHUULI A’ CTOST CyMMBI COOTBETCTBYIOIIUX
9AEMEHTOB i-X cTpok Marpuii A u A’). Kaxkpoe craraeMoe BBIIUCAHHOW CYMMBL B CUAY AUCTPH-

6YTI/IBHOCTI/I pacllapa€TCia Ha ABa CAala€MBIX, B OAHO M3 KOTOPBIX BXOAUT Q4 x(i), @ B APYyIro€ —

!/

Ai (i)

det(A”) = Z (sgn(ﬂ) Q1m(1) - -+ Qi) - - - Cnye(n) + SER(T0) Q1 (1) - - - Qi) - - - an,ﬂ(n)>

TES 1
- Z (sgn(70) At,m1) - - - Qiyne(d) - - - Anyme(n)) + Z (sgn(n)al’ﬂ(l) Q) - an,ﬂ(n)> .
TIES 1 TES

[TepBoe M3 IOAYYEHHEIX CAAraeMbIX B TOYHOCTH paBHO det(A), a Bropoe paBHO det(A’), mosTomy
det(A”) = det(A) + det(A’), gT0 1 TpeboBaroCh.

KpoMme Toro, eCAM BCE 3AEMEHTHI HEKOTOPOM CTPOKM YMHOXKUTE Ha A € K, TO ¥ OIPEAEAUTEAD
MaTpHIEl YMHOKUTCI Ha A. Tounee, paccmoTpuM Marpuiy A = (aij) € M(n, k) u 3aMeHuM B Helt
i-10 CTPOKY (Qi1, Qia, - - -, Qin) Ha CTPOKY (AQi1, AQiz, - - ., AQin ). OBO3HAYUM IOAYIEHHYIO MATPUILY
ugepe3 A’. Torpa det(A’) = Adet(A). AeficTBUTEABHO, OIPEAEAUTEAD MATPUILI A’ paBeH

det(A’) = Z (sgn(ﬂ)alin(l) e (}\ai,n(i)) e an,n(n)) .

TIES L

B Ka’>XA0OM CAaT'a€EMOM HOAY‘-IGHHOfI CYMMEI IIPUCYTCTBYET MHOXUTENMAD A. Ilocae BBIHECEHUS €TI0 3a
CKOOKH IIOAYYaEM

det(A’) = A Z SgN(70) A1, (1) - - - Qim(d) - - - Anym(n) | = Adet(A).

TIES L

JoOKasaHHBIE ABa CBOMCTBA B COBOKYIIHOCTY HA3LIBAIOT JINHEAHOCTbIO OIIPEAEAUTEAS IO CTPOKAM.
Kpowme Toro, onpeaeanTenb 00AAAAET KOCOCUMMETPUYHOCTLIO TIO CTPOKAM: €CAK ABE CTPOKY MaTPHUIILI
A = (aij) € M(n, k) coBIapaoT, To ee OIPEAECAUTEAD PaBeH HyAo. To ecTb, ecan HafiAyTCS Takue
MHAEKCEI 1 # j, 9T0 ai1 = aj1 AAs Bcex L = 1,...,n, To det(A) = 0. KoHedHO, KOCOCUMMETPHYHOCTD
MMEET CMBICA TOABKO IIPK ML = 2.

AT AOKa3aTEeABCTBA KOCOCUMMETPHYHOCTK 3aMETHM CHadanad, 4To oTobpakenme f: S, —
Sn, ™ — fo Ty sABAseTCs bueKIuel U MeHsIeT YeTHOCThL IIepecTaHOBOK. MEI y>Ke BUAEAN TaKoe
oTobpa’KeHUe B AOKAa3aTEAbCTBE CAEACTBUS 5.6.11 ansg wacTHoro caydas {i,j} = {1,2}. Sxauur,
OTPAHUYUB AOAXKHBEIM ObpasoM oTobparkeHme f, MBI IIOAYYaeEM OMEKIIWIO MEXKAY MHOMXECTBOM
BCeX YEeTHBIX X MHOXXECTBOM BCEX HEUETHHIX IT€PeCTaHOBOK. OH03HAYMM MHOXKECTBO BCEX YETHBIX
IIEPECTAHOBOK U3 S,, 4epe3 A, ¥ AAST KPaTKOCTK OyAeM mucaThb T BMECTO Tij. Iloaydaem Guernmio
An — Sp\A,, T — foT, KoTopyio MBI 0bo3HauuM Tak>xe depe3 f. Temepb BepHeMCsT K Harrei
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MmaTpuie A = (aij) € M(n, k), B KoTopoi i-ast CTpoka COBIAAAET C j-Oif. 3ammieM OIpeAEeAUTEAD
MaTpUIBL A:
det(A) = 2 sgn(7) a1, n(1) - - - Aiyr(i) - - - G 7() - - - Anye(m)-

TIES KL

Teneps npu noMory 6uekuuy f pa3sobbeM BCe CAaraeMble Ha [Iaphl, IOCTABUB B OAHY IIapy CAaraeMsble,
COOTBETCTBYIOIIVE IIepPeCTaHOBKaM 7T € A, u f(71) = mo 1€ S \Ay:

det(A) = 2 (sgn(ﬂ) ai (1) - - - O,m(i) - - - an,ﬁ(n)-i-

TTEA L

sgn(ro T>a1,(noT)(1) o Qi (o) (i) - - - Q§, (o) (G) - - - an,(no’r)(n))~

OcTanochk 3aMETUTh, UTO SgN(7T0 T) = — SgN(T), Qi (ror)(i) = Ai,n(§) = Aj,n(j)r G,(mor)(§) = Aj,m(i) =
Ain(i) X A, (rot)(k) = Qik,n(k) AL Bcex k # 1,j. [losToMy cymma ABYX CAaraeMbIX B Ka’KAOHU Iape
paBHa 0, a ¢ Heit u Bech det(A).

CTano 6BITH, HAMHU AOKA3aHA CAEAYIOIIAsI TEOPEMA.

Teopema 5.7.4. Onpedesument aAuHeUHO U KOCOCUMMEMPUUHO 3ABUCUM OM CMPOK MAMPUUDL.
Unwvimu cnosamu,

u+v =ul+ v, Au=Ayl, -1 =0.

Kpome mozo, onpedeaumens AUHEUHO U KOCOCUMMEMPUHHO 3GB8UCUM O CMOAOU0E MAMPU-
UL,

,Z\,onasameﬂbcmso. yTBep)KAeHI/Ie AAST CTPOK AOKA3aHO BBIIIE; YTBEP)KACHUE AN CTOA6IJ;OB IIOAY-
Ya€TCA TPAHCIIOHMPOBAHUEM MATPHUIILL. ]

Temepb HETPYAHO IIOHSITH, KAK MEHSIETCSI OIIPEAEAUTEAD IIPK IAEMEHTAPHLIX IPE0OPA30BAHUSIX
CTPOK ¥ CTOADIIOB.

Teopema 5.7.5. Onpedeasumens mampuysv, HE MEHAEMCA NPU SAEMEHMAPHOM NPE0OPA308aAHUU
(cmpox uau cmoabuos) nepsozo muna, MEHAEM 3HAK NPU IAEMEHMADHOM NPEobpado8aHUU
8MOP020 MUNA, U YMHONHCAEMCA HA € NPU SAEMEHMAPHOM npeobpasosaruu Di(e) mpemwvezo
muna. Ha mampuwrom Asvike:

T (MA[ = [AT(A)] = |A[,  [SyAl = [ASy| = —[A],  [Di(e)A| = |ADi(e)| = ¢|A|.

Aoxaszameavcmeo. Kak Bceraa, MBI IPOBEAEM AOKA3aTEABCTBO TOABKO AASI SIAEMEHTAPHBIX IIPE0O-
pazoBaHuil cTpok. PaccMoTpuM saeMeHTapHOEe Ipeobpa3oBaHME IIEPBOT'O TUIA U BOCIOAB3YEMCS
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AVHENHOCTBIO:

u+ Av u v

3aMeTyM, YTO IIEPBOE CAATAEMOE PE3YABTATA — 3TO OIPEAEAUTEAD MCXOAHOW MATPHUIIBI, a BTOPOE
CAaraeMoe PaBHO HYAIO B CUAY KOCOCHMMETPUYHOCTH.

[TocmoTpuM Ha 3A€MEHTapHBIE IPeobpa3oBaHus BTOPOro Tua. AAsT AIOOBIX CTPOK U,V AAWHEL
T BBIIIOAHEHO

u-+v u u A% A% u A%

u+v u A% u A% A% u

OTKYyAQ

OTO ¥ 03HAYaeT, YTO dNAEMEHTApPHOEe IIpeobpa3oBaHre BTOPOr'O TUIIA MEHSIET 3HAK OIPEAEAUTEAS.
Haxoner, anst aneMeHTapHBIX ITPeobpa30BaHUM TPETHETO TUNA YTBEPKAECHUE TEOPEMBI HAIPSIMYIO
CAEAYET U3 AUHENHOCTU OIPEAEAUTENS. [

5.8 [JanbHelilune cBoicTBa onpeaennTenst
AUTEPATVPA: [K1], ra. 3, § 2, m. 2; [vdW], ra. 4, § 10.

Teopema 5.8.1 (OnpeaenruTens 6GAOYHON BEepXHETPEYTOABHON MaTpuubl). [Tycms mampuya A €

B X
M(n, k) umeem eud A = cl 20e B € M(m,k), C e M(n —m,k), X e M(m,n — m, k).
Tozoa |A| = |B| - |C|.
Aoxasameavcmeo. Mzl 3Haem, ato det(A) = Znesn sgn(71)A1,7(1) - - - Amy7e(m) A 1,m(mt1) - - - Anyr(n)-

ITo mpeanonroxenuio, ai; = 0, ecarm i > m u j < m. [losToMy HEKOTOpBIE CAaraeMele B 9TOM CyMMe
pasue! 0. [Toka)keM, 9YTO HEHYAEBOE CAaTaeMOe He MOXKET COAEPKATh ¥ MHOKUTEAEN U3 6A0Ka X, TO
€CTb, HE MOJKET BKAIOYATh B CEOST MHOKUTEAD Qi AAS 1 < m, j > m. AelCTBUTEABHO, TOCMOTPHUM
Ha HEKOTOPOE HEHYAEBOE CAATaEMOE€ (1 n(1) - - - Am,(m)Am+1,m(m+1) - - - An,7(n), COOTBETCTBYIOIIEE TIe-
pectaroBke 7. Cpeau gucea 7(1),...,7(N) AOAMKHEI BCTPEYATHCS IO pasy 4ucaa 1,...,m. Ecan
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HEKOTOPOE YKUCAO j < M PaBHO 7i(1), To 065I3aTEABHO AOAYKHO OBITH 1 < M, IOCKOABKY, IO IIPEA-
IIOAOKEHHIO, aij = 0 mpm i > m 1 j < M. 3Ha4YNUT, BCE YMUCAA 1,..., M BCTPEYAIOTCS CPEAM TUHMCEA
m(1),...,m(m). Ho Tex u Apyrux mopoBHy, 3Ha4uT, 7t(i) < m aAst Aroboro i < m. Crano ObITS,
(1) > m anst Aroboro i > m. MEI HOAYYUAHT, YTO HAIlle CAATAEMOE COAEPIKUT AU MHOXKUATEAN
BHAQA (5, TA€ AMOO 1,j < m, Ambo 1,j > m. B wacTHOCTH, MaTPUIHEIX SAEMEHTOB U3 6A0Ka X cpean
HUX HE BCTPEYAETCH.

Taxkum obpasoM, Ha caMoM Aeae cyMmupoBarue B det(A) IpoM3BOAUTCS IO TEM II€PECTaHOBKaM
7T, KOTOPEIE AEHCTBYIOT «OTAEABHO» Ha Habopax 1,...,mu m+ 1,...,Mn, He IEPECTABASST YUCAA U3
pa3HBIX HabopoB. [TosToMy Karkaasi TaKasi IEPECTAHOBKA OAHO3HAYHO OIIPEAEASET ABE IIEPECTAHOBKY:
Ha 4mcAax 1,...,m u Ha uucrax m + 1,...,n. Ob6o3HaUUM IIepBYIO U3 HUX UEpe3 P, a BTOPYIO
CABUHEM Ha MM BAEBO (YTOOBI IOAYYUTH IIEPECTAHOBKY YHUCEA 1,...,T — M, TO €CTb, SIAEMEHT U3
Sn_m) ¥ obosHauuM depe3 0. Ilo mepecTaHOBKE 7T MBI IIOCTPOUAM IIapy IIEPECTAHOBOK P € S,
0€Sh_m-

ITocmoTpuM Temepsb Ha mpousBeperue det(B) - det(C). Sto

Z Sgn(p)al,p(l) <o Qmp(m) | - Z SgIl(O‘) Am+1,m+0(1) - - - An,m+o(n—m)

PESH 0€SH_m

HpI/I PaCKpPLBEITUN CKODOOK B 3TOM IIPOU3BEACHHUU IIOAYYINM CYMMY CAAQT'da€MBIX BHAA

Sgn(p> sgn(o) A1,0(1) + - - Am,p(m) Am+1,m+0(1) - - - An,m+o(n—m)

AAST BCEX IIap IIEPECTAHOBOK P € S,,, 0 € S, _1,. ITo Ka>kAO# TaKoil Iape MEPECTAHOBOK IIOCTPOMM
IIEPECTAHOBKY 7T € S, MOAEHCTBOBAB IIEPECTAHOBKON P HA YUCAAX 1,..., M U [IEPECTAHOBKON O
(cABEHYTO! Ha M BIPaBO) Ha YuCAaX M + 1,...,M.

Teneps BUAHO, 4TO B popmyarax anst det(A) u det(B) - det(C) npoucxopuT cymmupoBaHme 1o
BCEM I1apaM IIEPECTAHOBOK (P, ) € Sy, X S, CAAraeMBIX OAMHAKOBOrO BrAa. OCTaAOCh AMIID
IIPOBEPUTH COBIIAAEHNE 3HAKOB: B IIEPBON (hOPMyAE MBI BUAUM SgN(7T), & BO BTOPO# — IIPOU3BEAEHUE
sgn(p) - sgn(o). Ho HeTpyAHO BUAETH, YTO YUCAO MHBEPCUH B IEPECTAHOBKE 7T PABHO CyMMe YHCEA
MHBEPCHUH B COOTBETCTBYIOMINX UM [IEPECTAHOBKAX P ¥ O: HET HUKAKUX UHBEPCUN MEXXAY IUCAAMU
u3 Habopa 1,..., M um yucraMu u3 Habopa m+ 1,...,Mm. O

Cnepactue 5.8.2. Onpedeasumens seprHempeyzoavHol Mampuyb. pageH npoudsederuro ee Oua-
20HANDHDIT SNEMEHMOB:

a; = ® L. *
0 ay = ... =
0 0 a3 ... = |[|=aq1as...an.
0O 0 0 ... an

B wacmHocmu, onpedesumens eduruvHol mampuys, E,, paser 1.
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Aoxasamenbcmeo. ITO HECAOKHO IOAYUUTH U3 IPEABIAYIIEY TEOPEMEI MHAYKIINEH IO pa3Mepy
MaTpuIEl. MO>KHO U HaNPsIMYIO 3aMETUTH, YTO B CyMME U3 onpeAeneHus det(A) Anst BEPXHETPEYTOAD-
HO¥ MaTpHIEI A AUWIIH OAHO CAATAa€EMOE OTAWYHO OT HYASI — TO, KOTOPOE OTBEYAET TO>KAECTBEHHOMN
IIEPECTAHOBKE. [

Mpeanoxenue 5.8.3. Ecau 8 mampuue npucymcmeyem Hyaesol cmoabey, uau HYAe8aA CMPOKa,
mo ee onpedeaument paser HYaw.

Aoxaszamenvcmeo. IlycTb i-as cTpoka MaTpuiibl A paBHa HyAIO. B KaXkpoe chraraeMoe U3 oIpe-
Aenrerust det(A) BXOAUT 3A€MEHT BUAA (i r(i), PABHBIH HYAIO, IO3TOMY Ka*kAO€ CAAraeMoe PaBHO

HYAIO. AOKa3aTeABCTBO AASI HYAEBOTO CTOABIA MOAYYAETCS TPAHCIOHNPOBAHUEM. N
Mpeanoxenne 5.8.4. Onpedesumenu mampuy saemernmapHuz npeobpasosaruti: |Ti(A)| = 1,
1Sij| = —1, |Di(e)| = €. Onpedeaumens oxatimaeHHol eOUHUNHOT MAMPUYDL PASMEDE TL X M.
E, O 0, ecaur<mn;

0 0 1, ecaur=n

Aoxaszameavcmeo. MaTpuria sneMeHTapHLIX IIPeobpa30BaHUi IPUBOAUTCS K EAVUHUYIHON OAHUM
SAEMEHTApHBEIM Ipeobpa3oBaHUEM, ¥ MEBI 3HAEM, KaK IPU ITOM MEHSIETCS €€ ONPEAEAUTEAD, IIO-
3TOMY IIepBasi 4acTb — TPUBUAABHOE BEIUMCAeHUE. OKalMAEHHASI eAVHUYHAS MaTPUIA SBASIETCS
BEPXHETPEYTOABHOM, IIO3TOMY BTOPasl 4acThb CPa3y CAEAYeT U3 CAEACTBUS 5.8.2. O

Teopema 5.8.5 (MyABTHIAMKATHBHOCTE OonpeAeAuTensi). Onpedeasumens npoudsefeHus Mampuy,
paser npoussederuro uxr onpedeaumeneii.

det(AB) = det(A)det(B)  daa arbux A,B € M(n, k).
Aoxasameavcmeo. 3aMeTuM, 9T0 AAsT Afoboit MaTpuiel C € M(n, k) BEIIOAHEHBI PaBEHCTBA

det(TlJ (A)C) = det(TUO\)) det(C),
det(SijC) = det(Si]-) det(C),
det(D;i(e)C) = det(D;(¢e)) det(C),

E,

det
(o o

C) — det FE) o)) det(©).

AeficTBUTENBHO, IIEPBBIE TPU PABEHCTBA CAEAYIOT U3 TeopeMbl 5.7.5 u npeanoxenus 5.8.4. [lpu
E,
0
>xeHue 5.8.3), Kak U IPOU3BEAEHUE OIIPEACAUTEAEH COMHOKUTEAEN (B cCuAY Ipeproskerus 5.8.4. [Ipu

T < N MaTpuia C mMeeT HyAEBYIO CTPOKY, IIO3TOMY €€ OLPEAEAUTEAD PABEH HYAIO (IIPEAAO-

T = N yKasaHHas MaTpPHUIlA SIBASETCS €AUHUYIHOMN, IIO3TOMY PE3yABTAT CAEAYET U3 CAEACTBUS 5.8.2.
ITo caepcTBUIO 5.4.2 MBI MOKEM 3aIIUCATh

E. O

A=P;...P, 0 o Q:...Qs,
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rae Pq,..., P, Q1, ..., Qs — MaTpuIpl 3AeMeHTapHBIX IIpeobpas3oBanuit. Toraa

det(AB) — det(P, ... P, (FEJ 8) Q:...Q.B).

[TpuMeHsist 3aMedaHue U3 IPEABIAYINEro ab3alla HECKOABKO Pas, IOAyYaeM, YTO

det(AB) = det(Py)...det(Py) det((%r 8) ) det(Qq) ...det(Qs) det(B).

C Apyro# CTOpPOHBEI,

det(A) = det(Pt Ce . Pl (FE_JT 8) Ql e Qs);

¥, CHOBA IIPMMEHSIS 3aMedaHue BEHIIIE, IIOAYYIaeEM

0

det(A) = det(Py)...det(P;) det( (E(_)T 0

) ) det(Qq) ... det(Qs).

ComocTaBAsIs IOAYUEHHBIE PaBEHCTBa, oaydaeM, uTo det(AB) = det(A) det(B). O

5.9 Pasnoxenune onpegenntens no cCTpoke

AUTEPATVPA: [F], ra. IV, § 2, o. 5; [K1], ra. 3, § 2.

ITocmorpuMm Ha Marpuiy A € M(n, k). BeruepkaeM u3 Hee CTPOKY C HOMEPOM 1 u cToabers ¢
HOMEPOM j AAS HEKOTOPHIX 1 < 1,j < n. ObosHadmM moAydeHHYI0 MaTpuIy depes My; € M(n—1,k).
OnpeaeanTenb MaTpunsl M;; (a mHOIAA caMa 3Ta MaTpHUIa) Ha3bIBAeTCS (ONONHNTENbHBIM) MUHOPOM.

Teneps IOCMOTPUM Ha CTPOKY C HOMEPOM 1 MCXOAHOM MATPHUILI A ¥ BOCIIOAB3YEMCS AMHEHHOCTHIO
OIIPEAEAUTENS:

’A‘Z ai7 Qi ... Qqn|/=|ayy 0 ... 0/+10 ap ... O+---+10 0 ... ajn|-

[locunTaeM OTAEABHO OIIPEAEAUTEAD Ka*KAOI'O CAAraeMoro B IIpaBoit wacTu. CararaeMoe ¢ HOMEPOM
) IMeeT BUA

Oaij 0

BCE SAEMEHTHI B i-0ff CTPOYKe PaBHEI HYAIO, KPOME (ij. Te€neph aKKypaTHO II€PECTaBUM CTPOYKH U
CTOABIEBI TaK, YTOOBI 3AEMEHT (i OKa3aACs B A€BOM BEPXHEM yTAY Hallledl MaTPUILI; AASL 3TOTO
HY>KHO CABUHYTB IIO IIUKAY CTPOKM C HOMepaMu OT 1 A0 i u cToAbusl ¢ HOMepaMmu oT 1 po j. To
€CTh, CHaYaAad IIOMEHSIEM MEeCTaMM CTPOKX 1 1 — 1, 3aTeM CTpoKu i — 1 u i — 2, u TaK AaAee, IIOKa
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He ToMeHsieM CTpPoku 1 u 2. HeTpyAHO BUAETH, 9TO MBI COBEPIIMAU POBHO i — 1 3A€MeHTapHOe
peobpa3oBaHe BTOPOTO TWIA. [Ipu 3TOM OIPEAEAUTEAD Hallel MaTPHUIEl yMHOXKHUACS Ha (—1)t L.
I[Tocae 9TOrO CAEAAEM TO JKE CAMOE CO CTOABIIAMY, U OIPEAEAUTEAL YMHOXUTCS Ha (—1)) 1. B urore
oH yMmHOXHUTCS Ha (—1)V" 171 = (—1)12 = (—1)"", Tlocae Takux omeparuit Hama MaTpuIa 6yAET
UMETb CAEAYIOIIUN OAOYHBIE BUA,
aij 0
. My

I[To Teopeme 5.8.1 (HaOMHUM, YTO OIPEAEAUTEAD He MEHSIETCS IPM TPAHCIOHUPOBAHUN) €€ OIIpe-
AEAUTEAb PaBEH IPOM3BEACHUIO (ij Ha AOIOAHUTEABHEIN MUHOP |M;j|. 3HauuUT, j-e craraemoe B
pasaoskeruu det(A), ¢ Koroporo Mbl Hadaad, pasHO (—1)'ay;|My;l.

IIpomsseperue (—1)"|M;;| HaseIBaeTCst anreGpanieckum [ONONHEHNEM SAEMEHTa (i ¥ 0BO3HA-
JaeTCsl 4epes3 Kij. MEI IOAYSHAT pa3noxexue onpeaenutens no crpoke: det(A) = ay A + aipAis +
-+ + ainAin. TPAHCIOHUPYS IOAYIEHHEIA PESYABTAT, ML IOAYIAEM Pa3NOKeHNE ONPeeNUTENs Mo
cTonbuy: det(A) = aliiu + agi,?\zi + 4 amﬁm.

CdopmyrupyeMm 4yTh bonee 0OIIUM PE3YABTAT.

Teopema 5.9.1 (Coorromrerus oproroHaabHocTH). [Tycms A € M(n, k) u 1 <i<n. Toz0a

~ ~ ~ det(A), ecaui=j;

ai_lA]']_ + aizAjz + -+ amAjn = . .

0, ecau i #j.

Aoxasameavcmeso. [lpu i = j 3T0O B TOYHOCTU Pa3A0O’KEHUE OIIPEAEAUTEAS IO CTPoKe. Hcam ke
i # j, paccMOTpuM MaTpuiy A’, KOTOpasi COBIIAAAET C MaTPUIlEX A Be3ae, KPOME CTPOYKY C HOMEPOM
j, @ B €e CTPOYKE C HOMEPOM j CTOUT CTPOUKA C HOMepPOM i MaTpuibl A. Takum obpa3oM, CTPOKU
MaTpunsl A’ ¢ HOMEpaM¥ i ¥ j COBIAAQIOT, IIO3TOMY €€ OIPEAEAUTEAL paBeH HyAw. C Apyroi
CTOPOHBI, PACKAAABIBAS 9TOT OLPEAEAUTEAD II0 CTPOKE C HOMEPOM j, MBI IIOAYIUM B TOYHOCTH CYMMY
auﬁjl + aiglilg +---+ amzfijn, IIOCKOABKY B CTPOKE C HOMEPOM j CTOSIT 3AEMEHTEL Ai1, iz, - - - , Ain,
a UX AOIIOAHEHMS COBIAAAIOT C AOIIOAHEHUSIMU IAEMEHTOB j-Of CTPOKM MaTPUIBEI A, IIOCKOABKY
aarebpanydeckue AOIIOAHEHUSI SAEMEHTOB j-Oif CTPOKU He 3aBUCAT OT TOT'O, YTO UMEHHO CTOUT B j-Oif
CTPOKE. L]

KoHeYHO, HECAOXKHO CHOPMYAUPOBATH AHAAOTWYHBIE COOTHOIIEHUSI, NCXOAS U3 PA3AOIKEHUS
OIPEAEAUTEASI IIO CTOALILY.

STy TeopeMy MOXKHO 3aIuCaThb B HoAee KOMIAKTHOM dopMe. AAsi TOr0 PacCMOTPUM MATPUILY
adj(A), B xoTopoit Ha mo3unuu (1i,j) cTouT arrebpanIeckoe AOIIOAHEHUE Kji (obpaTuTe BHUMAaHVE
Ha TO, 9YTO MHAEKCHI IOMEHSIAUCH MecTaMu). OHa Ha3BIBAETCS NPUCOEAUHEHHOW (AY B3aUMHOIA) K
MmaTpuiie A. COOTHOIIEHUSI OPTOrOHAABHOCTH (AASI CTPOK U CTOAOIIOB) TOTAA IEPENNCHIBAIOTCS
CAEAYIOIUM 06pa3oM.

Cnepcteue 5.9.2. Aas mampuust A € M(n, k) svnoarero

A -adj(A) = det(A) - E = adj(A) - A
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Teneps HETPYAHO AOKa3aTh KPUTEPHUY 0OPaTUMOCTY KBAAPATHON MATPUIIHL.

Cnepctsue 5.9.3. Mampuya A € M(n, k) obpamuma mozda u moavko mozoa, xkozda det(A) # 0,
6 amom cayuae A~! = (det(A)) " tadj(A).

Aoxasameavcmeo. Ecam A obparuma, To HaiiaeTcs A~! Takas, uto A - A~! = E; Toraa
det(A)det(A™!) = det(A-A™!) =det(E) = 1

B CUAY MYABTUIAWKATHBHOCTY oIpepeanTens. Obparwo, ecan det(A) # 0, To, paspeAUB COOTHOIIIE-
HUe OPTOTOHAABHOCTH Ha cKaasp det(A), moaydaeM, 4To

A - (det(A))tadj(A) = E = (det(A)) *adj(A) - A,
4TO U TPeboBaAOCH. [

B YaCTHOCTH, ANST MATPHUIIBI 2 X 2 3T0 CAEACTBHUE O3HAYAET, ITO

a b) 1 d —b
c d) ad—-bc\-c a
(ecam, xoreuno, ad — bc # 0).

[IpumeHUM Teneph MOAYUEHHBIE PESYABTATHL K PEIIEHNIO CUCTEMBI AMHENHBIX YPaBHEHN C HEBLI-
PORAeHHOM MaTpuueit. PaccmoTpuM cucteMy AnHeHHBIX ypaBHeHU AX = B ¢ KBappaTHO#R MaTpu-

X1 by
X2 b2

meit A = (aij) € M(n, k), tae X = | . | — cronber memsBectabix, B = [ . | € M(n, 1,k) — cToa-
Xn bn

6er; mpaBoit vactu. HamoMHMM, 9TO pewums cucmemy — 3HaIUT, HaiTu Bce cToabusl X € M(n, 1, k),
AAST KOTOPHIX BEIMOAHEHO AX = B. Ecau MaTpuma A HEBBEIPOXKAEHA, TO €CTh, CYLIECTBYET obpaTHAS
marpuma A ™!, mocae poMHOXeHMsT obewx dacTeit ypaBHeHus Ha A~ moaydaem A !AX = A71B,
YTO PaBHOCUABHO paBeHCTBY X = A !B. Takum obpasoM, cucTeMa ypaBHEHUM C HEBBIPOXKAECHHON
KBaAPATHOM MaTPUIIEH BCETAA UMEET EAVHCTBEHHOE PEIIEHUE.

Boaee Toro, AAST HAXOXKAEHUS 3TOT'O PEIIEHUS HETPYAHO HANUCATh YyTh OOAee SIBHBEIE (DOPMYAEL,
HasblBaeMble (hopmynamu Kpamepa. AeiicTBUTEABHO,

/31\11 %21 /zl\nl by
1 1 Az Ag Ans b,
X=A"1B= dj(A)B =

g A =Gx | - :

Ain Asn ... Ann/ \bn

biA11 + baAgs + -+ + brAn

1 biAiy + Ao + - - + brAng

~ det(A) :

b1A 1 + boAsn + - + brnAnn
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VToroBele BRIPa’XEHUS OYEHD IIOXOKY HA PA3AOKEHUS OIPEAEAUTEAS IO CTPOKE. U AeHCTBUTEABHO,
3aMeHUM B MaTpuile A cToaber; moa HoMmepoM i1 Ha cToaber B. Ob6o3HaYuM IIOAYUEHHYIO MATPHUILY
ugepe3 A]. [locunTaeM OIPeAEAUTEAD ITON MATPHUIBI, PA3AOMKUB €TO IO 1-OMY CTOABILY: AAS TOTO
HY>KHO IIEPEMHO’KATh SAEMEHTHI €€ i-To CToAbIa (TO ecTh, 9A€MEHTEHL cToAbIa B) Ha ux aarebpaun-
YeCKUe AOIIOAHEHMsI, KOTOPBIE COBIIAAAIOT C COOTBETCTBYIOIIUMY aAT€OPAMIECKUMU AOTIOAHEHUSIMU
3AEMEHTOB MaTpuibl A. MBI IOAYYUM B TOYHOCTH b17\u + b2/7\21 + e+ bnﬁm — TO, YTO CTOUT B
cToabue X Ha mo3unuu i (C TOYHOCTBIO A0 MHOXKUTeAS 1/det(A). ChopMyarrpyeM IOAYIEHHBIH
PE3YABTAT B BUAE TEOPEMHI.

Teopema 5.9.4 (Popmyarr Kpamepa). [Tycms A € M(n, k) — Heswvipoorciennas mampuua, B €
M(n, 1,k) — nexomoputi cmoabey. Obo3HawuM “wepe3 Al mMampuyy, Noay“eHHy0 noocma-
X1
X2
Hoexol cmoabya B emecmo i-20 cmonbua mampuuse A. Tozda pewerue X = | . | cucmemst

XTI
auHeturbe ypasHeHul AX = B eduncmeenro u 3adaemca gopmysamu

/
. - det(A!)
'L — .
det(A)
[TocmoTpuM Temepb HAa MHOMKECTBO PEINEHUN IPON3BOABLHON OAHOPOAHOMN CUCTEMBI AMHENHBIX
X1
X2
ypaBrerut AX = 0 ¢ maTpune#r A € M(m,n,k); 3aece X = | | | — croaber HemsBecTHBIX, a B
Xn

IIPaBOM YacCT¥ CTOMT HyAeBast Marpuua 0 € M(m, 1, k).

Mpeanoxenune 5.9.5 (CroiicTBa peleHnt OAHOPOAHOM CUCTEMBI AMHEHHBIX ypaBHeHuit). Ecau X, X' €
M(n,1,k) — pewerus cucmems. AX = 0, mo cymma X + X' maxowce asansemca peweruem
amotl cucmemst. Ecau X € M(n, 1,k) — pewenue cucmemu, AX =0, A € k, mo AX e M(n, 1,k)
maxoce ABAAEMCA PeuweHUuem 3mot Cucmemsl.

Aoxasamesvcmeo. Ecamw AX =0 AX' =0, To AX+X') =AX+AX ' =0+0=0u AAX) =
AAX) = A-0 = 0. O

Tereps MOCMOTPUM Ha IPOU3BOABHYIO CACTEMY AMHENHBIX ypaBHeHu# AX = B (MBI coxpansiem
IpPeABIAyLITNE 0O03HaUeHUsI; KpoMe Toro, B € M(m, 1, k) — HekoTopsI# cToAbel IIpaBoil JacTu).

Mpeanoxenue 5.9.6 (CeoiicTBa peleHuU HEOAHOPOAHON CHCTEMEI AMHERHBIX ypaBHeHuU). [Tycms
Xo — Hexomopoe dukrcuposarHHoe peweHue cucmemsv, AX = B Toz0a arboe pewerue amot
cucmems. umeem sud X = Xog + Y, 20e Y — Hexomopoe peweHue coomeemcmeyrou,ets 00HO-
poorol cucmemv, AX = 0. Obpamno, 0as arobozo peweHus Y 00HopoOdHoU cucmemsv, AX =0
cymma X = Xg + Y asasemca peweruem cucmemv, AX = B.
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Aoxasameavcmeo. Ecauw AXg =B u AY =0, To A(Xo +Y) = AXy + AY = B + 0 = B. ObparHo,
ecau AXo = B u, kpome Toro, AX = B, To A(X — Xp) = AX — AXo = B — B =0, moatomy X — X,
SIBASIETCSI PEIIIEHNEM COOTBETCTBYIONIEN OAHOPOAHOM CHCTEMEL. O

[TooTOMY IIOMCK pEIIEeHU# ITPOU3BOABLHON CUCTEMBI AMHEWHBIX ypaBHeHu# AX = B cBopuTCs
K HAXOXKAEHUIO 4ACMH020 pewerus Xo ITOX CUCTEMEBI (€CAM OHO BOODOIIE CYIECTBYET), X K
HaXOXKAEHUIO BCEX PEIIeHU# COOTBETCTBYIOWIEH opHOpopHOM cucteMbl AX = 0. B raase 6 MBI
IIOCTPOUM OOIIIYIO TEOPUIO AASI M3YUEHUS CBOMCTB PEIIEHWH OAHOPOAHBIX CHCTEM, a B I'AaBe 7

chopMyAUpPYEM B paMKaX 3TOY TEOPUU U BOIIPOC O CYIIeCTBOBAHUY YaCTHOT'O PEIIEHNST HEOAHOPOAHOH
CHCTEMBI.
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6 BekTopHble NpocTpaHCTBa

6.1 T[lepsble onpenenexus

AUTEPATVPA: [F|, ra. XII, § 1, m. 1, § 2, . 1, 2; [K2], ra. 1, § 1; [KM], u. 1, § 1; [vdW], ra. 4, § 19.

HedopmanbHO roBOpsi, BEKTOPHOE IPOCTPAHCTBO — 3TO MHOKECTBO, SAEMEHTHI KOTOPOTO HA3bI-
BAIOTCSI BEKTOPaMU, Ha KOTOPOM OIIPEAEAEHEI OIIEPAIINY CAOKEHUSI BEKTOPOB X YMHOKEHUS BEKTOPA
Ha YUCAO, IPUYEM BEIIIOAHSIOTCS HEKOTOPHIE ECTECTBEHHBIE CBOMCTBA ITUX OIEPAIU. 3AECh «IUCAO»
O3HAYa€EeT HpOI’I3BOABHBIf;I SAEMEHT HEKOTOPOI'O OCHOBHOI'O IIOAS k.

Onpepenenne 6.1.1. IIycts k — mone. MuoxecTBO V BMecTe ¢ oneparusamu +: V x V —V, -1 V x
k — V Ha3bIBaeTCs BEKTOPHLIM NPOCTPAHCTBOM (TOYHEE — NPaBbIM BEKTOPHbIM NPOCTPAHCTBOM), ECAH
BBITIOAHSIIOTCST CAEAYIOLTUE CBOMCTBA (Ha3bIBaeMbIE AKCUOMAMU BEKMOPHO20 NPOCMPAHCMEQ):

L. (w+v)+w=u+ (v+Ww) prsg AI6BEIX U, v, W € V (accouuamusHocms CA0HCEHUA);

2. cymectByeT 0 € V Taxoit, 9t0 0 +v = v + 0 = v AAsE Bcex V € V (HeUmpanbrail saemerm no
CAOHCEHUI);

3. AAsT Atoboro v € V HaliaeTCst 9IAeMeHT —V € V Takoi, 9To v + (—V) = (—v) + v = 0 (o6pamHviti
SNEMEHM MO CAOAHCEHUN =TPOTNUBONONOHCHBIT INEMEHMN);

4. W+V=V+ UM AIOBBIX U,V € V (KOMMYMAMUBHOCTD CAOHCEHUR);
5. (u+v)a=u-a+v-aarsg aobex u,v eV, ac€ k (nesasa ducmpubymusrocms);
6. u(a+b)=u-a+u-barsg arbeix ue V, a,b € k (npasasa oucmpubymusrocms);
7.u-(a-b)=(u-a)- b arsg arbeix we V, a,b € k (srewnas accoyuamusHocms);
8. u-1=u ansg amoboro u e U (yrumaasrocms).
[Tpu TOM 3AEMEHTHI IPOCTPAHCTBA V HA3BIBAIOTCS BEKTOPAMWU, a SAEMEHTHI IIOASI K — CKansgpamu.

Samevarue 6.1.2. 3aMeTUM, YTO IEPBLIE TPU aKCHOMBI HE BKAIOYUAIOT B cebsl YMHOMKeHME Ha CKAASID
¥ BBIPA’KAIOT TOT (haKT, 4TO V C omeparueil CAOKEHUS IBASIETCS 2pynnotl (cM. onpepeaeHue 5.6.1);
YeTBepTasi akCXOMa O3HA4YaeT, UTO 3Ta IPyIla KOMMYTaTUBHA.

Samevarue 6.1.3. ObpaTuTe BHUMaHME, YTO 3HAKX + ¥ - B aKCHOMAaX MCIIOAB3YIOTCH B Pa3HBIX
CMBICAAX: + MOJKET O3HAYATh CAOXKEHUE KaK B BEKTOPHOM IIPOCTPAHCTBE V, Tak U B IIOAE K, a -
O3HA4YaeT YMHOXKEHUE CKaAsipa Ha BEKTOP M YMHOXXEHUWE CKAASPOB B IIOAe K. YIIpa>kHEHUE: IIPO
Ka’KABIA 3HAK + ¥ - B aKCHOMaX BEKTOPHOI'O IIPOCTPAHCTBA CKA’KUTE, KAKYI0 MMEHHO OIIEPAIIXIO
oH obo3zHavaeT. CuMBOA «0» TaK’)Ke HMCIOAB3YETCS B AAADBHEHIIIEM B ABYX CMBICAAX: OH MOJKET
0003HaYaTh KaK HYAEBOM SAEMEHT IIOASI, TAaK X HYAEBOK 3AEMEHT BEKTOPHOI'O IIPOCTPAHCTBA. [1pu;
YKEAQHUM MBI MOTAU 6Bl KaK-HUOYAL Pa3sAUYaTh UX (HEKOTOPBIE aBTOPHL HUIIYT O AASL HYAEBOTO
BEKTOpA), HO He 6YAEM 3TOr0 A€AATh, IIOCKOABKY X3 KOHTEKCTA BCETAQ SICHO, KAKON SAEMEHT MMEETCsI
B BUAY (@ €CAM HE SICHO, YATATEAb [IOAYYaeT XOPOIIee YIIPaKHEHNE).
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Samevarue 6.1.4. MbI mocTapaeMcsi BCETAA IIPY YMHOXKEHUM BEKTOpPa Ha CKaASp 3alUCHIBATD
BEKTOP CA€Ba, a CKaAsIp CIIpaBa, TO €CThb, IUCATh V- A AAI V € V 1 a € k. BmecTe ¢ TeMm, MOKHO
6BIAO OBI Be3A€ IMIUCATH A -V BMECTO V - A. UUTATEAIO IPEANATAETCS IIEPENNUCATL OonpepeaeHue 6.1.1
B TaKUX TEPMUHAX M yOEAUTBCS, YTO IOAYYATCS COBEPIIEHHO aHAAOTMYHBIE aKCHOMEI (3a CUeT
KOMMYTATUBHOCTY YMHOXeHUsI B mone!) Boaee ImIeneTuAbHbBIE aBTOPHI PA3ANYAIOT ABE KOHBEHIUN B
3aIIKCH ¥ TOBOPSIT O NPABBHLT 8EKMOPHBLT NPOCMPAHCMEAT U AEBBLT 8EKMOPHBLT NPOCMPAHCMEAT,
cooTBeTCTBEHHO. OTMETUM, UTO €eCTeCTBEHHOE 0000IIeHE ITIOHSATUS BEKTOPHOT'O IIPOCTPAHCTBA Ha
[IPOU3BOABHEIE KOABIIA (He 00513aTEABHO KOMMYTATUBHEIE) TPEOYET CTPOrOro PasAMYEHUST STUX
ABYX IIOHATHH.

ITpumepw, 6.1.5. 1. AAsT HATYpPaAbHOI'O L PACCMOTPUM MHOYKECTBO BCEX CTOADIIOB BBICOTEI N,
ax

cocTosmuX U3 3AeMeHTOB moas k: k™ = {| ! || a; € k}. Bepem Ha k™ ecTecTBeHHEBIE
an

OIlEpAIUY [[IOKOMIIOHEHTHOI'O| CAOXKEHUSI ¥ [[IOKOMIIOHEHTHOI'O| YMHOMXEHUSI Ha CKAaASIPEL
Torpa k™ IpeBpaTUTCS B BEKTOPHOE IIPOCTPAHCTBO HAaA IIOAEM K: CIIPaBEAAUBOCTH BCEX
aKCHIOM HEMEAAEHHO CAEAYET U3 CBOMCTB OIepaluil Hap MaTPUIAMU, ITOCKOABKY MOXXKHO
paccMaTpUBaTh TaKUe CTOALIEI Kak MaTpuisl n x 1: k™ = M(n, 1, k).

2. AHaNOTMYHO, MHOXXECTBO BCEX CTPOK AAWHBI N HaA K C IIOKOMIIOHEHTHBIMU OIIEPAIASIMU
CAOXKEHUSI X YMHOXXKEHUST Ha CKaAsIpBEl 0OpasyeT BEKTOPHOE IIPOCTPAHCTBO Hapa K; MBI 6yaem
obosHauaTh ero uepe3 "k. AaprepraTuBHO, "k = M(1,n, k).

3. Ob6obmast npeAbIAYINYE IPAMEPE], MOXKHO 3aMETUTh, YT0 MHOXXeCTBO M (m,n, k) Bcex MaTpu
(PUKCHPOBAHHOI'O PasMepa M X T C OOBIYHBIMY OIEPAIIASIMU CAOXKEHUSI MATPUI] U YMHOXKEHNUST
Ha CKaASIpbl 06pa3yeT BEKTOPHOE IIPOCTPAHCTBO Hap K.

4. AHaAOTMYHO IEPBLIM ABYM IIPXMEpPaM, MOXXHO PAaCcCMOTPETH MHOXKECTBa CTOADOIIOB becko-
HEWHOU 6bLCOMbL U CTPOK beckoHewHoU WUPUHDBL, COCTOSIIIUX U3 IAEMEHTOB Ioas k. U
TO, ¥ APYT'O€ — 3TO IIPOCTO MHO>XECTBO DECKOHEYHBIX IIOCAEAOBATEABLHOCTEHR a1, Ay, ..., TAE
BCce a; AeKaT B k. Pazamume Me>XAy MHOMKECTBOM CTOADIIOB U MHOMKECTBOM CTPOK AUIIHL B
dopme 3anucu. MHOXeCTBO TaKUX IIOCAEAOBATEABLHOCTER, BOCIPUHUMAEMBIX KaK CTOADIIHI,
MBI 6yaeM obo3HauaTh Yepe3 k¥, a MHOMKECTBO IIOCAEAOBATEABHOCTEM, BOCIPUHIMAEMEIX KaK
cTpokz — depe3 “k. Ha KaXkAOM U3 3TUX MHOKECTB ONPEAEAEHE] OIIEPAIUY [[IOKOMIIOHEHTHOI'O]
CAOXKEHUS U [[IOKOMIIOHEHTHOT'O| YMHOMKEHUSI HA 9AeMEHTHI IoAst k. HecaosxkHo mpoBepuTh
BBIIIOAHEHUWE AASI HUX BCEX CBONCTB u3 ompepenenus 6.1.1, mostomy k™ m ¥k siBASIFOTCS
BEKTOPHLIMY IIPOCTPAHCTBAMU Hap IIOAEM K.

5. ITycts E — MHOXeCTBO [CBOOOAHEIX| BEKTOPOB Ha CTAHAAPTHOM 3BKAMAOBON IIAOCKOCTH. /3
IIIKOABHOT'O KypPCa U3BECTHO, YTO CAOKEHVE BEKTOPOB ¥ YMHOKEHNE BEKTOPOB Ha BEIECTBEHHEIE
ymcaa 0bAaAaeT BCEMU CBOMCTBAMU U3 OIIPEAEAEHUS BEKTOPHOTO IIPOCTPAHCTBA. [losTomy
E MO>XHO paccMaTpuBaTh KaK BEKTOPHOE IIPOCTPAHCTBO Haa R. AHANOTMYHO, MHOXKECTBO
BEKTOPOB B TPEXMEPHOM IIPOCTPAHCTBE SIBASIETCS BEKTOPHBIM IIPOCTPAHCTBOM Hap, R.
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6. Ilycts k € L — moast. DneMeHTHI L MO>KHO CKAQABIBATH MEKAY CODOM ¥ YMHOXKATh Ha dAEMEH-
THI TOASI K (Ha caMoM A€Ae, XX MOYKHO IIEPEMHOYKATh X MeXKAY coboi, HO MBI 3a6yAeM IIPO 3Ty
omeparuio). Bce cBOCTBA U3 OIPEAEAEHUST BEKTOPHOT'O IIPOCTPAHCTBA HEMEAAEHHO CAEAYIOT
3 CcBOUCTB omepanuit B moae. [Tostomy L ecTecTBeHHBIM 06pazoM SIBASIETCS BEKTOPHBIM
mpocTpaHcTBoM Hap k. Hampumep, R — BekTopHOe mpocTpaHcTBo Hap (@, a C — BekTOpHOE
mpocTparcTBo Haa Q u Hapa R. Kpome Toro, Aoboe mone ssBAsieTcst (HE OYEHD MHTEPECHBIM )
BEKTOPHEIM IIPOCTPAHCTBOM HaA CaMUM COOOi.

7. MHOrOYA€HBI OT OAHOH IIEPEMEHHON Hap IIOAEM K MOXXHO CKAAABIBATL MEKAY CODOM U yMHO-
JKaTh Ha CKaAsIphl U3 k; mosToMy k|x] (C ecTeCTBEHHBIMU ONEPALUSIMYU) SIBASIETCSI BEKTOPHBIM
IIPOCTPaAHCTBOM Hap k (HEOOXOAMMEIE AaKCMOMBI HEMEAAEHHO CAEAYIOT U3 CBOMCTB OIEpaluii B

k[x])-
Mpeanoxenue 6.1.6. ITycmv V — sexmoproe npocmparcmeo Had k. Tozda

1. v-0 =0 0aa arbozo sekmopa veV, 20e 0 € k;

2. 0-a =0 0as arbozo ckansapa a € k, 20e 0 — Hyaesol sexmop,

3. v-(=1) = —v 0aa arbozo sexmopa ve V.
Aokaszamenvcmeo. 1. 3amerum, gurov-0 =v-(0+0) =v-0+v-0. [IpubaBum K oberM gacTsM
—(v-0); moayguMm (—v-0)+v-0=(—v-0)+v-0+v-0, oTkypa 0 =0+v-0=v-0, uTo 1
TpeboBanOCh.

2. BameruMm, 910 0-a = (0+0)-a=0-a+ 0- a. [IpubaBuM K obeum dacTsM — (0 - a); MOAYIUM
—(0-a)+0-a=—-(0-a)+0-a+0-a,orkypa 0=0+0-a=0-a, 9T0 u TPeHOBANOCE.

3. Bocmoarsyemcs nepsoit gactbio: 0 =v-0=v-(1+(-1)) =v-1+v-(=1) =v+v-(-1).
[TpmbaBuM K obemMm gacTsaMm (—V); moayuuM —v = (—v) +v+v-(=1) =0+v-(=1) =v-(-1).

6.2 TlognpocTpaHcTBa

Onpepenenne 6.2.1. IIycTe V — BeKTOpPHOE IPOCTPAHCTBO Hap noaeM k. Iloamuo)xectBOo U < V
Ha3BbIBAETCSI NOANPOCTPAHCTBOM, ECAY BBIIIOAHEHEI CAEAYIONINE YCAOBHUS:

1. 0e U;
2. ecrmu,velUl, romu+vel;
3.ecamuelU,aek, rou-ael.
Tot daxrT, uro U ssBASIETCS OATIPOCTPaHCTBOM V, MBI OyaeM obo3HawaTh Tak: U < V.

Samenarue 6.2.2. Ecam U < V, To —u € U ans aoboro u € U. AefiCTBUTEABHO, AAST AODOTO

u e U Bemmoarero —u =u- (—1) e U.
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IIpumepw, 6.2.3. 1. B arobom mpocTpancTBe V €CTh «TpUBHAABHBIEY HOAIpPOCTpancTBa 0 < V u
V<V

2. Iycte V = kx|, U = {f € k[x] | f(1) = 0}. Toraa U < V.

3. Ilycrb k[x]<n — MHO>KeCTBO MHOTOYAEHOB CTeNeHX He BhIme N: k[x|<, = {f € k[x] | deg(f) <
n}. Herpyano nposeputs, uTo k[x]<n < k[x].

4. MHO>XXecTBO BEKTOPOB, IapPaAAEABHBIX HEKOTOPOH IIAOCKOCTH, SIBASETCSI IIOAIIPOCTPAHCTBOM
TPEXMEPHOI'0 IIPOCTPAHCTBA BEKTOPOB.

Nemma 6.2.4. IIepeceverue npoussoavrozo Habopa nodnpocmparcme npocmpaHcmea V A~
emcs noonpocmparHcmeom e V.

Aoxazameavcmeo. IIycts {Uy}yea — mopmpocTpancTsa B V. Ilycts u,v € [, 5 Uy. IIo ompe-
AENEHUIO IIepecedeHrsI BBIIOAHEHO U,V € U, AAsT Bcex . Tak kak U, < V, To AnsT KaXkp0ro o

BEIIIOAHEHO U + V € Uy, OTKyA2 W+ V € ﬂ(xe A Uy. Kpome Toro, ecan a € k, To pAAst KaXkKA0ro o

BEIIOAHEHO ud € Uy, oTKyAa Ua € [ |ep Ua- [
Onpepenenue 6.2.5. ITycts U,, . .., U, — moanpocTparcTsa B V. Cymmoii mopmpocTpascTs Uy, ..., Uy,
HAa3bIBAETCS MHOXKECTBO BCEBO3MOKHBIX CyMM 3aeMeHTOB Uy, ..., U,,. Obosnavenune: U; + - - - + U,y

Bonaee Toumno,
ul+...+um:{u1+...+um‘uleul,...,umeum}.

HecaoxxHo mpoBepuTs (ynpasxHeHue!), 9To AAsT ATOOBIX moppocTparcTB Uy, ..., U, B V ux
cymma U; + - -+ + U, Tak>Ke SIBASIETCSI IIOATIPOCTPAHCTBOM B V.

Nemma 6.2.6. [Tycmov Uy,...,U,, — noonpocmparcmea sexmoprozo npocmparcmea V. Tozda
ux cymma Up + -+ U, — amo HaumeHnvwee (no exarouerue) sexmopHoe nodnpocmpaHcmeo
8 V, codepotcawee kaorcdoe u3 noonpocmparcmes Uy, ..., U,,.

Aoxazamenvcmeo. OUeBUAHO, YTO KaXkp0e U3 mopnpocTpancTs U, ..., U, copep>XuTcs B cyMMme
U; + -+ + U,,, (AOCTaTOYHO PacCMOTPETH CYMMBI BHAA U + - -+ + W, B KOTOPHIX BCE SIAEMEHTEI,
KPOME OAHOT'O, PaBHBI HyA0). C APYTOil CTOPOHBI, ECAY HEKOTOPOE IIOATIPOCTPAHCTBO IIPOCTPAHCTBA
V copepxut Uy, ..., U,,, To OHO 06s13aHO COAEP>KATH U BCE IAEMEHTHI BEAA U + - - - + Uy (U € Uy),
mosToMy obstzaHo copepxxarb U; + - -+ + Uy, O

UTak, Aroboit snemenT u e U; + - - - + U,;, MO’KHO IPEACTABUTE B BHAE W = Uy + -+ - + Uy AAS
HeKOTOpPHIX W; € U;. Hac mHTepecyeT caydail, KOTaa TaKoe IIPEACTABAEHUE e0UHCMEEHHO.

Onpepenenue 6.2.7. Tlycte Uy, ..., U, — IOATIPOCTPAHCTBA BEKTOPHOTO IpocTpaHcTBa V. Byaem
TOBOPHUTE, YTO V SIBASIETCSI NPSAMO CyMMoW mtoptrpocTpadcTB Uy, ..., Uy, €CAM Ka>KABIE SAEMEHT
v € V MOXHO €AVMHCTBEHHBIM 0OpPa30M IPEACTABUTDH B BUAE CYMMBI V = U + - -+ + Uy, TAE BCE
u; € U;. Obosuagenme: V =U; @ DU, uaz V=P, Us.
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ITpumepwv, 6.2.8. 1. ITycts V = k¥ — npocTparcTBO CTOABIIOB BHICOTEI 3 Hap moaeM k, U =
*

} — IOATIPOCTPaHCTBO CTOABIIOB, TPETHSI KOOPAWHATA KOTOPHEIX pPaBHAa HyAw, W =

O O O =*

} — moaIIpocTpaHCTBO CTOADIIOB, IEPBHIE ABE KOOPAXHATEI KOTOPLIX PaBHHI HyAo. Toraa

*

V siBastercst npsmoit cymmon U W: 'V =UPW.

2. Ilycts V = k™ — mpocTpasCTBO CTOADIIOB BBICOTEI N Haa moaeM k. Obosmaumm uepes U;
IIOAIIPOCTPAHCTBO CTOADIIOB B V, B KOTOPEIX Ha BCEX MECTaX KPOMe, BO3MOKHO, i-TO, CTOUT
HYAB:

Torpa V=U P ---dU,.

a
3. ITycts Temepn cHoBa V = k3, U; — MHOXecTBO cToAb1oB Bupa | a |, rae a € k; Uy —
0

b 0
MHO>XeCTBO CToAbIIOB Bupa | O |, rae b € k; Uz — MHOXecTBO cTOAGIIOB Bupa | C |, Tae
0 d
c,d € k. Torpa V He asasaemca mpsimoit cymmoit moamnpoctpasncTs Uy, Uy, Uz. Aeao B ToM, 9TO
0
cToaber Bupa | 0 | MOPKHO pa3sHBIME cIiocobaMy IPEACTABUTEL B BUAE CYMMEI TPEX BEKTOPOB
0
u; € Uy, up € Uy, uz € Uz. AeficTBUTEABHO, BO-IIEPBIX,

0 1 -1 0
O|l=1|1|+] 0 |+]-1],
0 0 0 0
a BO-BTOPBIX, Pa3yMeeTCs,
0 0 0 0
O|=10|+]10|+]0
0 0 0 0

102



B mocaepHeM mpuMepe MBI IIOKA3aAHd, YTO IIPOCTPAHCTBO He ABAAEMCA IPSIMOM CyMMO AQHHBIX
TIOATIPOCTPAHCTB, IPEABSIBUB ABAa PA3AUYHBIX PA3AOKEHUST AAS HYAE6020 BEKTOPA. [IpeATIono KM
Telephb, YTO Yy HaC eCTb HabOp IIOAIPOCTPAHCTB B V, cyMMa KOTOPEIX paBHa V. Caeayroliee IPeAnO-
JKEHIE II0OKA3bIBAET, YTO AASI AOKA3aTEABCTBA TOr'O, YTO 3TA CyMMa MIPsIMasi, AOCTATOYHO AOKA3aTh,
yTo 0 €ANHCTBEHHBIM o6pa30M IIPEACTABAAETCA B BUAE CYMMBI BEKTOPOB M3 3TUX IIOAIIPOCTPAHCTB.

Mpeanoxenue 6.2.9. ITycms Uy, ...,U,, — noonpocmparcmea e V. IIpocmparcmeo V asasemcs
NPAMOU, CYMMOU 3MUT NOONPOCMPAHCME MO020a U MOAbKO mo20a, K020a 8binoAHAOMCA 084
cnedyroUUT YCAOBUA!

1. V=U; + -+ Uy,
2. ecau0=1u; + -+ U, 0aa nekomopvix u; € Uy, mou; =--- =u, =0.

Aoxazameavcmeo. IlpepmorosxuMm cHadana, 9to V = U; @ --- D U,. Toraa mo ompeaeAeHUIO
V=1U;+- -+ U,. [Ipeanonroxum, aro 0 = u; + - - - + un, rae u; € Uy, ..., u, € U,,. 3amerum, 4To
Takke 0 =0+ ---+ 0, rae 0 € Uy,...,0 € U,. U3 onpepeneruss npsIMOi CYMMEI TEIEPEL CAEAYET,
yrou; =0,...,u, =0.

ObpaTHO, IYCTH BEIIOAHSIIOTCS ABa YCAOBHUS BBIIIE, U IIYCThb V € V. /I3 IepBOro yCAOBUS CAEAYET,
YTO MBI MOKEM 3aIIUCATh V = Uj+- - -+ U, AAS HEKOTOpPEIX U € Uy, ..., u, € U,,. OcTrarocs p0Ka3aTs,
YTO TaKOe IIPEACTABAEHNE eAMHCTBEHHO. Ecam v =uj + - +u/ aag u; € Uy,...,u, € U,, To
O=v—v=(u—uj)+- -+ (u, —uj), TAe Ka>xpas pasHoCTb W; — u| ae>xxuT B U;. /I3 BTOpOTO
YCAOBHSI TeIlePb CAEAYET, YTO Ui — U] = 0 AASI BCeX 1, TO €CThb, YTO ABa AAHHBIX Pa3AOKEHUS Ha
CaMOM AEAE COBIIAAAIOT. L]

[IpuBeaeM elre OAUH IIOAE3HBIM KPUTEPUY PA3AOKEHUS IIPOCTPAHCTBA B IPSIMYIO CyMMYy 08YxT
IIOAIIPOCTPAHCTB.

Mpeanoxenue 6.2.10. ITycmv U, W < V. IIpocmparcmeo V sasasemca npamot cymmot U u W
mozoda u moavko mozoa, ko20a V=U+W u Un W = {0}.

Aoxazameavcmeo. IIpeapmonroxum, aro V = U@ W. Toraa V = U + W 1o onpepeneHNIO IPSIMOH
cyMmmel. Ecar v e UnW, To MoxkHO 3anucats 0 = v+ (—v), rae v € U, (—v) € W. /I3 eAUHCTBEHHOCTH
npeacTaBaeHust 0 B Bupe cyMMBI BeKTOpoB m3 U m W Temepns caeayer, uto v = 0. [TosTomy
unWwW={0}.

AAsT AOKa3aTeAbCTBa OOPATHOIO YTBEPKAEHUS IpeATorokuM, ¥To V = U+ Wz U n W = {0}.
IIycts 0 = u+w, Tae uw € U, w € W. Ilo npepnroxeruio 6.2.9 HaM AOCTATOYHO AOKA3aTh, UTO
u=w=0. Hou3z 0 =u+ w caeayer, aro u = —w e W, B 1o BpeMms u € U. 3gauur, ue Un W, u
noromy w=0u w = —u = 0, 9To 1 TpeboBanOCE. [

Sameuvarue 6.2.11. IlpeacTaBbre Tpu nmpssmelie U, U,, Us, mpoxoasiiue gepe3 0 Ha 3BKAKXAOBOM
naockoctu V. OgeBuaHo, 9T0 V = U; + Uy + Uz 1 Uy n Uy = Uy n U = Uz n Uy = {0}. STo 3HauwUT,
4TO0 HausHoe 0bobienne nmpeprosKeHUsT 6.2.10 HEBEPHO.
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6.3 JluHeliHas 3aBUCMMOCTb U HE3ABUCUMOCTb

AUTEPATVPA: [F], ra. XII, § 1, . 2; [K2], ra. 1, § 1, . 2, § 2, m. 1; [KM], 4. 1, § 2; [vdW], ra. 4, § 10.

Onpepenenne 6.3.1. Ilycts V — BEeKTOpPHOE IPOCTPAHCTBO Hap k, Vi,...,vy € V ¥ a,...,0, € k.
BriparkeHnue Bupa via; + - - - + Vv 0, HA3BIBAETCS JIMHENHON KOMOMHAUME SAEMEHTOB V14, . . ., V. OTMe-
TUM, YTO MHOTAA AMHENHON KOMOMHAIMEN HA3BIBAETCS caMa (pOPMaAbHASI CyMMa Vid; + -« + + Vi Qp,
a MHOTAA — ee 3HaYeHUe (TO eCThb, sAeMeHT V). MHOXeCTBO BCeX AMHENHBIX KOMOMHAIMY BEKTOPOB
V1,...,Vy Ha3BIBAETCS UX NIMHEHON 000nouKoii 1 obo3radaeTcs gepes (Vy, ...,V ). Ilone3HO ompeae-
AUTH AMHERHYIO 0OONOUKY U AAS HECKOHEYHOT'O MHOKECTBA BEKTOPOB: IYCTh S & V — IPOU3BOABHOE
IIOAMHO>KECTBO BEKTOPHOI'O IIPOCTPAaHCTBA V. Ero amHelHOM 000A0YKOM HA3LIBAETCSI MHOMKECTBO
BCEX AMHEHHBIX KOMOWHAIW BHAA Vid; + - -+ + VnQn, TAE V1,...,Vy € S. Obo3Hadenue: (S).

Samevarue 6.3.2. HeTpyaro npoBepuTsh, 9YTO AVHERHAST 0O0A0UKA IPOU3BOABLHOI'O IIOAMHOKECTBA B
V sBASIETCST BEKTOPHBIM IIOAIIPOCTPAHCTBOM B V. 3aMeTUM TaK’Ke, UTO AMHENHAs 060A0OYKaA IIYCTOIO
IIOAMHOMXECTBA & C V paBHa TPUBUAABHOMY IOAIPOCTPAHCTBY {0}.

Onpepenenne 6.3.3. IIycts V — BEKTOpPHOE IIPOCTPAHCTBO, Vi,...,Vm € V. ByaeM roBOpuTE, 4TO
Vi,...,Vm — CUCTEMA 0Opa3sytowmx mpocTpancTBa V (MAK 9TO BEKTOPEHL Vi, . . ., Vi NOPOXAAIOT IIPO-
CTPAHCTBO V, UAU YTO IIPOCTPAHCTBO V MOPOXAAETCH BEKTOPAMU Vi, ...,V ), €ECAU UX AUHEHHAST
obonouka coBmapaer ¢ V: (vi,..., vy, = V. [IpocTpaHCcTBO Ha3LIBAETCST KOHEYHOMEPHbIM, ECAK OHO
IIOPO>KAAETCST HEKOTOPEIM KOHEYHBIM HabOpoM BEKTOPOB. MOXXHO OIIPEAEAUTH CUCTEMY 0OPA3YIOIIUX
7 B CAydae OeCKOHEYHOr0o Habopa BEKTOPOB: IIOAMHOMKECTBO S & V Ha3BIBAETCSI CUCTEMOI 00pa3ytoLmx
IIPOCTPAHCTBA V, €CAU €ro AWHelHast 060A0YKa COBIAAAET C V.

ITpumepv. 6.3.4. 1. TIpocrpancTBo cTOAGOIOB k™ KOHeYHOMEPHO. AefiCTBUTEABHO, 0O03HAYUM
yepe3s e; € K™ cToabel], y KOTOporo B i-0i#f mo3uIiuy CTouT 1, a B ocTaabHEIX — 0. HeTpyano
IIPOBEPUTH, YTO BEKTOPEHI €4, ..., €, IOPOXKAAIOT K™.

2. IIpocTpaHCcTBO MHOrOYAEHOB k[Xx| Haa moneM kK He SIBASIETCS KOHEYHOMEPHBIM. A\eACTBUTEAD-
HO, IPEAIIOAOKKM, UTO OHO IIOPOYKAAETCS HEKOTOPHIM KOHEYHBIM HAOOPOM MHOTOYAEHOB.
[IycTs m — HauboOABIIAS U3 CTEIEHEH 3TUX MHOTOYAEHOB. TorAa BCce AMHENHBEIE KOMOMHAIAN
SAEMEHTOB Halllero Habopa SBASIOTCS MHOTOYAEHAMU CTEIIEHU HE BHIIIE M, X IIOTOMY UX
MHO>KECTBO He COBIIAAAET CO BCEM IIPOCTPAHCTBOM K[x|.

Onpepenenune 6.3.5. [IpocTpaHCTBO, HE SIBASIONIEECS KOHEYHOMEPHLIM, HA3EIBAETCsI 6€CKOHEYHOMEPHbIM.
[To ompeaeA€eHUIO 3TO 03HAYAET, YTO HUKAKOU KOHEUHBIN HaOOP SAEMEHTOB 3TOr'O IPOCTPAHCTBA HE
IIOPO>KAQET ETO.

[Iyctb vy, ..., vy € V, muycTb v € vy, ...,V ). [lo OIIpeAEAEHNUIO 3TO 03HAYAET, YTO CYIIECTBYIOT
K03 DUINEHTE! A1, . . ., A, € K TaKHWe, YTOV = V1d;+- - - +V, Ay . 33A3AUMCST BOIIPOCOM: EAMHCTBEHEH
AU Takoi# Habop KoadpdurmenTos? Ilycts by, ..., b, € k — emme oauH HaboOp CKAASIPOB, AAS KOTOPOT'O

v =v;b; + -+ + v,b,,. Beruurast oAHO paBeHCTBO 3 Apyroro, moaydaeMm 0 = vi(b; —a;) + -+ +
Vn(bn—ay,). Mer 3anucanu 0 KakK ARHEHHYIO KOMOUHAIMIO BEKTOPOB V1, . . ., V. BCAY eAMHCTBEHHBIN
crocob CAeAaTh 3TO TpUBUAAEH (IOAOKUTH BCe K03pduumenTs paBHbIME 0), TO by = a; AAS BCEX
1, u mosToMy Hamr Habop Ko3pPUIMEHTOB A, . . ., d,, EANHCTBEHEH.

104



Onpepenenne 6.3.6. Habop BEKTOPOB Vi,...,V, € V HA3BLIBAETCS JINHENHO HE3aBUCUMbIM, ECAY U3
paBeHCTBa via; + -+ + vha, = 0 caepyeT, 9To a; = - -+ = A,,. Ha30BeM BEIpa’kKeHUE BUAA V1A +
-+ 4+ Vv, a, TPUBMANLHOW JINHENHON KOMOWHauMell, eCAM BCe ee KOI(DDUIMEHTEI PaBHEI HYAIO: 4; =

- = an,. Toraa BEKTOPEHI Vi,...,V, € V AUHEHHO HE3aBUCUMBIM €CAUM U TOABKO €CAM HUKAKas
UX HETPUBMAAbHAA AUHeWHass KOMOUHAIIUS He paBHA HYAIO. B TakoM BHAE OIpeAeseHUE YAODOHO
0606IIUTE Ha IPOU3BOABHOE (HE 06SI3aTEABHO KOHEYHOE ) MHOXKECTBO BEKTOPOB: IIOAMHOXECTBO S & V
HA30BEM JIMHENHO HE3ABUCUMBIM, ECAY U3 TOTO, YTO HEKOTOPAs AMHEWHAsT KOMOMHAIIWSI BEKTOPOB S
PaBHA HYAIO, CAEAYET, UTO BCE €€ KOIP(PUIIMEHTEI PABHEI HYAIO.

Onpepenenne 6.3.7. Habop BexTOpoB S € V, KOTOPEIA He A8AAEMCA AMHENHO HE3aBUCUMBIM, HA3HI-
BAETCSI JIMHENRHO 3aBUCUMbIM. [10 OIIpeAEAEHMIO 3TO 03HAYAET, UTO CYULECMBYEM HEKOTOPAS HETPU-
BHaAbHAS AMHEWHAsT KOMOMHAIIMSI BEKTOPOB U3 S, KOTOpPasi paBHA HYAI. TakuM obpasoM, Habop
Vi,...,Vn € V NUHEAHO 3aBUCUM, ECAX CYIIIECTBYIOT KO3(PPUIMEHTHI di,..., 0, € K, HE BCe U3
KOTOPBIX pPaBHEI HYAIO, TaKHe, 94TO Via; + -+ +vha, =0

SamevwaHue 6.3.8. Eile opHa moaesHas nepeopMyAUpPOBKa: HabOp BEKTOPOB AMHERHO 3aBUCKUM
TOrAQ ¥ TOABKO TOIAQ, KOT'AQ HEKOTOPBIA BEKTOD M3 HETO BLIPAYKAETCS YePE3 OCTaAbHEIE (TO eCTh,
AEKUT B AUHEHHOH 060NOUKE OCTAABHEIX). AeHCTBUTEABHO, €CAY HAbOp S AMHENHO 3aBUCUM, TO
CYILIECTBYET HETPUBHAABHAS AWHEWHAS 3aBUCUMOCTE BUAQA Vi1d; + - - - + V@, = 0. HeTpuBmaarbHOCTD
O3HAYaET, YTO HEKOTOPHIHA €€ KO3(P(PUIIMEHT OTAUYEH OT HYAS, 6e3 OrpaHUYeHNsT OOITHOCTHA MOXKHO
CYUTaTh, 4TO a; # 0. Ho Toraa v; = —g—fvz — = %vn. ObpaTHOe CAEACTBHE OYEBUAHO. YIIpa>kHe-
HUe: IIPOBEPBTE, UTO HaIa IIepedOpPMyANPOBKa paboTaeT m AASI «BBIPOKAEHHBIXY CAyYaeB HabOOpPOB
7“3 OAHOT'O BEKTOPA.

Samevarue 6.3.9. Paccyxaenue nepep onpeaeneHueM 6.3.6 mokasbIBaeT, YTO Habop Vi, ..., Vn
AVHeHHO He3aBUCKHM TOTAA ¥ TOABKO TOTAA, KOTAA V Ka>XAOTO BEKTOpPA U3 AMHENHON 060A0UKU
{V1,...,Vn) ECTH TOABKO OAHO IIPDEACTABAEHUE B BUAE AUHEHHON KOMOMHAIUY BEKTOPOB Vi, . .., Vy.
AnanoruyHo, AVHENHAsT HE3aBUCUMOCTDH IIPOM3BOABHOI'O IIOAMHOXKECTBa S C V O3HavaeT, 4ToO y
Ka>KAOT'0 BEKTOpa U3 AUHEHHO! 060A0uKY (S) €CTh TOABKO OAHO IPEACTABAEHUE B BUAE AMHEHHOM
KOMOMHAIIMY BEKTOPOB U3 S.

ITpumepw, 6.3.10. 1. Habop u3 Tpex BEKTOPOB € k* AuHeltHO HesaBuCHM. eii-

o O O -
O = O O
— O O O

a;
CTBUTEABHO, UX AMHEHHasT KOMOMHAIMS ¢ KO3 dulimeHTaMu dj, d,, Az pPaBHA , 1 U3
as

as
PaBEHCTBa HYAIO 3TOI'0 BEKTOpPA CAEAYET, UYTO A; = Oy = 3.

2. IlycTb N — Ipom3BOALHOE HaTypaAbHOE YHCAO. Toraa Habop 1,x,x?, ..., X" AuHeltHO He3aBH-
CHM B IIPOCTPAHCTBe MHOro4AeHOB K[x| (ympakuenue!). Boaee Toro, beckoHEUHOE MHOMKECTBO
{1,%x,%%,...,x",...} AunHeliHo He3aBUCUMO B K[X].
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3. Amoboe MHOKECTBO BEKTOPOB, COAEPFKAIIIEE HYAEBOM BEKTOP, AMHENHO 3aBUCUMO.
4. Habop m3 0AHOTO BEKTOPA V € V AMHENHO HE3ABUCKM TOTAA ¥ TOABKO TOTAQ, Korpaa v # 0.

5. Habop u3 AByX BEKTOPOB U,V € V AWHEWHO HE3aBUCKAM TOTAA ¥ TOABKO TOTAA, KOTAA HU OAVH
73 HUX HE IIOAYYAETCS U3 APYI'OrO YMHOXKEHHEM Ha CKaAsp (mogeMmy?).

Nemma 6.3.11. [Tycmv V — sexmoproe npocmparcmeo, X = Y € V. Ecau Y auHeUHO HE3a8UCU-
M0, mo u X auretHo Hedasucumo. Ecau X aunelino 3asucumo, mo u Y AuHelHO 3a8UCUMO.

Aoxaszamenvcmeo. OUeBUAHO. [

Caepyromias AeMMa OKaXKETCSI YPe3BhIUaiHO moae3HoN. OHa yTBEP/KAAET, UYTO €CAY MMEETCS
AMHENHO 3aBUCUMEIA HAOOpP BEKTOPOB, B KOTOPOM IIEPBEIN BEKTOP OTAWYEH OT HYAS, TO OAWH U3
BEKTOPOB Habopa BHIPAKAETCSI UEPE3 IIPEABIAYIIVE; TOTAA €TI0 MOXXHO BEIODOCUTEH, HE M3MEHUB
AMHeHy0 obonrouky Habopa.

JNemma 6.3.12 (o Auneitnoit 3aBucuMocTn). [Iycms Habop (vi,...,Vn) 66KMOPO8 NPOCMPAHCMEA
V aunetino sasucum, u v; # 0. Tozda cywecmsyem undexc j € {2,...,n} makod, wmo

o v;e(Vy,...,Vj_1);

o (Vi,...,Vvn) =V, V), V).
Aoxazameavcmeo. Ilo ycroBuio HaipayTCsa ay, . . ., A, € k Takue, 9T0 v1a; + - - - +vya, = 0. IlycTh

j — HamboABIIMIA MHAEKC, AAST KoToporo a; # 0. Toraa

. a; aj;—1
Vi=—"V1— " — Vj-1,
aj aj
U IIEPBEIA IYHKT pAoKasaH. O4eBUAHO, 9TO (Vi,...,Vj,...,Vn) € {(V1,..., V). [IoKa>keM ob6paTHOE
BKAIOUeHEe. [IycTh U € <v1, ce ,vn>. OTO O3HAYaET, UYTO U = ViC; + -+ + V.Cn AAS HEKOTOPBIX
C1,...,Cn € K. 3aMEHNM B IIPaBOil JaCTX BEKTOP V;j Ha €ro BEIPA)KEHUE UEPE3 Vi, . . ., Vj_1; HOAYINM,
9YTO U €CTh AMHeHHAs KOMOUHAIMS BEKTOPOB Vi, ..., Vj, ..., Vy, 9T0 X TPeOOBAAOCE. O
Cnenctsue 6.3.13. [ITycmv Habop sekmopos Vi, ...,V, AUHEUHO He3asucum, u v € V. Habop
Vi« Vn,V AUHEUHO 3a68UCUM MO020a U MOABKO Mo20a, Ko20a Vv aexrcum 6 (Vi,...,Vn).
Aokazameavcmeo. Ecaum Habop vy, ..., V,,V AuHelHO 3aBUCKHM, TO (IO AeMMe 6.3.12) HEKOTOPEHIX
BEKTOP B HEM BBIPA’KAETCSI YEPE3 MIPEABIAYINUE. DTO HE MOXKET OBITH OAMH U3 Vi,...,V, B CHAY
AMHERHON HE3aBUCUMOCTH Vi, ..., Vn [

Caepyroliass TeopeMa UTPAeT KAIOYEBYIO POAL B U3YUEHUN AWHEHHO HE3aBUCUMBIX U IIOPOXKAAL0-
IIAX CUCTEM.

Teopema 6.3.14. B x0oHEUHOMEPHOM BEKMOPHOM MPOCMPAHCMEE KOAUMECTNEO SAEMEHMOE 8
N1060M NUHETHO HE3ABUCUMOM MHOHCECTNEE HE NMPESOCTOOUM KOAUMECTNEA SAEMEHIOE 6 NH0-
6om mopoorcoarowem mrootcecmee. UHbMU CAOBAMU, ECAU Ui, . .., Wy AUHETHO HE3A8UCUMDLE
gexmopv. npocmparcmea V, u (vy,...,vy )=V, mo m < n.
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Aoxazamenvcmeo. OnuimeM IPOIECC, Ha KAa’KAOM Iare KOTOPOI'O MBI 3aMEHSIEM OAVH BEKTOP
u3 {v;} Ha OAMH BeKTOp u3 {u;}. 3aMeTuM CHawaAa, YTO IPU ACDABAEHMH K Vi, ..., V, AKOOOrO
BEKTOPA MBI IIOAYYUM AMHENHO 3aBUCUMYIO CUCTeMy. B dacTHOCTH, Habop Ui, Vi, ..., Vy AKHERHO
3aBucuM. [Io nemMme 6.3.12 MBI MO’KEM BBIKMHYTH X3 3TOrO Habopa OAMH M3 BEKTOPOB Vi, ..., Vn
(craskeM, Vj) Tak, YTO OCTABIINECS] BEKTOPEHI BCe elre 6yAyT mopoxkaaTh V. MEl moaydmAn Habop
BHMAQ U1, V1,...,V5,. .., Vn, HopoxKAazomuit V. CHOBa 3aMeTHM, 4TO IpY AOOaBAEHUU K HEMY A06Oro
BEKTOPA MBI IOAYYIMM AMHENHO 3aBUCUMYIO CHCTeMy. B 9acTHOCTH, cucTeMa Ug, Uz, V1, ..., V5, .., Vn
AUHelHO 3aBucuMa. [Io remme 6.3.12 KaKOH-TO BEKTOP B HEW BBEIPAXKAETCS YEPE3 IIPEABIAVIIUE.
[ToHsTHO, YTO 3TO HE Uy: 3TO OBl 03HAYAAO, UTO U, Uy AMHENHO 3aBUCKMEI. 3HAYUT, 3TO OAUH U3
vi. Aemma 6.3.12 yTBEP>KAAET, YTO €TI0 MOKHO BEIOPOCUTH, ¥ OCTABIIMECS BEKTOPHL BCE €lle O6yAyT
IIOPOXXAATH V.

Teneps sICHO, YTO MBI MOXXEM IIPOAOAIKATE ITOT IIPOLIECC: Ha 1-OM IIare y Hac eCTh IOPOXKAAIOIITUH
Habop Ui,...,Ui—1,Vj,,... AAMHBEI 1. NobaBUM K HEMY BEKTOD Ui, IIOMECTHUB €rO IIOCAE Ui_1, U
IOAYYIMM AMHEHHO 3aBUCUMEIR Habop Ui,...,Ui,Vj,,.... Ilo AeMMe 6.3.12 HEKOTOPEI# BEKTOP 13
aToro Habopa BBIpa’kaeTCs dYepe3 IPEeABbIAYIINE. DTO HE MOXKET OBITH OAMH U3 BEKTOPOB U, ...,U; B
CUAY AMHEWHOU HE3aBUCUMOCTHK Habopa Uy, ..., Uy, . [[03TOMYy 3T0 OAWH U3 V;; ET0 MOKHO BEIOPOCHTH
U AUHeWHass obonroduKka Habopa He M3MEHUTCS.

3aMeTHM TeNepb, 9TO Ha Ka’XAOM IIare MBI 3aMEHSI€M OAMH BEKTOP M3 Vi Ha OAWH BEKTOP U3 ;.
Ecau >xe m > n, 3TO 03HAYAET, YTO IIOCAE M-TO ITara MBI IOAYYUAY IIOPOKAAOINUYE Habop BrAA

U, ..., U,. AOBABASIS BEKTOP Uy, 1 MBI AOAIKHEI IIOAYYUTH AMHENHO 3aBUCUMBIN HAabOOP, KOTOPLIHA B
TO JKe BPEMSI SIBASIETCSI IIOAMHOMKECTBOM AMHENHO HE3aBUCUMOI'O Habopa Uy, . . ., Uy, YETO HE MOXKET
OBITD. O]

Mpeanoxenue 6.3.15. Nrwboe noonpocmparHcmeo KOHEYHOMEPHO20 8KMOPHO20 NPOCMPAHCMEA
KOHEUHOMEDPHO.

Aoxaszameavcmeo. [lycts V — roreuHOMepHOE IpocTparcTBo, U < V. [locTpouM 1enouky BEKTO-
POB Vi, Va, ... CAEAYIOIIEM 0O6pa3oM. 3aMeTUM AAS Hadara, uTo ecau U = {0}, To U KoHEUHOMEDHO
7 AOKa3bBaTh Hedero. Hcam >xe U # {0}, BeibepeMm HenyaeBoi BekTop v; € U. O4eBHAHO, 4TO
(v1) € U. Ecaux #a camoMm pene (vi) = U, To AOKa3aTeABCTBO OKOHYEHO. VHade MOXXHO BHIOPATH
v, € U Tak, 94T0 vy ¢ (v;). Teneps MbI HOAYYIUAT HAOOD Vi, Vq, 4 (v1,V2)  U. IIpopoaskuM mporecc:
Ha i-OM Imare y Hac ecTb Habop Vi, ..., Vi ; Takoi, 94To {(vi,...,vi 1) € U. Ecau Ha camom pene
“MeEeT MeCTO PaBeHCTBO, TO U KoHEYHOMEpPHO, 4TO M TpeboBarock. Hcau HeT — BhIbepem v; € U
TaK, 4T0 Vi ¢ (V1,...,Vi_1). 3aMETUM, 9TO Ha Ka’KAOM IIare MbI IOAYIaeM AMHEHNHO HE3aBUCUMEBIN
Habop. AelCTBUTEABHO, ECAM BEKTOPEL Vi, . .., Vi AUHENHO 3aBUCUMEI, TO II0 AeMMe 6.3.12 KaKo#-To
73 HUX BBIPa’KAETCsI Yepe3 IIPEeABbIAYIINE, YTO HEBO3MOKHO B CHAY BhIOOpa Ka*kporo BekTopa. Ho
o TeopeMe 6.3.14 AAWHA STOrO AVMHENHO He3aBUCHMOIO Habopa BEKTOPOB IIPOCTPaHCTBA V He
IIPEBOCXOAUT KOAMYECTBA SAEMEHTOB B HEKOTOPOM (KOHEYHOM ) IIOPOKAAIOIIEM MHOXKECTBE (KOTOPOE
CYIIECTBYET IO IPEAIOAOKEHNIO TEOPEMEL ). I109TOMY ONUCAHHEIN IPOIECC HE MOYKET IIPOAOASKATECS
HeckoHETHO. [
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6.4 bBa3uc

AUTEPATVPA: [F], ra. XII, § 1, m. 2; [K2], ra. 1, § 2, m. 1-2; [KM], 4. 1, § 2; [vdW], ra. 4, § 20.

Onpepenenue 6.4.1. TIycTs V — BEKTOPHOE IPOCTPAHCTBO Hah noAeM k. Habop BEKTOPOB Ha3BIBAETCS
6a3ncom mpocTpaHCTBa V, €CAM OH OAHOBPEMEHHO AMHEWHO HE3aBUCKM M IIOPOXXAAET V.

HedopmanbHO roBOPSI, AMHENHO HE3ABUCUMbBIE HADOPEI BEKTOPOB OYEHD «MAaAEHBKUEY, a CUCTEMBI
obpazyromux — «boabmuey. Ha CTEIKe 3TUX ABYX IIAOXO COBMECTHMBIX CBOMCTB BO3HUKAET IIOHSTUE
6asuca. Ceitgac MBI CHOPMYAUPYEM U AOKAIKEM HECKOABKO SKBUBANAEHTHBIX II€PEPOPMYAUPOBOK
IIOHSITUSI basuca.

Teopema 6.4.2. [ToomHoorcecmeo B < V sasasemcs basucom moz20a u moavko moeda, koz0a
210601 sexkmop V npedcmasasemca 8 sude AuHeUHOU KomMbuHAUUY saemermos u3 B, npuvem
eOuHCMBEHHBIM 06PA30M.

Aoxaszamenvcmeo. Ecam B — basuc, TO IO OIPEAEAEHUIO CUCTEMEL 06pa3yomuX A0O0M BEKTOD U3
V mpeACTaBASIETCS B BUAE AMHEHHOM KoMOMHAIMM sAeMeHTOB u3 B. EcAu TakuxX IpeACTaBAEHUST §
BeKTOpa vV € V ABa, HAIPUMEP, W;4; + -+ + Undpy =V = Ub; + -+ - + U by, AASI HEKOTOPBIX U4 € B,
ai,bi ek, Tous(a; —by) + -+ up(an — by) =0, ¥ U3 AUHeNHOK He3aBUCUMOCTH B CAeAyeT, UTO
BCe KO3(PUIIMEHTEI B 3TOM AMHENHOM KoMbuHanuy paBHEL 0, OTKyAd a; = by AAS BCeX i, M Ha
caMoOM A€eA€ ABa IIPEACTABAEHUS BEKTOPA V COBIIAAAIOT.

O6paTtHo, ecAam AI0DOO# BEeKTOP V IPEACTABASIETCS B BUAE AMHEWNHON KOMOMHAIIMY SAEMEHTOB U3
B epMHCTBEHHBEIM 0b6pa3oM, TO B sIBASIETCS CHCTEMOM 0OPA3yIOMINX, M €CAM OHA AMHENHO 3aBUCUMA,
TO UMEETCSI HETPUBUAADbHASA AMHEWHAsT KOMOMHAIASA Vid; + - +Vnap =0=v; -0+ -+ v, - 0.
MEI HOAYy9IMAY ABa PASAUTIHBIX IPEACTABAEHUS OAHOTO BeKTopa 0 € V (OHM Pa3sAKWYHEI, TOCKOABKY
He BCE (i PABHBI HYAIO) — IPOTUBOPEIUE. ]

Teopema 6.4.3. 13 210601 KoHewHOU cucmemd, 06pa3yroOUWUT Npocmparcmea V MoHCHO 8blbpamos
basuc.

Aoxaszameavcmeso. Ilyctb vy, ..., Vv, — cucteMa obpazyromux npoctpanctsa V. Ceifuac MBI BbI-
bpocuM 13 Hee HEKOTOPBIE BEKTOPBI TaK, YTOOBI OHa cTana H6asmucoMm V. A MMEHHO, IOCAEAOBATEABHO
AT ) =1,2,..., M, MBI BEIBPOCKM Vj, €CAZ Vj € (V1,...,Vj_1). 3aMeTuM, ITO IPH Ka’XKAOM BhIOpa-
CBLIBAaHUM AMHENHAasT 060A0YKa BEKTOPOB HE MEHSETCSI, IIOCKOABKY MBI BEIOpDACEIBAEM TOALKO TaKuUe
BEKTOPHI, KOTOPLIE BEIPAKAIOTCSA depe3 IpeAbiayinue. [[okakeM, 9TO IOAYUEHHBI! B UTOre Habop
BEKTOPOB AMHENHO He3aBUCUM. ECAM OH AWHEWHO 3aBUCHM, TO IIO0 AeMMe 6.3.12 TaMm HalipeTcs
BEKTODP, A€KAIUYA B AMHEAHON 0OONOYUKE IMPEABIAYIINX; HO TAaKOW BEKTOP OBIA OBl BEHIKMHYT B
IIporiecce. 3aMeTuM, 4To AeMMY 6.3.12 MO>XHO IPUMEHUTDL, IIOCKOABKY IIEPBLIM BEKTOP B HAIlEM
Habope 0b6s13aH GBITH HEHYAEBBIM: AMHENHAST 060A0UKa IIycToro Habopa paBHa {0}. [

Cnencteue 6.4.4. B a1060M KOHEHYHOMEDPHOM NpocmpaHcmee ecms b6a3uc.

Aoxaszamenvcmeo. Ilo onpepeneHNIO, B KOHEYHOMEPHOM IIPOCTPAHCTBE €CTh KOHEYHAsI CUCTEMA
obpasyromux. [To Teopeme 6.4.3 U3 Hee MOKHO BEIOpaTh bOaswuc. O
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Samevarue 6.4.5. Ha camom pene, 6asmc ecTb B AI0OOM IIPOCTPAHCTBE, AAKe HECKOHEYHOMEDPHOM.
A OKa3aTeAbCTBO 3TOr0 paKTa, OAHAKO, TPeOYET TOHKOTO PACCYKAEHUS C UCIIOAB30BAHUEM AKCUOMDL
evlbopa (cM. 3amedanue 1.3.7 B HEAPaX AOKa3aTEAbCTBA TEOPEME! 1.3.6), IO3TOMY MBI BO3AEPIKUMCSI
OT HEro. B HameMm Kypce pedb 6YAET BECTUCH TOABKO O KOHEYHOMEPHEIX IIPOCTPAHCTBAX; (DOPMYAU-
POBKHU AAA 6€CKOH€‘IHOMeprIX IIPOCTPAHCTB MBI IIPDUBOAYM TOABKO TOI'Ad, KOTAd OHM B TOYHOCTHU
IIOBTOPSIIOT (POPMYAUPOBKY B KOHEYHOMEPHOM CAYUaE.

Caepyromias TeopeMa B HEKOTOPOM CMBICAE ABOMCTBEHHA TeopeMe 6.4.3.

Teopema 6.4.6. N10601 auHetiHO He3a8UCUMDBIT HAOOD B8EKMOPOE 8 KOHEUYHOMEDPHOM NPOCMPAH-
cmee ModHcHO Oonoarumbs 0o basuca.

Aoxaszameavcmeso. Ilycts uy, ..., U, — AUHEHHO HE3aBUCKUMAsi CUCTEMA BEKTOPOB IIPOCTPAHCTBA
V, ¥ myCTb Vi, ...,V — IPOM3BOABHASI IOPOKAAIONIAST CUCTEMA IPOCTPAHCTBA V (OHA CYILIECTBYET
II0 ONPEAEAEHUI0 KOHeYHOMepHOCTHZ). [TonroskuM anst Hadana B = {uy,...,Un,} ¥ OIpOAEAaEM
CAEAYIOIIYIO IIPOLEAYPY ITOCAEAOBATEABHO AASL j = 1,...,T.: €CAM BEKTOD V; HE AEKUT B AMHEHHO
obonroukre (B) mHORecTBa B, To pobaBUM ero K B; a €CAM AEKUT — IPOIMYCTUM. 3aMeTHM, UTO
IIOCAE KaXKAOT'0 TaKOTo Iara MHOXXeCTBO B Bce elre AuHe#HO He3aBucuMO (caepcTBre 6.3.13). [Tocae
N-To Imara MBIl IOAYYZM, 9TO Kad#cObil U3 BEKTOPOB Vi, . .., V, AeXuT B (B). Ho Toraa u armoboi
BEKTOP, BBIPAKAIONIUIACS IePe3 Vy, . . ., Vy, AKUT B (B). [Tostomy (B) = V. O

B rauecTBe nmpuMeHEHUS TeOpeMEI 6.4.6 IPUBEAEM CAEAYIOMIUY ITOAE3HBIY PE3yABTAT.

Mpeanoxenue 6.4.7. ITycmv V — xoneuwnomepHroe npocmparcmeo, U < V. Tozda cywecmsyem
noonpocmparcmeo W <V maxkoe, wmo UPW = V.

Aoxaszamenvcmeo. [lo npepnroxxenuto 6.3.15 mpoctpancTBo U xornewnoMmepHo. IIo caepcTBuIO 6.4.4
B HEM eCTb Hasmc, CKakeM, Ui, ...,U,,. CucTeMa BEKTOPOB Ui,...,U,; B IIPOCTPAHCTBE V AHU-
HENHO He3aBUCHUMaA, II0 TeopeMe 6.4.6 ee MOKHO AOIOAHUTBL A0 6a3zmca. DTOT Oa3mC MMEET BUA
U, ...y Um, Wi, ..., W, AASI HEKOTOPBIX BEKTOPOB Wi, ..., Wy € V. IIyctb W = (wy, ..., w,, ). [loka-
xeM, uTo U P W = V. Ilo npepnrosxeruio 6.2.10 AAST 9TOTO AOCTATOYHO IPOBEPUTH, 4To U+ W =V
zlUnW={0}

[Torka>xem cHagana, aTo U+ W = V. IlycTh v € V; IOCKOABKY Uy, . .., Um, W1, ..., W, — 6asuc V,
MOXKHO 3alucaTh V = W10y + -+ + Uy A + W1by + - - + W, b,y AAST HEKOTOPBIX CKaAsIPOB aj, b; € K.
Obo3HayuM U = W 4; + -+ + Uy Qm, W = Wby + -+ + W, b,y; Toraa v = u + w, npudem u € U,
weWwW.

IIycte Temeps v e U N W. Toraa CymecTByIOT CKaAsIpHL i, bj € k Takue, 9To v = w;a; + -+ - +
UmQm = Wiby + -+ +wy by, Ho Torpa wia; + -+ - + unayy — wiby — - —w, by = 0 — AunHeltnas
KoMOMHAIWMsI, paBHAs HYAI. /3 AMHEHHON HE3aBUCUMOCTH HaIllero Habopa CAEAyeT, YTO BCE ee
K03 PUIIMEHTHI PaBHEL HYAIO, a moToMy # v = 0. [

6.5 Pa3mepHocTb

AUTEPATVPA: [F], ra. XII, § 1, m. 2; [K2], ra. 1, § 2, m. 1-2; [KM], 4. 1, § 2; [vdW], ra. 4, § 19.
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MBI TOBOPHAK O KOHEUYHOMEPHBIT TIPOCTPAHCTBAX, HE 3HASI, YTO TAKOE PA3MEPHOCMDb. Kak xe
OIIPEAEAUTH PA3MEPHOCTL BEKTOPHOT'O HIPOCTPaHCTBAa? HTYUTHBHO IOHSITHO, YTO PAa3sMEPHOCTD
IIPOCTpPAHCTBA CTOADOIIOB k™ AOAKHA PAaBHSITBCA M. 3aMETHUM, YTO CTOADITHI

1 0 0
0 1 0
0 0 1

obpasyioT 6azuc B k™. [loaToMy X04eTCs OIPEAEAUTE PA3MEPHOCTD IIPOCTPAHCTBA V KaK KOAUIECTBO
aaeMeHTOB B 6a3uce V. Ho Bo3ruKaer npobarema: B xaxom basuce? KoHeuHOMEPHOE IIPOCTPAHCTBO
V MO’XeT “MeTh MHOT'O Pa3sAMYHBIX 6a31COB, U MOTAO OBI OKA3aThCs, YTO ¥ HETO €CTh HA3UCHl pa3HOi
AAMHBL. CAeAyIOIast TeopeMa YTBEP>KAAET, YTO STOI'O HE IIPOUCXOAUT.

Teopema 6.5.1. [Tycmv V — koHnewHomepHoe sexmoproe npocmparcmeo. B arobwvixr 0syr basucax
V noposHy ssemermos.

Aokazamenvcmeo. Ilycts By, B, — pBa [koHeuHbIX| 6a3uca V. Toraa B; — AMHEHHO He3aBUCUMAsI
cucTeMa, a By — IOPOKAAIOIIAST CUCTEMA; IO TeopeMe 6.3.14 KOAMIECTBO SIAEMEHTOB B B, He OOABIIE,
yeM B B,. C aApyroit cTopoHEl, B, — ANHEHHO He3aBUCHMASI CUCTEMA, a B — IOPOKAAIOIIAS, IIOSTOMY
KOAMYECTBO IAEMEHTOB B B, He 6oabire, yeM B B;. [TosaToMy B HEUX IIOPOBHY 3AEMEHTOB. O

Onpegenenue 6.5.2. TIycTs V — KOHEYHOMEDPHOE BEKTOPHOE IIPOCTPAHCTBO Hap, moaeM k. KoamgecTBo
9AEMEHTOB B AIOOOM €ro 6asumce Ha3bIBAETCSI Pa3MEPHOCTLIO IIPOCTPAHCTBA V U 0603HAYAETCS YeEpEe3
dimy V umam nmpocto depes dim V. Ecam >xe B V HeT KoHeYHOM cucTeMbl 06pas3yomux, To A0b60#k
6asuc V copepXUT OGECKOHEYHOE YMCAO IAEMEHTOB; B 3TOM CAydae MBI numeM dimy V = o u
TOBOPHKM, UTO IIPOCTPAHCTBO V 6ECKOHEYHOMEPHO.

Mpepnoxenune 6.5.3. ITycmv V — xoHeuHomeproe sexmoproe npocmparcmseo Had k u U < V.
Toz0a dimy U < dimy V. Bosaee mozo, dimy U = dimy V mozda u moavxo mozoa, xozda U = V.

Aoxaszameavcmeo. Ilycts n = dimy V u B — mexoTopsrit 6asuc U. 3ameTruMm, uTo B — AvHEHHO
HE3aBUCKUMAsl CUCTEMA BEKTOPOB B IpocTpaHcTBe V. ITo Teopeme 6.4.6 ee MOYKHO AOIIOAHUTEH AO
6asuca V. 3uauut, |B| = dimy U He npeBocxopuT pasmepHOCTH V.

Ecam npu stom dimy, U = dimy V, To 3T0 AOIIOAHEHKE AOAXKHO OBITH TOr'O >K€ pa3Mepa, UTO
1 caMO MHO>XeCcTBO B. ODTo o3HayaeT, 4To B sIBAsIeTCS 6a3MCOM BCETr'O IIPOCTPAHCTBA V, 3HAYMT,
U = (B) = V. Obparaoe oueBupHo: ecaum U =V, To dimy U = dimy V. O

[TpeacTaBUM, 9TO IEPeA HAMU [KOHEUHBIN]| HabOp BEKTOPOB IpoCcTpaHCcTBa V. Kak mokasarh, 4To
oH obpazyeT 6a3uc? Mo>XKHO AEHCTBOBATDL IIO OIIPEAEAEHUIO U IIPOBEPUTH ABa PaKTa:

e 3TOT Habop AVWHEHHO HE3aBUCUM;

e 5TOT Habop mopoxpaer V.
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OxasbiBaercst, u3 TeopeM 6.4.3 u 6.4.6 (BMecTe ¢ TeopeMoit 6.5.1) CAeAyeET, YTO IPOBEPKY AOHOrO
OAHOTO U3 3TUX IIYHKTOB MOXXHO OIIYCTUTBL, ECAM MBI y>X€ 3HAEM, YTO B HallleM Habope HY>XKHOe
KOAMYECTBO 9AEMEHTOB: CTOABKO, KaKOBa Pa3sMEPHOCTh IIpocTpaHcTBa V. PasyMmeercsi, aAnsi 3TOTO
MBI AOAJKHEBI 3apaHee 3HATh 3Ty Pa3MEPHOCTE.

Mpeanoxenue 6.5.4. [Tycmv V — KonewHomepHoe sexmopHoe npocmparHcmeo. Arwbas cucmema
obpasyrowuz V daurs, dim(V) seasemcsa basucom V. Nwobas AuHeliHO HE3ABUCUMAR CUCTEMA
oaunve dim (V) asasemca basucom V.

Aoxaszameavcmeo. [lo Teopeme 6.4.3 u3 cucTeMbl 06pPa3yIOMIIX MOKHO BEIOpaTh 6a3uc. [lockoABKY
3TOT 6a3UC AOAXKEH UMeTh AAZHEY dim(V), Kak ¥ UCXOAHASI CHCTEMA, TO OHA CaMa SIBASIETCSI 6a3uCcoM.
Ananorrymso, o teopeMme 6.4.6 AOOYIO AMHERHO HE3ABUCKMYIO CHCTEMY MOXXKHO AOIOAHUTH AO
6a3uca. [IocKOABKY B HEll y>Ke CTOABKO K€ SAEMEHTOB, CKOABKO B AtoboM basuce, 3TO AOIOAHEHTE
AOATKHO OBITH IIYCTBIM. SHAYUT, OHA CaMa SIBASIETCS 6a3mCcoM. [

Caeayiomasi TeOpeMa BBIPAXKAET PA3MEPHOCTHL CYMMEL IIOAIIPOCTPAHCTB YEPE3 PA3MEPHOCTHU
CcaMUX IIOAIIPOCTPAHCTB U UX IIEPECEUEHUS.

Teopema 6.5.5 (I'paccmana). ITycmos Up, Uy < V. Toz0a
dim(U; + Uy) = dim(U; ) + dim(U;) — dim(U; n Us).

Aokazameavcmeo. Ilycts {uy,..., Uy} — mpousBoabHELH 6a3zuc npocTparcrsa U; N U, (7, Takum
obpasom, m = dim(U; n U,). Cucrema {uy,...,u,,} AUHEHHO He3aBUCKMa KaK HabOp BEKTOPOB
B U;, ¥ II03TOMY ee MOXXHO AOIOAHUTH A0 6asuca: IycTb {uj,...,Um,V; ...,V} — 6asuc U;.
Ananormuno, cucrema {ug,..., W, } AUHe#HO He3aBUCUMA KaK Habop BekTopoB B U,, u mosToMy ee
MOYKHO AONIOAHUTB A0 6asuca mpocrparcTBa Us: mycTs {ug,...,Un, Ws,..., Wy} — 3T0T Ha3uc.

[Toxrarkem, uTo Habop B = {uUy,...,Um, V1, .., VI, W1,..., W, } IBAsIeTCsT 6a3UCOM IPOCTPAHCTBA
U; + U,. 910 cucrema obpa3yromux: AEHCTBUTEABHO, Af0boi BeKTOp B U; + U, IO ompeaeseHUTIO
eCcTb cyMMa BekTopa u3 U; u BekTopa u3 U,, ¥ Ka>KALIA U3 3TUX ABYX BEKTOPOB €CTH AMHEHHAST
KoMbuHarust BekTopoB u3 B. ITosromy (B) copepxxut U; + Us; ¢ APyro#f CTOPOHBI, BCe BEKTOPEI U3
B aexar B U; + Uy, mosTomy Ha camoM Aene (B) = U; + U,.

OcTanoch IPOBEPUTD, YTO MHOXKECTBO B AMHENHO HE3ABUCUMO. [IPEATIONOKHUM, UTO Widq + - - - +
UmQm + Viby + -+ - + Vb + Wicy + - + wycp = 0. [lepenuiiem 3To paBeHCTBO:

WwiC1 + - +WnCn = —U3a; — -+ — UGy — V1by — - - — v by.

3aMeTuM, 4TO AeBas 9acTb AeKUT B U,, a mpaBas Aexxut B U;. [TosTromy wici+- - -+wncn € Uy nlUs.
Mz 3uaem 6asuc B U; N Uy — aTo {uy,...,uy}. [losTomy

wicy + - +Wncn = wd; + - + U dy,.

Ho =Habop BeKTOPOB {uy, ..., Um, Wy, ..., Wy} AUHEHHO HE3aBUCUM; IIO9TOMY U3 IIOCAEAHETO DPaBeH-
CTBa CAEAYET, UTO Bce KO3 durneHTs! B HeM paBHEL 0. B wacTHOCTH, ¢; = - -+ = ¢, = 0. [ToaTomy
Hallla MCXOAHAsI AMHENHAS 3aBUCUMOCTb UMEET BUA,

Uag + -+ + Uy @y +v1bg +--- +viby = 0.
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Ho mabop {uy,...,WUmn,V1,...,V} TaKKe AUHEHHO HE3ABUCUM, U IMOTOMY O; = -+ = Oy = Vi =
.-+ = v = 0; 3HAYNUT, UCXOAHASI AMHEHHAasT KOMOUHAIIMST TPUBMAAbHA, YTO X TPEHOBAAOCE. ]

Cneacrsue 6.5.6. Ecau V = U; @ Uy, mo dim(V) = dim(U;) + dim(U,).
Aoxaszameavcmeo. OgeBUAHO. [

Mpennoxenue 6.5.7. Ilycmv npocmparcmeo V konewHomepro, u Ui, ..., U, — ezo nodnpo-
cmparcmea maxue, wmo V = U; + -+ + Uy, w dim(V) = dim(U;) + -+ + dim(U,,). Toz0a
V=W  ®Uy.

Aokaszamenvcmeo. BribepeM 6asuc B KaxkaoM nopnpocTparcTBe U;. ObbepuHenne 3TUX 6a31COB
SIBASIETCSI IIOPO’KAQIOLIEH CHCTeMO# BEKTOPOB B V (IOCKOABKY V siBasieTcst cymmoit U;), a ux
KOAMYECTBO pPaBHO pasmepHocTu V. [Io mpeanrosxenuio 6.5.4 370 obbepnHEHUE SIBASIETCS HasucoM
B V. ObozHauuM ero uepe3 B. [To ompeaeseHNIO IPSIMORE CYMMBI HaM HY’XHO AOKa3aTb, YTO €CAU
0=1u; + 4+ Uy AN HEKOTOPHIX Ui € Ui, TO Uy = -+ = U,y = 0. PaznokuMm Ka>kABI BEKTOP
u; o BrIbparHOMY Haszmcy mpocTpancTBa U; — MBI HOAYYXM HEKOTOPYIO AMHENHYIO KOMOWHAITAIO
aAeMeHTOB basuca B. U3 ee paBeHCTBa HYAIO CAEAYET, YTO BCE ee KOI(DDUIINEHTH PABHEL HYAIO, a
IIOTOMY ¥ BCE U PaBHLLI HYAIO, YTO U TPebOBAAOCE. [
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7 JluHeiHble oTobpaxkeHus

7.1 Tlepsble onpenenexnus
AUTEPATVPA: [F], ra. XII, § 4, m. 1.; [K2], 2. 2, § 1, m. 1; [KM], 4. 1, § 3, mm. 1, 2; [vdW], ra. IV, § 23.

Onpepenenue 7.1.1. Tlycte V, W — BekTOpHBIE IPOCTPaHCTBA Hap moaeM k. Otobpaxkerue T: V — W
Ha3BIBAETCS JIMHEWHBIM, ECAT

o T(u+v)=T(u) +T(v);
e T(va) =T(v)a prstBcex aek, ve V.

Wnoraa Bmecro T(v) Mbl 6yaem nucatb Tv. MHOXXeCTBO Bcex AUHENHBIX oTobparkeHuit u3 V B W MbL
byaem obosxavaTs uepes Hom(V, W). AuHeiiHOe 0TOOpasKeHNE YaCcTO HA3LIBAETCSI FOMOMOPHU3MOM
BEKTOPHEIX IIPOCTPAHCTB; OHO HA3bIBAETCS IHAOMOPdUu3mMom, ecaum U = V.

ITpumep 7.1.2. ObozrauuMm gepe3 0 oTobpa>keHue, KOTOpPoe A06o# BeKTOp v € V mepeBoput B 0 € W;
TO ecTh, 0(v) = 0 pAnst Bcex v € V. HeTpyaHO BUAETD, YTO OHO AMHERHO, To ecTh, 0 € Hom(V, W).
ObpaTuTe BHUMAHUE, YTO MBI UCIIOAB3YEM TOT XK€ CUMBOA 0, YTO ¥ AAST 0DO3HAYEHUS HYAEBOI'O
dAEMEHTA IOAS K ¥ HYAEBBIX SAEMEHTOB B BEKTOPHLIX IIPOCTpaHcTBax V m W.

ITpumep 7.1.3. AAST Ka’KAOTO BEKTOPHOT'O IIPOCTPAHCTBA V MOXKHO PacCMOTPETH TOXKAECTBEH-
Hoe oTobpaxkenme idy: V — V. HeTpyaHO IpoBepUTH, YTO OH AMHENHO;, TakKuM obpasowm, idy €
Hom(V,W).

ITpumep 7.1.4. A\Ast IPOCTPAHCTBA MHOIOYAEHOB K[x| MOXXHO paccMoTpeTs oTobparkenue Jugpgpe-
peryuposarus T: kK[x] — Kk[x], comocTaBasitomee KaXxpoMy MHOrodAeHy f € K[x] ero mpousBoaHyio
f’. 9ro oTobpaskeHne AMHENHO, MOCKOABKY (f + )’ = f' + ¢’ u (fa)’ = f'a past Beex f,g € k[x] &
a € k (cM. npeanroxerue 4.5.6).

ITpumep 7.1.5. OTobparkeHuUe k[x] — k[x], YMHOXKAIOIIee Ka’KABIY MHOTOYAEH Ha X, SIBASIETCS
AVHENHBIM.

ITpumep 7.1.6. CHOBa PacCMOTPUM IIPOCTPAHCTBO MHOT'OYAEHOB K|X|, # mycTh ¢ € k — durcupo-
BaHHBIN 3AEMEHT OCHOBHOI'O IOAsi. PaccMoTpum orobparkenue ev.: k[x] — k, comocTaBasiormee
KakAoMy MHorouaeHny f € k[x| ero sHauenuwe B Touke c. VHEIME caoBamu, ev.(f) = f(c). Dro
oTobpa>keHne AMHENHO (CM. IpepnoskeHue 4.3.3); OHO HA3LIBAETCSI IBAOALMENA B TOUKE C.

ITpumep 7.1.7. Ilycts k = R; paccmoTpum oTobpaskerue T: R[x] — R, conmocraBasitomiee MHOrO-
uneny f € R[x]| 3sHaueHUe MHTErpana

T(f) = Ll f(x) dx.

W3 mpocTeitmux CBOMCTB OIPEAEAEHHOTO MHTEIPAaAd CAEAYET, YTO OToOpaskeHue | AMHENHO.

ITpumep 7.1.8. PaccMOTpHM IPOCTPaHCTBO HECKOHEUHEIX IOCAeAOBaTeAbHOCTEH “K. OTobpaskeHue
T: ®k — *k, comocTaBAsIOIIEe IOCAEAOBATEABHOCTH (X1, X2, . . . ) IOCAEAOBATEABHOCTD (X2, X3, - - . )
(c0suz 81€80) IBASIETCS AMHENHEIM.
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[Iycte T: V — W — aumHeliHOe oTOOpaskeHmWe, ¥ IyCTb Vi,...,V, — 0a3mc mpocTpancTBa V.
Ecam v € V, To MOKHO 3amucaTh vV = vid; + - - - + V. An AAS HEKOTOPHIX Ay, ..., 4, € K. Toraa us
ONpEAEAEHUST AMHERHOCTH CAEAYeT, 9To T(v) = T(v1)as+- - -+ T(vn)a,. DTo 03HadaeT, 9TO 3HAUEHNUE
T Ha ATOOOM BEKTOPE V IIOAHOCTBIO OIPEAEASIETCSI CBOMMY 3HaYeHUsiMU Ha 6asuce. Ob6paTHO, MOXKHO
3apaTh 3HaueHus | (vy),..., T(vy) € W npousgosvHvim 06pa3oM, X 0 3TUM AAHHBIM OAHO3HAYHO
BOCCTaHABAMBAETCSI EAMHCTBEHHOE AMHeWHOe oTobparkenue u3 V B W.

Teopema 7.1.9 (VHuBepcaabHOe cBoiicTBO 6asuca). [Tycms V,W — koHeuwHOMeEpHDIE 8EKMOPHDLE
npocmpaHcmsa, vi,...,vn — baszuc V, u nycmsv 3a0aHb. NPOU3BOALHBLE 8EKMODBL W1, . .., Wy €
W. Cywecmeyem edurcmeentoe auretinoe omobpascerue T: V — W maxoe, wmo T(v;) = w;
ons ecexi=1,...,n.

Aoxasamenvcmeo. BosbMeM BEKTOP V € V U Pa3AOKUM €r0 6A3UCY Vi, ..., Vn:V = Vidi+- - +V dy.
Ecauw T(vi) =w; pasti=1,...,n, T0

Tv) =T(via; + -+ +vnan)
=T(vi)as + -+ T(vn)an

=WwWia; + - +WnQn.

TaxuMm obpa3oM, 3HAUEHWE | Ha V OAHO3HAYHO OIPEAEAEHO (IIOCKOABKY KOI(DMUIMEHTEL A, . . ., Ap
OAHO3HAYHO OIIPEAEASIIOTCS BEKTOPOM V, CM. TeopeMy 6.4.2). DTO paccy’XKAeHUe paboTaeT AAS
IIPOM3BOABHOI'O BEKTOPA V € V, II09TOMY AMHEHHOe OTobpaskeHme |, YAOBAETBOPSIIOIIEE YCAOBUSIM
T(v{) = Wy, eAUHCTBEHHO.

O6bpaTtHo, ecau HaM AaH 6asuc {vi} B V u BEeKTOPHI {W;}, TO AASI IPOU3BOABHOI'O BEKTOPA
V=via;+- - +Vna, moroxuM T(v) = wia; +- - +w,a, (3T0 BEIpasKeHUE OIPEAEAEHO OAHO3HAYHO
1o TeopeMe 6.4.2). Mbl moayuuau orobparkerue T: V — W, ocTaaoch A0Ka3aTh, YTO OHO AKHENHO.
AeRCTBUTEABHO, IYCTh U,V € V, IPUYEM V = V141 + -+ + V0 T W = Vb + -+ + v, b,,. Toraa mo
HAIIIEMY OIPEAEAEHUIO (V) = wia;+- - +Wnay, T(U) = wib;+---+w,b,. CroxeHue BrIpa>keHuUt
AASI U ¥V ITOKasBIBaeT, 9To U+ Vv = vi(a; + by) + -+ + v (a, + by), u o onpeaeneruio T Toraa
T(u+v) =wi(a; +by) +- - +wp(ay + by). Herpyano Buaets Temeps, uro T(u+v) = T(u) + T(v).
Ecam, kpome Toro, a € k, To va = via;a + -+ + vpa,a, # moroMy T(va) = wja;a+ -+ wpana.
Jerko nposeputs, uro T(va) = T(v)a. O

7.2 Onepauun Hapg, NUHelHbIMKU 0TOOpaXKeHNAMY

AUTEPATVPA: [F], ra. XII, § 4, nm. 4-6; [K2], ra. 2, § 1, m. 1; § 2, mm. 1-2; [KM], @. 1, § 3; [vdW], ra. IV, § 23.

ITycts V, W — BekTOpHBIE IpocTpaHcTBa Hap k. OkasbiBaercsi, MHOXXecTBO Hom(V, W) Bcex
AMHEWHBIX oTObpa>keHuit u3 V B W ecTeCTBEHHBIM 00pa30oM CHAO>KAEeTCsI CTPYKTYPOH BEKTOPHOI'O
IPOCTPAHCTBa Hap K. UTOOBEI IPOAEMOHCTPUPOBATE 3TO, MBI AOAJKHBI OIPEAEAUTL HA HEM ABE
OIIEPAIIAM: CAOKEHVE U YMHOXXeHME Ha CKaAsp. [Iycts S, T: V — W — AuHeliHBIE 0TOOpa>KeHUSI.
Omnpepeanrm HoBoe oTobpaskerue S + T:V — W dopmynoit (S + T)(v) = S(v) + T(v) arst Bcex
v € V. HerpyaHo mpoBeputsb, uro orobpakenue S + T auneitno. [Tosromy anst S, T € Hom(V, W) met
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nocTpouar ux cyMMmy S + T € Hom(V, W). Ecau xxe S: V — W — aunelinoe orobpa>kerue, u a € Kk,
MOJKHO OIIPEAEAUTDH oTobparkenme Sa: V — W dopmyaoit (Sa)(v) = S(v)a. OTo orobpaskeHue
TaK>Ke AXHERHO, To ecThb, Sa € Hom(V, W).

Terepb MOXXHO IIPOBEPUTD, ITO BBEACHHEIE ONIEPAlNY A€HCTBUTEABHO IpeBpamatT Hom(V, W) B
BEKTOPHOE IPOCTPAHCTBO. POAB HYAEBOr'O 9AeMeHTa B HEM Ur'paeT HyAeBoe oTobpakerue 0: Hom(V, W).
AT TpuMepa IPOBEPUM OAHO YCAOBUE U3 OIIPEAEAEHUSI BEKTOPHOT'O IIPOCTPaHCTBa: IyCThb S, T €
Hom(V, W), a € k. Toraa Anst Bcex V € V BEIIOAHEHEI PaBEHCTBA

((S+Ta)(v) =

[TosTomy oTobparkerus (S + T)a, Sa + Ta us V B W coBmaparoT.

Bonaee Toro, HeKOTOpEIE AVHEHHEBIE OTOOPasKEHNST MOXKHO «IIepeMHOXaTby. [IycTs U, V, W — Bek-
TOPHBIE IIPOCTPAHCTBA Hap K. BospMmeMm auneitnbie oTobparkenus T € Hom(U, V) u S € Hom(V, W).
Toraa mMeeT CMBICA paccMaTpuBaTh ux KoMmmosmmuio S o T: U — W. OkasbiBaeTcsi, oTobpas>keHuEe
S o T Tak>xe siBAsieTCsT AMHEHHBEIM. AeficTBUTEABHO, HamoMHUM, 4T0 (S o T)(u) = S(T(u)) pnst Bcex
u € U no ompepeaeHno KoMmosunuu. IlosTomy

(SoT)(ur +uy) = S(T(ug +uyp))

(
(T(w1) + T(uz))
(T(w)) +S(T(uz))
S

( o T)(u1) + (S o T)(uz)

AAST BCeX Uy, Uy € U. Ecam xxe ue U, a € k, To

(SoT)(ua) = S(T(ua)) = S(T(w)a) = S(T(u))a = (SoT)(u)a.

3uauwut, So T € Hom(U, W). Bmecto S o T mer 6yaem wacTo nucats ST u BocnpuruMars ST Kak
npoussedeHue ANUHEHHBIX oTobpa>kenuit S u T.

3aMeTuM, YTO KOMIIO3UIWSI AMHENHBIX OTOOPasKeHU! aBTOMATHIECKH accolaTuBHa (IO Teo-
peme 1.3.1), To ecth, R(ST) = (RS)T Anst Tpex AMHERHBIX OTOOpa>keHUN TaKUX, UYTO YKa3aHHBIE
KOMIIO3UIIIY UMEIOT CMEICA. TOKAECTBEHHBIE OTOOPasKeHUsI AMHERHEI I UTPAIOT POAb HEATPAABHBIX
snemerToB: T idy = idw T past T € Hom(V, W). HakoHell, HeCAO’KHO IPOBEPUTD (YIPKHEHUE!), ITO
YMHO>KEHUE U CAOKEHNE AMHEHHEIX OTOOpakeHui 06AaAaI0T CBOACTBOM AUCTPUOYTUBHOCTH: €CAK
T, T, T, e Hom(U,V) u S, S;,S: € Hom(V,W) To (S; + S2)T = $;T + SoT u S(T; + T,) = ST, + ST,

KoHe4HO, IPOU3BEAEHNE AMHERHEIX OTOOpasKeHN HEKOMMYTaTUBHO: paBeHCTBO ST = TS He 06s-
3aHO BBIIOAHSTHCS, AQXKE ECAUM 00€ ero 4acTu uMeroT cMbicA. Hampuwmep, ecau T € Hom (k([x], k[x]) —
oTobpaskeHue AudDepeHITMPOBAHNST MHOTOUYAEHOB (cM. mpuMep 7.1.4), a S € Hom(k|[x], k[x]) — ymHO-
>xerre Ha x (cM. mpumep 7.1.5), To ((ST)(f))(x) = xf'(x), a ((TS)(f))(x) = (xf(x))" = xf'(x) + f(x).
Taxkum obpasom, ST — TS = idy[y
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7.3 $Spnpo n obpa3
AUTEPATVPA: [F], ra. XII, § 4, n. 1; [K2], ra. 2, § 1, oo 1, 3; [KM], @. 1, § 3.

Onpepenenne 7.3.1. Ilycte T € Hom(V,W) — auneitHoe oTobpa>kerue. Ero sapom HasbIBaeTcs
MHOJXECTBO BEKTOPOB, ITepexoasmux B 0 1moa AeficTBueM | :

Ker(T) ={ve V| T(v) =0}.

ITpumep 7.3.2. Ecau T € Hom(k[x], k[x]) — auddepenuuposanue (cm. npumep 7.1.4), To Ker(T) =
{f e k[x] | f = 0}. Ecau moae k umeer xaparTepuctury 0, To Ker(T) cocTOUT TOABKO X3 KOHCTAHT,
o ectb, Ker(T) = k € k[x] — opmoMepHOe mopmpocTparcTBo B k[x|. Ecam >xe chark = p, To
CYLIeCTBYIOT ¥ HEKOHCTAHTHBIE MHOro4YAeHH! f € k[x]| Takue, ¥To f' = 0. Hampumep, TaKoB MHOIOYAEH
xP, a moToMy ¥ Al0OO# MHOTOUAEH OT XP: AeficTBUTEABHO, obo3HawuM g(x) = xP, Toraa (f(g(x)))’ =
f'(g(x))-g’(x) = 0. Mosxuo nokasars (ynpaxxzerue!), aro Ker(T) B 3ToM cAydae B TOYHOCTH COCTOUT
13 MHOTOYAEHOB OT XP, TO €CTb, OT MHOTOYAEHOB BHAA Z?:o a;xP. Takum o6pasom, Ker(T) = k[xP]

B 9TOM CAyYae HeCKOHEYHOMEPHO.

ITpumep 7.3.3. Ilycts T € Hom (k([x], k[x]) — yMHO*eHMe Ha x (cM. mpumep 7.1.5). Toraa Ker(T) = 0.
Mpeanoxenune 7.3.4. Ecau T € Hom(V, W), mo Ker(T) sasasemca noonpocmparcmeom e V.

Aoxasamenvcmeo. Samerum, uro 1(0) = T(0 + 0) = T(0) + T(0), orryaa T(0) = 0. 3mauwur,
0 € Ker(T). Ecam u,v € Ker(T), To nmo ompepenermuto T(u) = T(v) = 0. Torpaa u T(u + v) =
T(u)+T(v) =0+0=0, To ectb, u+ v € Ker(T). Harorer, ecau u e Ker(T) m ae k, To T(u) =0
z T(ua) =T(u)a =0-a =0, orrkyaa ua € Ker(T). Brumeckasanzoe osnagaer, aro Ker(T) < V. [

Mpeanoxenune 7.3.5. ITycms T € Hom(V,W). Omobpaorcerue T unsexmuero mozda u moavko
moz0da, xozda Ker(T) = 0.

Aokazameavcmeo. [Ipepnoroxxum, uto T uaberTrBHO. MHOKecTBO Ker(T) cocTouT 13 Tex BEKTO-
POB V, AAsT KOTOPBIX T (V) = 0. Mer 3HaeMm, uTo T(0) = 0 ¥ U3 UHBEKTUBHOCTH CAEAYET, UTO APYIHUX
TaKUX BeKTOpoB HeT; nosroMmy Ker(T) = {0}.

O6bpatHo, npeanonrosxkuM, 94To Ker(T) = 0. AAs IPOBEPKU MHBEKTUBHOCTU BO3BMEM Vi, Vs € V
Takue, 970 | (v1) = T(v2) 1 mOKaXKeM, 9TO V; = V,. AeficTBUTEABHO, Torpa T(Vi—Vs) = T(v1)—T(v,) =
0, z moToMy Vv; — Vv, € Ker(T) = {0}, orkyaa v; — vy = 0, 9T0 u Tpe6OBAAOCE. O

Onpepenenne 7.3.6. IIycre T € Hom(V,W). Ero obpasom HasbiBaeTcs ero obpas Kak OOBIYHOrO
0TOOpPa’>kEHMsI, TO ECTb, MHOXXECTBO

Im(T) ={T(v) |ve V}.
Mpepnoxenune 7.3.7. Ecau T € Hom(V, W), mo Im(T) asasemcsa nodnpocmparcmeom e W.

Aokazameavcmeo. U3 pasercrsa T(0) = 0 caeayer, uro 0 € Im(T). Ecam wy,w, € Im(T), To
Ha#AyTCA Vi, Vs € V Takme, 9T0 T(vi) = wy 1 T(v2) = wy. Ho Toraa T(vi + va) = T(vy) 4+ T(vs) =
W1 + Wy, U IoToMy Wi + Wy € Im(T). Ecar w € Im(T), To T(v) = w aast Hekoroporo v € V. IlycTs
a € k; roraa T(va) = T(v)a = wa, u noromy wa € Im(T). ITo ompepenernto Toraa Im(T) < W. [
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Teopema 7.3.8 (O romomopduzme). ITycms V — xonewnomepHoe npocmparcmso, T € Hom(V, W) —
auretinoe omobpascerue. Tozda Im(T) sasanemca xKoHewHomepHviM nodnpocmparcmeom ¢ W

u, Kpome mozo,
dim(V) = dim(Ker(T)) + dim(Im(T)).

Aokazameavcmeo. IlycTb Uy, ..., U, — 6asuc Ker(T). DToT AuHelHO HE3aBUCUMEIA HabOP BeK-
TOPOB MO>KHO IIPOAOAXKUTH A0 6asmca (Ui, ...,Um,V1,...,Vy) BCETO IPOCTPAHCTBA V IIO TeOpe-
Me 6.4.6. Takum obpasom, dim(Ker(T)) = m z dim(V) = m + n; HaM 0OCTaeTCs AUIIL AOKa-
3aTb, 4To dim(Im(T)) = n. AAsT 3TOro pacCMOTPUM BEKTOPHI T(Vi),..., T(V,) U IOKaXkeM, 4YTO
oHE obpasyior 6asuc mopmpocrparcTBa Im(T). OgueBuaHO, uTo OHEM AekaT B Im(T), u moTomy
{T(v1),..., T(vn)) € Im(T). Obpatro, ecar w € Im(T), To w = T(v) anrs HekoToporo v € V.
Paznoxxum v o HameMm 6a3mcy TpocTpaHCTBa V:

vV=ua; +- -+ UnQm +Viby + -+ v, by
¥ IPEMEHUM K 3TOMY Pa3AOKEHUIO OTObparkeHue I :
w=T(v)=T(wa + +UnQm +V1b1 + - +vubn) = T(vi)by + -+ + T(vn)bn.

[Mostomy w € (T(v1),..., T(vn)). OcTanrock mokasaTb, 4TO BEKTOPHI I (V1),..., T(Vvy) AuHeRHO
He3aBUCHMEL. IIycTb T(vi)cy + - 4+ T(vy)cn = 0 — HeroTOpas AuHelHas KombuHanus. Toraa
0 =T(vics + -+ 4+ VnCp ). DTO 0O3HAYAET, ITO BEKTOP V1C1 + - - - + VnCn AeKUT B Ker(T). MbI 3HaEM
6asuc Ker(T),moromy vic; + -+ + vpCn = Wwd; + -+ - + U dy, AT HeKOTOPEIX d; € k. Ho Habop
BEKTOPOB Uy, ..., Um,V1,. ..,V AHEEHHO He3aBUCHM. 3HAUUT, BCe KOI(P@PUINEHTEL Ci, d; PaBHEI
HYAIO, ¥ UCXOAHASI AUHeWHast KOMOMHAINS BEKTOPOB T (Vvy),. .., T(V,) TpuBHaAbHA. ]

[IpuBepeM TTapy IMOAE3HBIX CAEACTBUR 3TOM TEOPEMBI; OKA3bIBAETCS, YK€ TPUBUAAbHEIE COObpa-
JKEHUSI HEOTPUIIATEABHOCTH PAa3MEPHOCTY UMEIOT CEPHE3HBIE IIOCAEACTBUS.

Cnepcteue 7.3.9. ITycmv V,W — sexmopHwie npocmparcmea Had kK, uw dimV < dimW. He
cywecmeyem CropsekmueHult AUHeUHbT omobpascerutd V — W.

Aoxasameavcmeo. IIpeproroxkuM, 9TO AuHEHHOe oTobpaskerue T: V — W ciopbekTusHO. Toraa
Im(T) = W, u no reopeme 7.3.8 dim(V) = dim(Ker(T)) + dim(Im(T)) = dim(Ker(T)) + dim(W).
Ho dim(Ker(T)) = 0, z mosromy dim(V) > dim(W) — npoTuBopedne C yCAOBHEM. O

Cnepacteue 7.3.10. ITycmv V,W — gexmoprwsie npocmparcmea wad k, u dimV > dimW. He
CYW,eCcmeyem UHBEKMUBHBIT AUHETUHLT omobpastceHuld V — W.

Aoxasameavcmeo. IIpeaIoro>KuM, 4TO AuHehHOe oTobpakenme T:V — W mubekTUBHO. [0
npepnoxxeruio 7.3.5 ssapo T tpusuaabHo. [To Teopeme 7.3.8 dim(V) = dim(Ker(T)) + dim(Im(T)) =
dim(Im(T)) < dim(W) (mocaepHee HepaBEHCTBO BLINOAHEHO IO IPEAAOKeHUIO 6.5.3) — mpoTuBope-
4ue C YCAOBUEM. [
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7.4 Matpuua nuHeitHoOro otTodpaxenus

AUTEPATVPA: [F], ra. XII, § 4, on. 1-3; [K2], ra. 2, § 1, m. 2; § 2, m. 3; [KM], 4. 1, § 4; [vdW], ra. IV, § 23.

[Tycte V, W — ABa KOHEYHOMEPHEIX IIPOCTPAHCTBA, ¥ IyCTb B = (Vvi,...,V, ) — YIOPSIAOUEHHEIN
6asuc V, a B’ = (wy,...,w,) — yunopsiaoueHHEBIA 6a3uc W. YHuUBepcaabHOe CBoOcTBa Hasmca
(Teopema 7.1.9) o3HawaeT, YTO AASL 3aAaHUS AUHeHHOro oTobpaskenmwe T:V — W aocraTodso
3aAaTh BEKTOPHL T (V1),..., T(vn) € W. Kaxxaplit BeKTOp T(Vj), B CBOIO 0YepeAb, MOMKHO Pa3AOKUTh
no 6asucy B’. SBapanue T(vj), TakuM 06pa3oM, PaBHOCHABHO 33AAHUIO KOI(D(MUIIMEHTOB B 3TOM
pa3AosKeHUU. MEI IOAYYUAM, YTO AMHEHHOE oTobpakerHue T: V — W B uTOre 3apaeTCsd KOHEUHBIM
HabOpOM CKaAIPOB — IIPK YCAOBHHU, YTO B IpocTpaHcTBax V m W BEIOpanbl 6a3ucel. DToT Habop
CKaASIPOB YAOOHO 3aIIMCEIBATE B BHAE MATPUILHL.

Onpepenenne 7.4.1. Ilycte T: V — W — aAuHeliHOe oToOpa>keHrE MEXAY KOHEYHOMEPHBIMU IIPO-
CTPAHCTBaMHU, ¥ IIyCTh BEIOPAHHI YIOPSIAOUEHHEIE 6a3uchl B = (vi,...,v) BV I B’ = (wy, ..., Wy,)
B W. PasnoxuM Ka>kAbll BeKTOp T(Vv;) mo 6asucy B’ u sanmmem

T(Vj) = W10y +W2(lgj + o+ Wi Qmj.

Habop xoaddbunmenToB (ayj)1<i<m MBI BOCIPEHIMAEM KaK MaTPUILy Pa3Mepa 1M X 1; OHa Ha3bIBA€TCsI
1<j<n

MaTpuueil nuHeliHoro otobpaxxenus T B 6asucax B, B’ u obosnavaeTcs uepes [T|x 5.

Kax MbI yBEAUM HZOKE (CM. TeopeMy 7.5.6), AMHENHOEe 0TOOpaskeHUE IOAHOCTHIO OIPEAEASIETCS
cBoell MaTpuliell (B BRIOpaHHBIX 6asmcax). VI3BecTHEIE HaM OIe€paluyl Haj AMHEHHBIME OTOOpPayKEHU-
sIMU (CAOKEHUE, YMHOMKEHNE Ha CKAASIP, KOMIIO3UIINS) IIPY 3TOM IPEBPAIIAIOTCS B U3BECTHEIE HAM
OIlepaliy Haj MaTpHIAMU (CAOKEHHe, YMHOXKEHUE Ha CKaAsp, Npou3BepeHUE). Huoke MBI BBEAEM
IIOHSATHE KOOPAMHAT BEKTOPA, X TOTAA PACCY KAEHUS C abCTPaKTHBIMY BEKTOPHLIME IIPOCTPAHCTBAMY
¥ AMHEWHBIMU OTOOPa>KeHUSIMY MOKHO OYAET CBOAUTH K KOHKPETHBIM MATPUYHBIM BBIYUCAEHU-
siM. VITHBIMU CAOBaMM, MaTPUIILI ITIOAE3HEBI, KOI'AA BaM HY’KHO «3aCYy4HUTb PyKaBay U BEIYUCAUTH
YTO-HUOYABL KOHKDPETHOE. B TO >Xe BpeMs, BCETAA HY>KHO IIOMHUTE, YTO AASI IIEPEXOAA K MaTpUIIAM
HY’KHO 3a(pUKCUPOBATDL OA3UCH B PaCCMAaTPUBAEMEIX IIPOCTPAHCTBAX, YTO MOXKET IIPUBECTH K yTPATE
CUMMETPHY U HEKOTOPO! HEYKAIOMKECTH.

IIycts T,S: V — W — aunetinnie oTobpa>xenusi, u B IpocTparncTsax V, W Beibpausl 6a3uchl,
Kak B ompepeneHun 7.4.1. [Joka)keM, 9TO MaTpHIla CYMMEBI | + S 3TUX OTOOpa>keHU# SBASETCS
CyMMO¥t MaTPHUIIEI OTOOpaskeHusT | 1 MaTpuubl oTobpakerust S. VueiMu croBamu, [T + S)lg 5/ =
[T]ss + [S]s,3. IIycts [T]s,8° = (aij), [S]s,s = (bij). Ilo ompepesernto sTo 03HaYaET, YTO
T(vj) = 25 wiay, S(vy) = 230, wibyy. Ho oraa (T + S)(vy) = T(vy) + S(v) = 2%, wilay; + by).
Suaunt, B pasaroxeruu BekTopa (T + S)(v;) mo 6asucy B’ xosdpdbunuenT mpu w; paseH aij + bij. Do
osHavaeT, uTo B MaTpuie T + S|z s/ B mosunuum (i,j) cTouT aij + byj. Ho aTo u ecTh ompepenenue
cymmMer MaTput, [Tz 5/ # [S]s .

CoBepIlEHHO aHAAOTMYHOE PACCY KAEHUE MOKa3bIBAET, uTo [Tal|gs 5/ = [T]s 5/ - a Ans Atoboro
ckansipa a € k. AokazaHHBIE PAKTEl MOKHO C(OOPMYAUPOBATL CAEAYIOIIIM 0H6pPa30OM.
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Teopema 7.4.2. [Tycmv V,W — xoHEUWHOMEDPHDBLE BEKMOPHDBLE NPOCMPAHCMEA HAO Noaem K, U
B,B’ — basucv. 8 V,W coomsemcmeerro. Obosrnawum n = dim(V), m = dim(W). Omo6-
pastcerue @: Hom(V,W) — M(m,n, k), conocmasasarouiee aurelinomy omobpasceruro T €
Hom(V,W) ezo0 mampuuy [T|s 5 6 6asucax B,B’, asssemca suHelHbM.

Aokazamenvcmeo. NAAsST IPOBEPKYU AUHENHOCTH () IO ONPEAEAEHUIO HYXKHO IIOKa3aTh, 4To [T +
Sles = [T]les +[S]es u [Talgs = [T]s e a arst Bcex T,S € Hom(V, W), a € k, aTo u 65IA0
AOKAa3aHO BBIIIIE. OJ

['opaspo mHTEpPECHEE IOCMOTPETE, YTO IIPOUCXOAUT IPYU KOMIIO3UIIUY AMHENHBIX OTOOpa>keHUH.

Teopema 7.4.3. ITycmoe U, V,W — mpu sexkmopHuz npocmparcmea ¢ basucamu B = (uy, ..., ),
B = (Vviy..,Vvm), B” = (wy,...,wy), coomeemcmsenro, u nycmsv S: U -V, T: V> W —
auHetinvie omobpasicerua. Tozda [T o S|ggar = [T|s 57 - [S]s,5 -

YuTaTeAb MOXKET IIPOBEPUTD, YTO HAIIMCAHHOE BhIPA’KEHUE MMEET CMEBICA: B IIPAaBO# JacTH CTOST
MaTPUIBI TAKAX PA3MEPOB, YTO UX MOXKHO IIEPEMHOKUTDH, X B PE3YABTATE IIOAYYAETCSI MATPUIA
TOr'0 >XK€ pa3sMepa, YTO U B AEBOM YACTH.

A\ 0KazaTeAbCTBO TOr0 PaKTa HY>KHO BOCIPUHMMATEH KaK (CAErKa 3al0o3AaA0€) OObsICHEHUE
OIIPEAEAEHUSI YMHOXKEHUSI MAaTPHIl. B caMoM AeAe, EAMHCTBEHHASI IIPAYKMHA, II0 KOTOPO# YMHOXKEHWE
MaTpHUI, BEICASAUT TaK, KaK OHO BBITASIAUT — 3TO B3aMMHO OAHO3HAYHOE COOTBETCTBHE MEXKAY
MaTPHUIIAMYU ¥ AWHEXHBEIME OTOOPa>KeHUSIMU, KOTOPOE IIPEBPAIAET KOMITO3UIINIO AMHERHBIX OTOb-
pasKeHUY B YMHOXXEHWE MATpUll. Ka>KABINA, KTO 3aAyMAETCsI, YTO IIPOUCXOAUT IIPY KOMIIO3UIIUY
AMHENHBIX 0TOOpaskeHu# (IIOACTAHOBKE OAHUX AMHENHBIX BEIPAKEHUH B APYIUE), HEM30eIKHO 00s13aH
OTKPBITH YMHOXXEHE MATPUII.

Urak, mycts [T]|s 57 = (aij) € M(n, m, k), [S]ss = (bij) € M(m, 1, k). Kak zafiTu MaTpuIry
oTobparkerus T o S? Ilo ompeAeAeHNIO MBI AOAKHBI Pa3AOKUTE KakABI BeKTOp BuAa (T o S)(up)
o 6asmucy wi, ..., wn. 3amerum, uro (ToS)(up) = T(S(up)), a S(up) MBI yMeeM PacKAaABIBATE IO
6asucy mpocTparcTBa V. A UMEHHO,

[Toayuaem, uTo
(ToS)(up) =T (X, vibsp
j=1

= > T(v))bjp,
j=1

TA€ B IIOCAEAHEM PABEHCTBE MBI BOCIOAB30BAANCH AMHERNHOCTHIO OTObpaskeHus |. Temeps MOYKHO
IIOACTABUTD B IIOAYYEHHOE BEIPA)KEHIE PAa3AOKEHNE AAS Ka’KAOTO BeKTOpa Buaa 1 (vj) = S wi aij.
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ITocae HECAOKHEIX IIPeobpa30BaHUM CYMM IIOAyUIaeM

(ToS)(up) = ), T(vj)bjs

Vi

-
I
—

widi;bjp

|
NgE
gL

-
I
—

Il
1=

1

m
Wi Z aijbjp
1 j=1

KosdduirenT mpyr w; B IOAYIEHHOM PA3AOKEHUY ¥ PABEH KOI(MDPUINEHTY, CTOSIIEMY B IO3UIUN
(i,p) marpunsl [T o S]g 5». OH OKasancs paBeH Z]“ll aijbjp, 1 moromy Marpuna [T o S| 5~ paBHA
npousBeAeHuIo MaTpuL [T|g/ 57 - [S]5 5.

MEe! y3HaAM, KaK IIOHSITAE MATPHUILI AUHERHOTO OTOOpa>keHNEe BEAET CeDOSI IPU CAOXKEHUM OTOO-
PasKeHUY, YMHOKEHUN Ha CKAaASPBI, KOMIO3UIMY. KCTH eIrme opHA olepanus Haj AWHETHBIMEI
OTOOpa’KEeHUsIMY, CaMasi IPOCTasi: MBI MOXKEM B AMHENHOe oTobparkerme 1: V — W mOACTaBUTH
BEKTOP U3 V U HOAYYUTH BeKTOP 3 W. OTobpa>keHnio T MBI COIIOCTAaBUAK MATPHUILY; CeAdac MBI
comocTaBuM BeKTOpaM u3 V u W HeKoTOpble CTOABIE! (MATPUIEl IXPUHY 1) TakuM 06pa3oM, 4To
BBIYUCAEHUE PE3YABTATA ACACTBUSI AMHEHAHOTO OTOOpPa KeHUST Ha BEKTOPE CBEAETCS K YMHOXKEHUIO
MaTPHUIILI Ha CTOADEIL.

A wmwmenno, nycte B = (vi,...,Vv,) — 6a3UC BEKTOPHOTO IpocTpaHcTBa V. N060¥ BEKTOD
v € V MOXXHO Pa3AOXKUTH II0 3TOMY 6a3UCy, TO eCThb, 3alIUCATh €0 B BUAE AMHEHHON KOMOMHAIIA
SAEMEHTOB B:

V=vid; + -+ Vv, a;€Kk.

SanuiieM IOAyYeHHBIE CKAASIPBI A, ..., A, B CTOADen. [loayueHHBIR 5AeMeHT IpocTpaHcTBa k™
Ha3bIBAETCSI CTONOLOM KOOPANHAT (AT KOOPAMHATHLIM CTONOLOM) BekTopa v B 6a3uce B u obo3HagaeTcs

TaK:
a
V] =
aTl.
KosddunmenTs ay, ..., a, HA3BIBAIOTCS KoopAuHaTamu BekTopa v B 6a3uce B. ObpaTuTre BHUMaHTE

Ha CXOACTBO 3TOM 3amucu ¢ 0DO3HAYEHUEM AAS MATPHUIILI AMHENHOTI'O OIlepaTopa B BHEIOPAHHBIX
6a3ucax.

Taxum obpa3oM, KaK TOABKO MEI BEIOpaau 6asuc B B mpocTpancTBe V, KaXXKAOMY BEKTOPY u3 V
COIOCTaBASIETCSI CTOAGeEL [v]5 € k™. Boaee Toro, yKasaHHOe COIOCTaBAEHZE XOPOIIO COTAACOBAHO C
OIlepaIUSIMU B IIPOCTPAHCTBE V: ECAY CAOXKUTDH ABa BEKTOPA, TO COOTBETCTBYIOIINE UM KOOPAUHATHEIE
CTOADIIEI CAOKATCSI, @ ECAY BEKTOP YMHOMKUTDH Ha CKaASIP, TO €T'0 KOOPAUHATHLIN CTOADEIT YMHOMKUATCST
Ha 3TOT XK€ CKaAsp. BcTb 6oaee KOPOTKUHM CIIOCOD BEIPA3UTh YKa3aHHBLIE CBOMCTBA: COIOCTABAEHUE
BEKTODPY V € V €ro KOOPAXHATHOT'O CTOADOIA aunetiHo. CHOPMYyAUPYEM 3TO B BUAE TEOPEMEL.
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Teopema 7.4.4. [Iycmv V — xoHeuHOMEDPHOE 8EKMOPHOE MpPocmparHcmeo Hao noasem k; B =
{vi,...,vn} — ee2o basuc. Omobpasicerue
V — k",

Vi Vg
AuUHetHOo.

Aokazamesvcmeo. PakTUUeCKH, HAM HYIXHO II0Ka3aTh, 9TO eCAl V,v' € V, a €k, To [v + V'|g =
[Vl + [V']s u [va]g = [V]s - a. ITycTs
a; b1
Ms=|:1] Mls=
an bn

ITo ompepeA€eHNIO 9TO O3HAYAET, UTO

V=Vvia; + -+ VnQn,
Y :Vlbl 4+ -+ v, bn.
CAOXUM 3T ABa PaBEHCTBA:
v+ v =vi(a; +b1) + - +vman + bn).

Ho Toraa

a; + b]_ a; b]_

!/ . . . /
[\)—FV]'B: : = : + : Z[V]'B+[V]3,

an + by an bn

4TO ¥ TpeboBaroch. AOKaA3aTEABCTBO AAS YMHOXXEHUS Ha CKAASP COBEPIIEHHO aHAAOTUYHO U

OCTaBASAECTCA YUTATEAIO B Ka9E€CTBE YIIPaA’KHEHUSA. ]

Tenepb MBI TOTOBEL CAEAATH IIOCAEAHWH ITTaT B YCTAHOBAEHUY COOTBETCTBUS MEXKAY AEUCTBUSIMU C
BEKTOPHBIMY IIPOCTPAHCTBAMU C OAHOM CTOPOHBI, ¥ BBIYUCAEHUSIMU C MaTPUIIAMU C APYT'O#l CTOPOHBEI.

Teopema 7.4.5. ITycmv T: V — W — aunetinoe omobpastcernue mexrcoy KOHEUYHOMEPHBLMU
npocmparcmeamu V u W, u nycmov B = (vq,...,v,) — 6asuc V, a B’ = (wy,...,vyn) — basuc
W. Tozda

[Tv]s = [T]s5 - [V]s

ons arobozo sexkmopa v e V.
Aoxaszamenvcmeo. Ilycts v =vic; + -+ + Vi Cn, TO €CTB,

[\)]3 = )

Cn
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u nycThb |T|s 5/ = (aij) — MaTpuna orobpaxkenus 1. Toraa

n

T(v) = T(Z vig)) = Y T(vi)ey = Z

m

m n
wiaij C)' = Z Wi Z (li]' Cj
1 i=1 j=1

3HaYuT, i-7 KOOpAMHATa BeKTOpa [(v) B 6asmce B’ paBHa Z}Ll aijcj. Ho aTo m osmavaer, 4To
croaber [T(v)]s/ paBeH mpomsBeAeHUIO MaTPUIEL (aij) = [T]5 5/ Ha cToAber [v]s. O

)j=1

7.5 WN3omopcusm

Onpepenenne 7.5.1. Auneitnoe oTobpaxkenue T: V — W HasbIBaeTcs 00paTUMbIM, ECAY CYIIECTBYET
AmHelHOE oTobparkenue S: W — V Takoe, uto SoT =idy u T o S = idy,. Takoe S HaswBaeTcs
obpatHbim K T.

Mpepnoxenune 7.5.2. Nuretinoe omobpascerue T: V — W obpamumo mozda u moavko mozoa,
K020a OHO bUEKMUBHO.

Aokxaszamenvcmeo. Ecau T obpaTrumo, To obpaTHOEe K HEMY SIBASIETCSI 0OpaTHBEIM OTOOpa>keHUEM B
TEOPETUKO-MHOXKECTBEHHOM CMBICAE (ompeaenenue 1.3.4), u noToMy 6ueKTUBHO IO Teopeme 1.3.6.

Ecau >xe oTobparkeHue T 6ueKTUBHO, TO (CHOBa IO TeopeMe 1.3.6) CYyILIECTBYET OTOOpasKeHUE
MHOXeCTB S: W — V Takoe, uro So T =idy u T oS = idyw. Mo>XHO 1 SIBHO IOCTPOUTEL 3TO S:
AAST KaKA0r0 W € W 3ameTuM, 9TO (IO ONPEAEAEHUIO OUEKTUBHOCTH) CYLIIECTBYET EAMHCTBEHHOE
v € V Takoe, uro T(v) = w; Toraa moaoxxuM S(w) = v. OcTarock IPOBEPUTH, YTO 3TO OTOOpasKeHuUe
AvHeHHO. AefCTBATEABHO, BO3BMEM Wi, Wp € W 1 mycTb S(W;) = v, S(Wy) = v,. OT0 03HaUaer,
aro T(v;) = wy, T(v2) = wy. Ho moraa T(vy + v2) = wy + Wy,  moToMy S(w; + Wa) = v + vy =
S(wy) + S(w,). Kpome Toro, ecarmw w e W u a € Kk, myctb S(w) = v. D10 03HagaeT, 9To T (V) = w,
oTKyaa T(va) = wa, u, ctano 6uITE, S(Wa) = va = S(w)a. O

Onpepenenne 7.5.3. ObpaTumoe AuHEWHOE 0TOOPa’KeHE MHOTAA HAa3bIBAeTCsI u3omopdusmom. Ecaum
MeXAYy npoctparcTBamu V u W cymectByeT usomopdusMm 1: V — W, oHE Ha3BEIBAIOTCsT U3omMopd-
Hbimn. OboszHauenne: V =~ W.

Teopema 7.5.4. Asa xOHEUHOMEDPHBLT 8EKMOPHBLIT Npocmparcmea Hao k usomopdrv, mozda u
moavko mozoa, K020a UL PASMEPHOCTIU DABHDL.

Aoxazameavcmeo. Ilycts V = W, To ecTb, cymlecTByeT obpaTmMoe AMHERHOE OTOOpa>keHUe
T: V — W. Ilo npeanrosxeruio 7.5.2 T buekTuBHO. B wacTHOCTH, T MHBEKTUBHO, 1 HoTOMY Ker(T) =0
(Teopema 7.3.5); kpome Toro, T cropbekTuBHO, 1 noTroMy Im(T) = W. Bocnoab3yemcst TeopeMoit o

roMmoMmopdusMe 7.3.8:
dim Ker(T) + dim Im(T) = dim(V).

B mameM caydae dim Ker(T) = 0 z dim Im(T) = dim W; nostomy dim V = dim W, uto u TpeboBa-
AOCB.

O6patro, nycts dimV = dimW = n. Bribepem 6aszuc vi,...,v, B V u 6asuc wi,..., Wy
B W. Ilo Teopeme 7.1.9 anst 3apaHus AuHeHHOro oTobpaskeHus 1:V — W AOCTaTOYHO 3aAaTh
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T(vi) anst Bcex 1. IToaosxkum T(v;i) = W; ¥ IIOKa>KeM, YTO IIOAYUEHHOE OoTObparkeHme | SIBASIETCS
r30MopuU3MOM. AAsT 3TOrO (II0 IPEAAOIKEHUIO 7.5.2) AOCTATOYHO IIPOBEPUTH, YITO OHO MHBHEKTUBHO
U CIOPbEKTUBHO.

ANsT MHBEKTUBHOCTH (IO IpPeAAOKeHuIo 7.3.5) Hy>KHO mokasarb, uTo Ker(T) = 0. BospmeM
v € Ker(T). Pasaoxxum v mo 6asucy mpocrpascTBa V: v = via; + -+ + vp@y,. Toraa 0 = T(v) =
T(vi)a; + -+ T(vp)an =wia; + - -+ + wha,. Ho snemeHTEL Wy, ..., W, € W obpa3syioT 6a3uc, u
[IOTOMY AMHEWHO HE3aBUCUMEI. VX AMHelHasT KOMOMHAIMS OKa3aAach paBHA HYAIO — IIO9TOMY BCeE
ee K03 PUIMEHTHI PAaBHLI HYAIO: a; = -+ = a, = 0. Ho Torpa m v = 0.

OcTanoch IPOBEPUTH, UTO | CIOpbeKTuBHO. Ho Atoboit BekTop W ecThb AmHeliHasT KOMOMHA-
IIUsT BEKTOPOB Wy, . . ., Wy, IIO9TOMY SIBASIETCS 0Opa30oM COOTBETCTBYIOIIEH AMHENHON KOMOMHAITAN
BEKTOPOB Vi, ..., Vn. O

Cnencteue 7.5.5. Nrboe xoHewHoMmepHoe sexmopHoe npocmparcmeo V U3oMopPhHO NPOCMpPaH-
cmey k™, 20e n = dim(V). Boaee mozo, ecau B — nexomopwili 6asuc npocmparcmsa V, mo
omobpasicenue @: v — [v]n ycmarasausaem uszomoppusm meocdy Vo u k™.

Aokazameavcmeo. Ilycrs dim(V) = n; Toraa dim(k™) = n = dim(V), u no Teopeme 7.5.4 mpo-
crparcTBa V u k™ u30MOpPGHEL.

AAST AOKa3aTeABCTBA BTOPOI'O YTBEPKAEHUSI 0003HAYMM IAEMEHTEI basuca B gepes vy, ..., Vn.
Mer y>xe 3HaeM, 4To oTobparkeHue V — [v]g AuHelHO (Teopema 7.4.4); IPOBEPUM, YTO STO U3OMOP-
dusm. AAS 3TOr0 HY>XHO IIPOBEPUTEH, YTO €r0 SIAPO TPUBUAABHO, a 0bpas coBmapaer ¢ k™. Bosbmem
v € Ker(¢); 3To 03HadaeT, 9T0 CTOADEN KOOPAMHAT BeKTOpa v HyAeBoi. Ho Toraa mo ompeaeaeHu:o
KoopAaMHAT V = V10 + -+ + v,0 = 0. 3uauur, Ker(¢p) = 0. IlycTs Temeps w € k™ — HEKOTOPHIi
cToabelr, cocToSIu#E U3 CKAASPOB Ay, . .., 0,. PACCMOTPUM BEKTOP V = V101 + - - - +V,an € V. AeTKO
BUAETD, YTO [V]s = W, UTO AOKa3EIBAET CIOPBHEKTUBHOCTEH OTODOPAsKEHUST (. ]

TaxkuMm obpaszoM, Af060e KOHEYHOMEPHOE IIPOCTPAHCTBO M30MOP(HO IPOCTPAHCTBY CTOADIIOB.
[TopuepkHEM, YTO 3TOT M30MOP(MU3M 3aBUCUT OT BhIOOpa Hasuca (B TaKOM CAydgae TOBOPST, UTO
9TOT U30MOPMU3M HE ABAAELMCA KAHOHUMECKUM): B PA3HBIX 6a3ucax OAMH ¥ TOT K€ BEKTOP, KaK
IIPaBUAO, UMEET Pa3HbLIE HAOOPEI KOOPAMHAT.

Teopema 7.5.6. [Tycmv V,W — xoHewHoMepHbBIE 8EKMOPHBIE NpocMmpaHcMmea Had noaem K.
ITpocmparcmeo Hom(V, W) aunetinviz omobpastcenuti usd V.e W usomoppHo eexmopHomy
npocmparcmey M(m,n, k) mampuy pasmepa m x n Had k, 20e m = dim W, n = dim V. Boaee
mozo, ecau B, B’ — 6asucv. 8 V,W coomeemcmeernno, mo omobpasicerue @: T — [T]|z 5
ycmarnasausaem usomoppusm meocoy Hom(V, W) v M(m,n, k).

Aokxazamenvcmeo. MBI cpa3y AOKa>keM BTOpoe yTBep>kAeHUe. Obo3HauuM s/AeMeHTHI B depes
Vi,...,Vn, a 9AeMeHTH B’ uepe3 wy, ..., w,,. [To Teopeme 7.4.2 orobparkeHue ¢ AuHe#HO. [IpoBepuM,
YTO €r0 SIAPO TPUBHMAABHO, a 0bpas coBmapaer ¢ M(m,n, k). [Iycts T € Ker(¢). Sro 3mauut, uTo y
AMHeHHOro orobpa>keHusi T MaTpuiia HyAeBasi. [Io OImpepAeAeHNIO MATPHUIILI 9TO 3HAYUT, UTO BCE
KOOPAMHATHI BeKTOpa T (Vv;) B 6asuce B’ paBHEI HyAlo, a moToMy T (v;) = 0 aArs Bcex j. Ho MbI 3HAEM
OAHO Takoe AmHelHOe oTobpaskerue: 3o 0 € Hom(V, W). [To eAUHCTBEHHOCTH B YHUBEPCAABHOM
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cBolicTBe basmca (Teopema 7.1.9) T = 0. Hakomern, nycte A = (ai;) € M(m,n, k) — HexoTopas
MaTpuna. Mel yTBep)KAaeM, 9TO CYyIIECTBYeT AuHEHHOe oTobpaskerue T: U — V| MaTpuma KOTOporo
B basucax B, B’ coBmapaer ¢ A. AeHCTBUTEABHO, HOAOKEM T(Vj) = wia; + -+ + Wam. Ilo
TeopeMe 7.1.9 3TO OAHOSHAYHO ONPEAEASIET AUHEHOE oTobpaskeHue T, X OYEBUAHO, 4TO [T]|gp 5/ =
A. [

Cnepcteue 7.5.7. Ecau npocmparcmea V, W xoneuromepHs,, mo dim Hom(V, W) = dim V-dim W.

Aoxasameavcmeo. OUeBUAHO, YTO Pa3MEPHOCTb IPOCTPAHCTBa MaTpull M(m,n, k) paBHa mn;
OCTaNOCh IIPUMEHUTHL TeopeMy 7.5.6 u TeopeMmy 7.5.4. [

Ba>kHbIN 9aCTHBIA CAyYail IOHSITHUSI AMHEHHOTO OTOOPasKeHUST — AUHEUHDBLT, ONepamop.

Onpepenenne 7.5.8. AuHeliHoe oTobparkenue T: V — V Ha3bIBAeTCsI IMHENHLIM ONEPATOPOM Ha IIPO-
CTPaHCTBe V, UAU 3HAOMOPGM3MOM IIPOCTPaHCTBA V.

Mpepnoxenune 7.5.9. ITycmos T: V - V — aunetinuiti onepamop Ha KOHEHXHOMEPHOM NPOCMPAH-
cmee V. Caedyroujue ymeeprHcOeHUA PABHOCUALHDL.

1. Omobpaosicerue T buekmus+o.
2. Omobpasicerue T unsekxmusHo.

3. Omobpaorcerue T cropsexmusHo.

Aokazamenvcmeo. OueBupno, uto u3 (1) caepyior (2) z (3). ITokaxkeMm, uro u3 (2) caepyeT
(1). Ecam T umabekTusHO, To Ker T = 0 (mpepnosxerue 7.3.5). Ilo Teopeme o romomMopdusme
(reopema 7.3.8) dim Ker T+ dim Im T = dim V. [lepBoe craraemoe paBHO HyAO, mo3ToMy dim Im T =
dim V. B To >xe Bpemsi, Im T — moampocTpascTBO B V, U IO IPEANOKEHUIO 6.5.3 U3 COBIIAAEHUS
pasmepHOCTe caepyet, uTo Im T = V, 9TO 03HaYaeT CIOPBHEKTUBHOCTD, a IIOTOMY U OMEKTMBHOCTD
oTobpa>keHust T.

Ocranoch nokasathb, 9To u3 (3) caeayer (1). CHOBa BOCIOAB3YEMCSI TEOPEMOM O TOMOMOPU3-
Me: dimKer T + dimIm T = dim V. Teneprs no npepnorosxenuio Im T = dimV, u, craro 65ITE,
dim Ker T = 0. 3xauuT, moapmpocTtpaicTBo Ker T TpuBHaABHO, M IIOTOMY | MHBEKTUBHO U, CAEAOBA-
TEeABHO, OMEKTUBHO. ]

Teopema 7.5.10. ITycmv V — sexmoproe npocmparcmeo. Mnootcecmeo Hom(V,V) ecex au-
HEUHDT onepamopos Ha V obpasyem accoyuuamusHoe Koavuo ¢ eOUHUUET OMHOCUMEALHO
CAOHCEHUA U KOMNOSUUUU.

Aoxaszamenvcmeo. MEI y>Ke 3HaeM, YTO CAOKEHUE AMHEWHBIX OTOOpa>keHU# acCOMaTUBHO, KOM-
MYTaTHUBHO, 00AaAAeT HERTPAABHEIM 3AeMeHTOM O M OOpaTHBIMEU 3AeMeHTaMu. KpoMme TOro, KOMIIO-
3UnUsi (KOTOpasi UI'PaeT POAb YMHOXKEHUsI) acCOIATUBHA U 06AapaeT HENTPAABHBIM 3AEMEHTOM
idy. OcTanroch IPOBEPUTH AEBYIO ¥ IIPaBYI0 AUCTPUOYTUBHOCTL. OTPaHUYKUMCS IIPOBEPKONA OAHON
u3 Hux. [Iycts S, T,U € Hom(V, V). AAst KaX)Xp0ro v € V BBIIOAHEHO

(So(T+W))(v) = S(T+U)(v)) = S(T(v)+U(Vv)) = S(T(v))+S(U(v)) = (SoT)(v)+(SoU)(v) = (SoT+SolU)(v),

a motomy oTobparkerust So (T+ U) mw SoT + S o U coBnaparor. O
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OTMeTuM, YTO B KOHEYHOMEPHOM CAYYae KOABIIO OIIEPATOPOB Ha V U30MOPHHO KOABITY KBAAPAT-
HBIX MaTpuIf nmopsiaka n = dim V' (cM. 3ameganue 5.3.5). [TosicHuM, 9TO O3HAYAET CAOBO «H30MOP-
¢usM» B 9TOM KOHTEKCTE (IIOKA MBI 06CY>KAAAYM TOABKO M30MOP(MU3M BEKTOPHLIX IPOCTPAHCTB, HO
He Koaen). [Tycte B — 6asuc npocrparcTBa V, 1 dim V = n. /I3 TeopeMsl 7.5.6 caepyeT, ITO 0TOb-
paxerue T — [T]|g siBasiercst 6uekiueit Mexxay Hom(V, V) u M(n, n, k), mepeBoasiieil cCroXKeHTE B
caroxxeHme. Kpome Toro, mo Teopeme 7.4.3 OHa IIEPEBOAUT KOMIIO3HUIIXIO OIIEPATOPOB B YMHOXKEHHUE.
HaxoHerr, TOXXAECTBEHHEIN OIIepPaTOp IIEPEXOAUT IIPYU STOM OTOOPA’KEHUY B EAVHUYHYIO MATPHUILY.
Ms! HOAyYUAY BHEKIINIO MEKAY KOABLIAMYU, KOTOPAs COXPAHSIET BCE ONepanuy (BKAOUAST «B3SITUE
eAMHUIHOTO SAEMEHTAy ). Takast GUEeKIUs 1 Ha3bIBAETCS «H30MOP(MU3MOM KOAEILY ; €€ CYIIeCTBOBAHUE
O3HA4aeT, YTO YKa3aHHBIE KOABIIA «BEAYT CeOSI OAMHAKOBOSY.

7.6 Panr matpuupbl

AUTEPATVPA: [F], ra. IV, § 3, mn. 4-6; [K1], ra. 2, § 2, m. 1-2; [vdW], ra. IV, §§ 22, 23.
[IepBBIM TPUNOKEHUEM TEOPUM BEKTOPHBIX IPOCTPAHCTB AAS HAC CTAHET OIIPEAENEHUE PaHTa
MaTPHIILL, KOTOPBIE MBI HEPOPMAABHO 00CYKAAAK ITIOCAE AOKA3ATEABCTBA TeopeMbl 5.4.1. HamomuMM,

E.

HEKOTOPEBIC o6paTanIe MaTPHUIIEL. MsI IIOKa’XE€M, YTO Ha CaMOM AEAE HATypPaABHOE YHCAO T HE

9To AfOOyI0 MaTpuiy A € M(m,n, k) MO>KHO IIpeACTaBUTH B BuAe A = P

3aBUCHUT OT BI:>I60pa. TaKOI'O IIPEACTABACHUS, X IIO3TOMY MMEET IIPAaBO HA3BIBATHCA PAH2O0M MaTPHUIIBL
A. AAH 3TOI'O MBI BBEAEM €I11€ HECKOABKO TTOHSATUH Panra, 1 IIOKa’>X€M, 9TO BCE€ OHM COBIIaAAIOT

APYT C ADPYTOM.

Onpepenenne 7.6.1. Tlycts A = (aij) € M(m,n, k). Auneiinas oborodra CTOAOIOB MaTpPUIbl A
Ha3BEIBAETCsI NPOCTPAHCTBOM CTO/IOLI0B MATPULbl A; IIO OIIPEAEAEHIUIO OHO SIBASIETCS IIOATIPOCTPAHCTBOM
B k™. VIHBIMU CAOBaMHM, 3TO IIPOCTPAHCTBO

an Qin
ao; Qon
m
< R I DI
Am1 Amn

AnHeltHast 060A0YKa CTPOK MATPUITEI A HA3BIBAETCSI NPOCTPAHCTBOM CTPOK MATpuubl A; IO OIIpeAeAe-
HUIO OHO SIBASIETCSI IIOAIIPOCTPAHCTBOM B k. VIHBIMM CAOBaMU, 3TO IPOCTPAHCTBO

n
<<C111 A ... a1n>,...,<am1 Ame ... Clmn>>< k.

TaxkuMm 0b6pa3oM, IPOCTPAHCTBO CTOADIIOB COCTOUT M3 BCEBO3MOXKHBIX AMHEMHBIX KOMOMHAITAHN
CTOADOIIOB MaTpHUIBI A; aHAAOTMYHO X CO CTPOKAMU.

Onpepenenue 7.6.2. CtonbuoBbIM paHroM MaTpPHUIEI A HA3BIBAETCS PAa3sMEPHOCTDL €€ IPOCTPAHCTBA
CTOABIIOB; CTPOUHBIM PaHrOM A HA3BEIBAETCS PA3MEPHOCTH €€ IPOCTPAHCTBA CTPOK.
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OueBHAHO, YTO CTOABIOBEIZ paHr MaTpuibsl A € M(m,n, k) He IPEBOCXOAUT M, a ee CTPOU-
HBIZ PAHT HE IPEBOCXOAUT M. AAS OIPEAEAEHUSI CAEAYIOIIETO IOHSITHUSI — MEH30PHO20 PAH2a —
HeoOXOAMMO CHadvaAa OIPEAEAUTH MATPUILI PaHTa 1.

Onpepenenne 7.6.3. Matpuma A € M(m, n, k) Ha3bIBaeTcst MaTpuueii panra 1, ecan A # 0 1 A MOXXHO
IIPEACTABUTDL B BuAe A = uv, rae U € K™, v € "k. TeH30pHbIM paHrom MaTpuibl A Ha3LIBAETCS
HauMeHbIIlee HaTyPaAbHOE YKUCAO T TaKOe, UYTO A MOXKHO IIPEACTABUTH B BHAE CYMMBI T MATPHIL
parra 1. apiMu cAOBaM¥, TEH30PHBINA PAaHT A — 3TO HAWMMEHBIIEE T, IIPX KOTOPOM CYIIECTBYIOT
CTOABIIBI Uy, ..., U, € K™ ¥ CTPOKH Vq, ...V, € "k Takme, 9T0 A = Wv; + - - + U, V;.

3aMeTuM, YTO TEeH30PHBINA paHr MaTpuisl A € M(m,n, k) onpeaeseH: OH He IPEBOCXOAUT MM
A efCTBUTEABHO, HECAOKHO IIPEACTABUTE MATPHUIY A = (aij) B BUA€ CyMMBI MN MaTPHI, paHra 1:
MBI BUAEAH, UTO A = Zi]. aijeij, a MaTpPHUIa Aij€ij MMEEeT paHr 1:

0

ayey = |ay [-(0 ... 0 10 ... 0).

3AECh B CTOADIE BBICOTEI M 3AEMEHT (ij CTOUT B IIO3UIUMK 1, ¥ B CTPOKE AAMHEL TL 9AEMEHT 1 CTOMT
B IIO3UIINNA j.

Teopema 7.6.4. TensopHwill paHz MAMPUUBL HE UBMEHAEMCA NPU OOMHOHCEHUU €€ CAEBA UAU
cnpasa Ha 06pamumyro mampuyy. B wacmHocmu, mer30pHbil pare MAMPUUbL COLPAHAEMCA
NPU SAEMEHMAPHHLT NPE0bPA308AHUAT e CMPOK U CMoAbU08s.

Aoxazameavcmeo. Ilycte A € M(m,n, k) — MaTpuia TeH30pHOro paura r. Toraa MBI MOXXEM
3anmcaTb A = W;Vy + - - - + UV, AAST HEKOTOPEIX CTOABIIOB Ug, ..., U, € K™ # CTPOK Vy,...,V; € k.
Ecam Marpuna B € M(m, k) obpatuma, To BA = B(uyvy + -+ + uyvy) = (Buy)vy + -+ + (Buy v, —
CyMMa T MAaTPHII paHra 1, Io3ToMy TeH30pHBIZX paHr BA He mpeBocxopuT r. C APYTO#l CTOPOHEL,
€CAM TEH30PHBIH paHr BA MeHbIIE T, TO MOXKHO 3ammcaTb BA = ujv; + --- + ué,v; MIP <TH
IoCAe AOMHOXKeHUSI Ha B™! caeBa MBI moAy4uuAnm 6bl, 9TO A STBASIETCS CyMMOM p MaTpul paura 1 —
IIpoTuBOpeYne. AOKA3aTEABCTBO AAST AOMHOYKEHUSI Ha OOPATHMYIO MATPHILy CIPaBa COBEPIIEHHO
AHAAOTMYHO. ]

Teopema 7.6.5. Ternsoprwili parz MamMPUYUbL PABEH €€ CMPOYHOMY PAH2Y U CMOAOU0BOMY PaH2Y.

Aoxazameavcmeo. [lycTb pasMepPHOCTH IPOCTPAHCTBA CTPOK Marpuisl A € M(m,n, k) paBra d.
OTO 3HAYNT, YTO Ka’KAAsI CTPOKA MATPHUIIEI A SIBASIETCS HEKOTOPOM AMHEWHON KOMOMHAIIMER CTPOK
Vi,...,Vq € "k. 3anuireM 3Ty AMHERHYIO KOMOMHAIAIO: Aiyx = A{1Vi + « -+ + AigV4q. 3aMETUM, UTO
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0
A =e1a, +exlos + - -+ emQms, TAE €3 = | 1 | — cTaHAAPTHBINA 6a3ucHEBIE cToAber B k™. Takum
0
obpasowm,
A = 61(}\11\)1 + -+ Ald\)d) + -+ em(7\21\)1 + -+ Amdvd)-
PackpeiBas ckobku, moaydaeM, 9To A = U;Vi+- - - +UqV4q AASI HEKOTOPBIX CTOADGIIOB Uy, ..., Uq € k™.

[loaToMy TeH30pHBIX paHr A He IPEBOCXOAUT d.

ObpaTHO, €ECAM T — TEH30PHBIM pPaHTr MATPHUIEL A, TO WiVi + - - - + U, Vy, IOITOMY Ka’XAasI CTPOKA
MATPUIBLI A SIBASIETCS AMHENHON KoMOMHAIIMER CTPOK Vi, ..., V,. DTO O3HAYAET, UTO Vi,...,V; —
cucTeMa 0Opa3yOMUX IPOCTPAHCTBA CTPOK MaTpuibl A. B cuay caepcTBus 6.3.14 moaydaeM, ITO
d<r.

A OKa3aTeABCTBO AAST CTOABIIOBOrO paHra COBEPIIEHHO aHAAOTUYHO (MAM MOXKHO 3aMETUTb, UTO
TEH30PHBIN PAHT HE MEHSIETCS IIPU TPAHCIOHNPOBAHUN). [

Onpepenenne 7.6.6. Obrriee 3HaUeHNEe TEH30PHOIO, CTPOYHOrO ¥ CTOADIIOBOrO PAHIOB MaTPUILI A
Ha3BIBAETCSI €€ paHroM 1 obo3HadaeTcss depes rk(A).

Temeps MBI MOKEM CBSI3aTh IIOHSITHE TEH30PHOI'O PaHTa C IOHATHEM PaHTa, BBEACHHBIM IIOCAE
AOKa3aTeAbCTBa CAEACTBUS 5.4.2.

Cneactsue 7.6.7. ITycmv mampuuya A € M(m,n,k) npedcmasaera 6 sude A = PDQ, 20e
E. O
0 0
eduruvHas mampuua. Tozda T pasHo MEHZOPHOMY PAH2Y MAMPUUDBL A.

P € M(m,k), Q € M(n,k) — obpamumsie mampuys, a D — oxaUMAEHHAA

Aoxazamenvcmeo. [lo Teopeme 7.6.5 TeH30PHBLIZ paHr MaTPHUILI A pPaBeH TEH30PHOMY PAaHTY

E,

MaTpHUIIBL ; C APYTO#f CTOPOHEI, OYEBUAHO, YTO CTPOYHBI PaHT 3TOM MaTpPUILL paBeH 1. [

0

Cnepcteue 7.6.8. Mampuuya A € M(n, k) obpamuma mozda u moavko mozda, kKoz0a ee parHz
paser M.

Aoxazameavcmeo. Ilpocrass kombunamusi caepcTBusS 5.4.3 u caepcTBus 7.6.7. ]

Teopema 7.6.9 (Kporekepa—Kaneanan). Cucmema AUHETHBT YpasHeHUT umeem pewerue (CoB-
MEeCTHa) mozda u moavko mozda, k0204 paHz MAMPUYDB. IMOTL CUCTEMDb, PABEH DAH2Y €€
PACUWUPEHHOT, MAMPUYDL. FECAu, KDOME MO020, 39MOM PaHe PaseH KOAUHECMBY HEU3BECTIHDIT,
mo cucmema umeem eUHCMEBEHHOE PEULEHUE.
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Aoxaszamenvcmeo. PaccMoTpuM cucTreMy AMHENHBIX ypaBHeHu# AX = B. Ilycts uy,...,u, —
cToabmsr MaTpuikl A. Cucrema AX = B umeer pemeHne Toraa ¥ TOABKO TOTAQ, KOTAA CYIIECTBYIOT
X1, ..., Xn € K TaK®e, 9TO U1X1 + - - - + Up X, = B. DT0, B CBOIO OYEpPEADL PABHOCUABHO TOMY, 4TO B
AEXKUT B AUHEHHON 060A0UKE BEKTOPOB Uy, . . . , Uy, TO ECTh, TOMY, ITO (U, ..., Un ) = (U, ..., Uy, B).
STO pPaBEHCTBO U O3HAYAET COBIIAAEHUE [CTOAOIOBLIX| panros Marpur A u (A[B).

Ecau >xe paHr paBeH KOAUYECTBY HEU3BECTHBIX T, TO IPOCTPAHCTBO (1, ..., U, ) IMEET Pa3Mep-
HOCTB M. Ilpu aTom (uy,...,U,) — €ro cucreMa ob6pasyIOUNX, 1 U3 Hee MOXKHO BHIOpaTh 6asuc, B
KOTOPOM AOAYKHO OBITH M 9AEMEHTOB. 3HAYHUT, Ui, ..., W, 00pa3yoT 6asuc IpocTpaHcTBa CTOADIIOB
MaTpunbl A. [TosTomy BeKTOp B uMeeT eAMHCTBEHHOE IPEACTABAEHUE B BUAE B = U X1 + - - + Up X,
YTO ¥ O3HAYAET EAMHCTBEHHOCTH PEIIEHUSI CUCTEMEL. [

7.7 ®akTop-NpOCTPAHCTBO

AUTEPATVPA: [F], ra. XII, § 2, o. 5; [K2], ra. 1, § 2, . 6; [KM], 4. 1, § 6.

Onpepenenne 7.7.1. IIycTb V — BEKTOPHOE IPOCTPAHCTBO Hap moaeM k, U < V. ByaeMm roBoputs,
YTO 3AEMEHTHI V1,V € V CcpaBHUMbI N0 Moaynto U, ecam vi — vy € U. Obo3HaveHUsT: Vi ~ Va, V1 ~ Vo
(ecAM IIOHSITHO, IO MOAYAIO KAaKOT'O IIOAIIPOCTPAHCTBA PacCMATPUBAETCSI CPABHEHHUE).

[ToAB3YSICH ONPEAEAEHUEM IIOAIIPOCTPAHCTBA, HECAOXKHO IIPOBEPUTDH, UTO CPABHEHUE II0 MOAYAIO
moppocTparcTBa U < V SBASIETCS OTHOLIEHWEM SKBUBAAEHTHOCTH Ha V. AeACTBUTEABHO, 3TO
OTHOIIEHVE PEPAEKCHUBHO: V ~ V, TOCKOABKY V — Vv = 0 € U. OHO CHUMMETPUYHO: ECAX Vi ~ Va, TO
vi — vy € U; Toraa m vy — vy = (v —vy) - (—1) € U. HaroHen, ecAr vi ~ Vo BV, ~ V3, TOV; —Vy € U
7 v, — vz € U; oTciopa vi — vz = (vi — va) + (V2 — v3) € U, mosToMy v; ~ V3.

Pa3 MBI TOAYYMAY OTHOIIIEHUE SKBUBAAEHTHOCTH, TO II0 TeopeMe 1.5.4 cpasy nmoaydaeMm pa3buenue
Ha KAACCHI SKBUBaAEHTHOCTH. MBI 6yAeM 0603HaYaTh KAACC SKBUBAAEHTHOCTH SAEMEHTa V € V II0
OTHOIIEHUIO ~; depe3 V uau depe3 v+ U. [locaepnee obo3HaueHNEe UMEET TaK>KE CAEAYIOMIMHE CMBICA!
AAST AFOOBIX IOAMHOXKECTB S, T € V MOXKHO oIpeAenuThb ux cyMMy S+ T ={s+t|seS,te T}
7 Pe3yAbTAT YMHOXKEHHUS Ha CKaasp A € ki SA = {sA | s € S}. B atux obo3HaueHUSIX KAACC
SKBUBAAEHTHOCTH V + U — ar0 B Tounoct: {v} + U = {v+u|ue U}

PaKTOP-MHOKECTBO MHOKECTBA V II0 OTHOIIEHWIO SKBUBAAEHTHOCTH ~; MBI 6yaeM 0603HAUATH
gyepe3 V/U. Hamra 6amkaiimas meab — BBECTH Ha HEM CTPYKTYPY BEKTOPHOI'O IIPOCTPAHCTBA. AAs
3TOro HeOOXOAMMO OIIPEAEAUTH CYMMY KAACCOB M PE3YABTAT YMHOMKEHUS KAACCa Ha CKAASD u3 K.
9TO, KaK X B CAydae IOCTPOEHNUS KOABIIA KAACCOB BEIUETOB (CM. II. 2.7), OCYIIECTBASIETCSI C IIOMOIIIBIO
onepamui Haj IPEACTABUTEASIMY KAACCOB: YTOOBI CAOKUTH ABA IAEMEHTA (PaKTOP-IIPOCTPAHCTBA,
IIOCMOTPHM, B KaKOM KAAcCCe AE€KUT CyMMa ABYX [AIOOBIX| IPEACTaBUTEAEN ITUX IAEMEHTOB; YTOOBI
YMHOXUTDb 9IAEMEHT Ha CKAASIP, YMHOXKUM AIOOO# €ro IPEeACTABUTEAD HA ITOT CKaASP U IIOCMOTPUM
Ha KAacc pesyabraTa. Touree, morosxkuM (vi+ U)+ (vo+U) = (vi+vy)+Um (v+U)a = va+U pns
AIOBBIX V,V1,Vo € V 11 a € k. B Apyrux obo3Ha4YeHusIx, Vi + Vo = V1 + Vo I V- a = V- a. Kak Bceraa,
HEOOXOAVIMO IIPOBEPUTH KOPPEKMHOCMb AAHHOTO OIPEAEAEHUS, TO €CTh, TOT (PAKT, YTO PEIYALTAT
oIlepauuil He 3aBUCUT OT BBIOOpA NIPEACTABUTEAEN. DTO AEAAETCS COBEPIIEHHO IIPSIMOAMHENHO,
IIO9TOMY MBI OCTaBASIEM IIPOBEPKY UUTATEAIO B KaUeCTBe yIpakHeHWs. HakoHel, IpoBepuM, 4TO
IIOAYYeHHBIe oepanuy IpespamaoT V/U B BEKTOPHOE IIPOCTPAHCTBO Hap K.
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Mpennoxenue 7.7.2. [Tycmv V — sexmoproe npocmparcmeo Had noasem k, U < V. Paxmop-
mroorcecmeo V/U emecme ¢ 86e0eHHBIMU 8bLUWE ONEPAUUAMU ABAAEMCA BEKTMOPHBIM NPO-
cmparcmeom Hao k.

Aoxazamenvcmeo. Bce TpoBepKY TPUBUAALHBI, IPUBEAEM BBEIKAAAKY C MUHUMAABHBIMEA KOMMEH-
TapUSIMU.

1. (\1_1+\/_2)+\)_3:V1 + Vo +V_3: (Vl +V2)+V3=V1+(V2 +V3) :\)_1+\)2T\},3:V_1+(\)_2+\/_3)

2. V+0=v+ 0=V, nosromy 0 € V/U urpaer poab HEATPaABHOTO 3AEMEHTA IO CAOYKEHUIO.

3. V+ —v=v+ (—v) =0, mosTOMy —V — O6pATHELA 110 CAOKEHHUIO K V.

4. _1+_2:\)1 +V2=V2+V1:V_2+V_1.

5. Vi+V3)-a=vi+vy-a=(Vi+Vy)-a=Vvia+vea=Vvia+Vved="V;-a-+Vvy-a.

]

C Ka>XKABIM OTHOIIEHWEM SKBUBAAEHTHOCTH CBSI3aHA KAHOHWYECKASI IIPOEKIIUSI MCXOAHOI'0 MHOMKE-
CTBa Ha (haKTOP-MHOXKEeCTBO. B HamreMm caydae oHa siBAsieTcst oTobpaskerueMm V — V/U, comocTas-
ASTIOIIIAM BEKTOPY V € V ero kaacc v =v + U. HeTpyaHO BUAETH, YTO 3TO OTOOPA’KEHUE SIBASIETCS
AVHERHBIM: AeHCTBUTEABHO, Vi + V; = Vi + V3 # VA = (V)A IIPOCTO IO OIPEAEAEHHIO ONeparuit B
$aKTOP-IIPOCTPAHCTBE.

Teopema 7.7.3 (Teopema o romomopduame). [Tycms @: U — V — aunetinoe omobpastcerue. Tozoa
U/Ker(p) =~ Im(¢@).

Aoxazamenvcmeo. Ilocrpoum orobpaxkernue f: U/ Ker(¢) — Im(¢@): ornpaBuM Kaacc u + Ker(o)
B @(u) € Im(@). IIpoBepuM, uTo f KOPPEKTHO ONPEAEAEHO, TO €CTH, He 3aBUCHAT OT BhIGOpa
npepcTaBuTenst kKaacca u3 U/ Ker(@). AeficrBureabHo, ecan u + Ker(@) = u’' + Ker(@), Tou' —u e
Ker(p), otkypa 0 = @(u' —u) = @(u') — @(u). Sragur, @(u’') = @(u), 970 ¥ TPeHOBANOCE.

Orobparkenue f sSIBASIETCSI AMHERHBIM. AeACTBUTEABHO, €CAU Up, Uy € U, To f(u;) = @(uy)
n (1) — @(up), mostomy (W) + f(iG) — @) + G(wy). C Apyrolt cropoms:, f(if + 1) —
f(u +uz) = @(u + uz) = @(u) + @(uz) — To >xe camoe. Hakowrer, ecarw u € U u a € k, To
fMa=e@uwauf(t-a)=f(Ua) = e(ua) = p(u)a.

ITpoBepuM, uTo f 6uekTmBHO. 3ameTuM, uTo U3 @(uU) = 0 caepyer, uTo u € Ker(¢), TO ecTs,
gro U = 0 € U/Ker(¢); nostomy f mabekTmBHO. C APYTOMl CTOPOHBI, AAST KaXkA0ro v € Im()
cymectByeT u € U Takoe, gTo v = @(u). Toraa f(u) = @(u) = v, mosroMy f CIOpPBHEKTUBHO. O
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7.8 OTHOCUTENbHBLIN Da3uc

AUTEPATVPA: [F], ra. XII, § 2, . 4-6; [K2], ra. 1, § 2, om. 4, 5.
IIycTb V — BeKTOpHOe IIPOCTPAHCTBO Hap moreM k, U < V.

Onpepenenne 7.8.1. Habop BEKTOPOB V1, ...,V € V Ha3BIBAETCS IMHENHO HE3aBUCUMbIM Hap, U, ecan u3
via; + - +vha, € U caepyert, 9To a; = -+ - = a,, = 0. Habop BEKTOPOB Vy, ...,V € V Ha3bIBaeTCSI
nopoxpatouwieii cuctemoii Hag U (uam cuctemoit obpasyrowmx V Hap U), ecaur aroboit BekTop u3 V
MOJKHO IIPEACTaBUTH B BUAE Vi1Qg + - - - + V Ay + U AAS HEKOTOPBIX Ay, ...,y € K u € U. Hakoxrer,
Habop Vi,...,Vn € V Ha3bIBAa€TCsI OTHOCMTENbHbIM O6a3ucom V Hap U, ecar OH AMHENHO HE3aBUCUM
Hap U um sgBAsteTcss moposkaaromneit cucremoit Hap U. HeTpyaHO BEHAETH, YTO 3TO PAaBHOCUABLHO
TOMY, UTO AIOOO BEeKTOpP V IIPEACTABASIETCS B BUAE Vid; + - -+ + V4, + U AASI HEKOTOporo u € U
eduHCMBEHHBIM 06PA3OM.

Teopema 7.8.2. Caedyrowue Yycrosus pasHOCUNLHDL:
1. vq,...,Vn — omHocumenvHuiti baszuc V Had U;
2. vi+U,...,vy + U — 6asuc gaxmop-npocmparcmea V/U;

3. Vi,...,Vn 8Mmecme c Hexomopvim basucom npocmparcmea U e cosoxynrocmu obpasyrom
basuc npocmparcmea V;

4. Vi,...,vn — basuc Hekomopozo donoaHerus U e V.

Aoxazameavcmeo.l = 2 IlycTb vy,...,V,, — OoTHOCUTeAbHBIZ 6asuc V Haa U. [Ipoepum, uTo
cucrema v; + U, ..., v, + U Auneiino HezaBucuma. AeficTBuTeasHO, ecan (vi+W)a; +- - -+ (v +
Wa, =0€V/U, 10 (via;+---+vna,)+U = 0 € V/U. OT0 03Havaer, 4To via;+- - -+vna, € U,
OTKYyAA IIO OIIPEAEAEHUIO AMHEWHON He3aBucuMocTH Hap U caeayeT a; = -+ = a, = 0. Kpome
TOro, AI0DO# BEKTOP V € V MOXXHO IPEACTABUTBH B BUAE V = Vid; + -+ + VpQn + U AAS
HEKOTOPHIX d1,...,0, € kmwuwe U. Toraa V="via; + -+ + V,a,, TOCKOABKY U = 0. 3HAYUHUT,

Vi,...,Vn — cucreMa obpasyromux V/U.

2= 3 Ilycts v; + U,...,vy + U — 6asuc V/U, uy,...,ux — Hexkoropslit basuc U. Toraa ans
Atoboro BekTopa v € V Kaacc v + U € V/U MoxHO mpeacTaBuTh B Bupe Vv + U = (vi +
Wa; + -+ (v + Wa, = (viag + -+ + vpay) + U IlosToMy v ~y via; + -+ + vpa, &

v— (via; + -+ +vpa,) = u € U. PasaokuM BeKTOp U IO 6a3UCy Ug, ..., Uk: U = Uby +
<o+ + Uk by. [Toaygaem, aTo v = via; + - - - + vpan + Uiby + - - - + uxby. OTO AOKA3EIBAET, YTO
Vi,...,Vn, U, ..., U — 6a3uc V. HakoHer, ecau via; + -+ + vy + Wby + - + uby =0,
TO Vidy + -+ + Vpdpn = —Uib; — -+ — Wby € U, Io3TOMY Vid; + - - + Vplp = 0, ¥ B CHAY
AVHENHON HE3aBUCUMOCTH V7, ..., V, B V/U u3 sToro caeayer, 94to a; = -+ = a,, = 0.

3 = 4 Ilyctb Uy, ..., u, — 6asuc U Tako#, 94T0 vy, ..., Vn, U, ..., U — 6a3uc V. Toraa (vi,...,vn)+
uy, ..., ux) =V, orryaa {(vi,...,Vy) — pomoArHeHze K U B V.
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4 = 1 IIycts (vy,...,vn) = U’; mo npepnonrosxeruto, V=UP U’ Ecamw v =via; + -+ vya, € U,
Tove UnU, orkyna v = 0, ¥ B CUAY AMHENHON HE3aBUCHMOCTH BEKTOPOB Vi,...,Vn,
IIOAyYaeM a; = --- = a, = 0. HakoHer, At060# BEKTOp V € V MOXXHO IIPEACTABUTL B BUAE
v =u+u' anrst HekoTopeix u € U, u' € U'. 3anumem u' = via; + -+ + v, a,,; TIOAyYaEM, ITO
vV=via; +---+vha, +U.

O

Cnepcteue 7.8.3. ITycmov U <V — sexmoprsie npocmparcmea. Tozda dim(V/U) = dim(V) —
dim(U).

Aoxasameavcmeo. Bribepem 6asuc uy,...,u, 8 U u 6asuc vy,...,v, B V/U. ITo vactu 3 Teope-
MBI 7.8.2 Habop Uy, ..., Uk, V1,...,Vy ABASETCS 6a3ucoM B V, cocTrogmuM u3 k + n sneMeHTOB. [

7.9 Marpuua nepexopaa

AUTEPATVPA: [F|, ra. XII, § 1, m. 4; [K2], ra. [, § 2, . 3; [KM], u. 1, § 4, . 7.

HanomunwM, uTo BeIGOD 6asmca B B KoHeuHOMepHOM mIpocTpaHcTBe V, dim(V) = n, 3aaaer
“30MOpU3M MEXAY V U IPOCTPAHCTBOM CTOABIIOB K™: ¥ KaXKAOTO BEKTOPA V IOSIBASIETCST KOOPAU-
HaTHBIY CTOAGEI] [V]g, coCTOSImIUE U3 N KOOPAUHAT BEKTOpa v B basuce B.

[Tyctb Teneps B’ — ermne opun 6asuc npocTparcTBa V. Bo3HMKAeT eCTECTBEHHEIN BOIIPOC: KaK
CBSI3aHBI MEXXAY CODO¥ KOOPAMHATEHI BEKTOpa V B bazucax B u B’? OTseT Ha 3TOT Bompoc popMyAn-
PYETCsI C IIOMOIIBI0 MAMPUYDLL, nepexroda MeXAY basucamu.

Onpepenenne 7.9.1. IIycte B = {uy,...,un}, B’ = {vi,...,vy} — 6a3uchl KOHEUHOMEPHOT'O IIPO-
crpaHCTBa V. B 9acTHOCTH, BEKTOPHI V; MOXKHO Pa3AOKWUTh 1o 6asucy B:

n
Vj = Z uicij.
i=1

Marpuma C = (Cij){fjﬂ, COCTaBAEHHAS U3 KO3(DUIINEHTOB ITUX PASAOKEHUN, HA3LIBAETCS MaTpULen
nepexopa ot 6asuca B K b6aszucy B’ u oboszuauaercs gepes (B v B'). VlHEIME cAOBaMU, MaTpHUIlA
(B v~ B’) cocTaBAEHA U3 KOOPAMHATHBIX CTOADIIOB BEKTOPOB Vi, ...,V B basuce B:

(B B) = (il [valn - [vals).

B sTo#t curyanuu B HaswpIBaeTcs cTapbim 6a3ucom, B’ — HoBbiM 6a3ucom, a (B v~ B’) — matpuueii
nepexoga oT cTaporo 6asuca k HoBOMY.

CHUMBOAMYECKN MBI MOYKEM 3aIICaTh
(vl Vo oL, vn) = (ul Uy ... un>-(Bwv>B’).

B Taxoif 3anucu caeBa CTOUT CTPOUKA, COCTaBAEHHAST U3 8eKMOPO6 IPOCTPAHCTBa V, a crpaBa —
IIPOM3BEAEHUE TAKOM CTPOYKY Ha MaTpuIly Haa k. [lepeMeHO>Xasi CTPOYKY BEKTOPOB Ha CTOADITHI
MaTPUIBI Hap K MBI OYAEM IOAYYATh AMHEMHBIE KOMOMHAIINY 3TUX BEKTOPOB, IIO3TOMY B IIPaBOi
YaCTU IIOCAE TIEPEMHOKEHMS OKAKETCS CTPOYKA, COCTOSAMIAS U3 N AMHEAHBIX KOMOUHAIINE BEKTOPOB
Ui, ..., U,. PaBeHCTBO Teneps O3HaYaeT, 9TO BEKTOP V; PaBeH j-i U3 3TUX AMHEMHBIX KOMOMHAIWA.
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Mpeanoxenune 7.9.2 (CpoitcTBa MaTpuier mepexopd). Ilyecms B = {uy,...,un}, B = {vy,...,vn},
B" = {wy,...,Wwn} — basucw KoHewHomepHozo npocmparcmea V. Tozda

1. (B v B)=E,
2. (Bwo» B")=(B v B (B~ B,
3. mampuua (B > B') obpamuma u (B~ B')t = (B~ B).

A oxazamenvcmaso. 1. OueBrAHO: CTOADGEI, KOOPAMHAT BeKTOpa 1 B basuce {ui,...,U,} paBeH
€, TO eCTb, PaBeH i-My CTOADIIY EAMHWYHON MaTPUIIHI.

2. MgmI 3HAEM, 4TO

C ApPyro# CTOPOHEL, (Wi, ...,Wyn) = (Vi,..., V) (B v B") = (ug,...,un)(B v B)(B' v
B"). IloaTomy

(Uy ey U ) (B o BY) = (ug, ..., upn)(B v B)(B' v~ BY).

[TockoaBKy (U, .. .,U,) SIBASIETCS Oa3UCOM, U3 PAaBEHCTBA AMHENHEIX KOMOUHAIME BEKTOPOB
Uy, ..., U, CAEAYET PABEHCTBO BCEX UX KO3(PUIMEHTOB, IIOITOMY

<4B > B//) _ (B “—— 3/)(.3/ —— 4B//>’
4TO U TPeboBaANOCE.

3. /3 mepBBIX ABYX IYHKTOB CAEAYET, 9TO (B v B') - (B’ v B) = (B v B) = E; aHarorudHo,
(B" v B) - (B v B') = (B’ v B') = E.
[l

Tenepb MBI MOXEM CBsI3aTh KOOPAMHATEL OAHOI'O M TOI'O >X€ BEKTOPA B PA3HBIX ba3mucax.

Teopema 7.9.3. ITycmv V — KoHewHomepHoe sexmopHoe npocmparcmeo, B, B’ — 6asucwv, V.
Toz0a Oas arobozo sekmopa v E V 8vinosreHo

Vs = (B v B) - [v]s.

Samevarue 7.9.4. DTo O3HAYAET, YTO KOOPAUHATEL BEKTOPA B Hasuce mpeobpasyroTcss KoHmpasa-
puarmMH~o Ip! 3aMeHe basuca: KOOPAVMHATEL B HOBOM basuce IOAYYAIOTCS U3 KOOPAWHAT B CTAPOM
6a3mce AOMHOKEHVEM Ha MATPHUILY IIEPeX0oAd U3 HO8020 baszuca 6 cmapvil.
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X1

X2
Aoxazamenvcmeo. Ilycte B = {uy,...,un}, B’ = {vi,...,vy}. Sanumem [v|g = | | |1 [V]s =
Xn
Y1
Y2
. Ilo ompeaeaeHnIO 3TO O3HAYAET, YTO V = U3X1 + -+ - + UpnXn = V1Yi + -+ + VaYa, TO €CTB,
Yn
X1 Y1
v=<ul un> : :<v1 vn> :
Xn Yn
ITo ompeAeAeHNIO MATPUILI IEPEXOAA UMEEM <v1 vn> = <u1 un) (B v~ B’). Ioa-
CTaBASISI 9TO B IIOAYYEHHOE PABEHCTBO, IIOAYYAEM
X1 Y1
v=(u1 un) : ==(u1 un)(BwB’)
Xn Yn
Ho (uy,...,un) siBAsieTcs 6a3ucoM, IO3TOMY U3 PABEHCTBA AMHENHBIX KOMOMHALIXN 5TUX BEKTOPOB

CAEAYET PABEHCTBO UX KO3(PPUIMEHTOB. SHAUNT,

X1 Y1
= (B v~ B’) s,
Xn Un
4TO ¥ TPeboBaAOCh AOKA3ATh. [
Ee opAMH eCTeCTBEHHEIM BOIPOC — YTO IIPOUCXOAUT C MATPHUIEN OTOOPa KeHUSI IIPU 3aMeEHE
6asucoB B mpocTpancTBax’! Ilycte B mpocTtpancTBe U 3aaanbl 6asuckl B u C, a B IpoCTpaHCTBE

V — 6asucer B’ u C'. ¥V xaxp0ro AmHe#HOro oTobpakerus ¢: U — V umeercsa MaTpuna [@|s 5/ B
6asucax B, B’ u marpuna [@|e,e B basucax C,C'.

Teopema 7.9.5. [Tycmov U,V — sexmoprvie npocmparcmea Had nosem k, @: U — V — aunetinoe

omobpaotcerue, B, € — basucv. 8 U, B’, ©' — 6asucet 8 V. Toz0a
[eleer = (B' v €))7 @ln,s/(B ~ C)
Aorasamenvemeo. Tlyers w € U; zoraa [p(W)]s: = [las - [uls & [eW]er = [l - [ule.

~

Kpowme Toro, [u]g = (B v C)[u]e u [@(u)]er = (€' v B)[@(u)]s. ITosTomy

[eleer - [ule = [e(w)]er = (C" o B)[@(u)]s:
= (€' v B)[@]z,5 - [u]s
= (C" v B)[@]s,3/ - (B v C)[u]e

AAst Bcex BekTopoB U € U. [To mpeanrosxkernuio 5.3.8 #3 3TOT0 CAEAYET HY>KHOE PaBEeHCTBO MaTpui. [
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WTak, npu 3amere 6asucoB B mpocTpancTBax U u V maTpuna orobpakenus: @: U — V pomHOXKA-
€TCsI CIIpaBa Ha MaTpUILy 3aMeHEI 6asuca B U u caeBa — Ha obpaTHYIO MaTpHUIly 3aMeHBI Ha3uca B V.
OTO MOXHO KUCIIOAB30BATb CAEAYIOMIUM 0b6pa3oM: AAS PUKCHPOBAHHOTO OTOOPaskeHUS @ IoIpobyem
mopobpats 6asucel B U u V Tak, 4Tober MaTpuiia @ B 3TUX 6asmcax BHIMASIAeAd Hamboaee IPOCTHIM
obpasom.

Teopema 7.9.6 (Karoruyueckast hopMa MaTpUIbl AUHEHHOTO oTobpakenus). [Tycms @: U —V —
20MOMOPPU3M 8eKMOPHBIT Npocmparcme. Tozda watdymces 6asuc B 6 U u 6asuc B’ 6 V
E. O

IT
0o o) P

maxue, Y¥mo mMampuya [Q|s s/ AeafemcA oKalUMAEHHOU eOUHUYHOT. (@5 5/ =
amom 1 = dim(Im(¢g)).

Aoxazamenvcmeo. Ilo Teopeme o romomopdusme (7.7.3) umeercss usomopdusm ¢: U/ Ker(@) =
Im(¢). Bribepem kaxoit-Hubyas 6asuc B Ker(¢) u 6asuc 8 U/ Ker(@); mo Teopeme 7.8.2 MBI IOAYIUM
6asuc B U; mycTs 310 €y,...,€e,, IPUIEM €,..., €, — OTHOCUTEABHEIN 6asuc U Hzap Ker(p), a
€ri1,.-.,6en — 0asuc Ker(@). Basucy ey, ...,e, B U/ Ker(¢) B cury usomopdusMa @ COOTBETCTBYET
6asuc fq,...,f. B Im(p); npu sTom @(e;) = fi paz i = 1,...,1, u BuAHO, uTo 1 = dim(Im(@)).
Hakoren, nockoabky Im(¢@) < V, MOXXHO AOTIOAHUTE cucTeMy fi,...,f, Ao 6asuca V BeKTOpamu
fri1y ..o, fm. [JockoABKRY @(e;) = fi aasti=1,...,7 7 @(e;) =0 prst i > 1+ 1, MmaTpuna ¢ B
basucax (ey,...,en), (f1,...,fm) IMeeT HY>XHBIH BUA. O

DaKTUIECKN MBI IIOAYIUAAL €III€ OAHO AOKA3aTEABCTBO CAEACTBHUS 5.4.2.

Samevarue 7.9.7. PasmepHOCTH 06pa3a oToOpa>keHUs (p HA3LIBAETCSI PAHIOM ; IO Teopeme 7.9.6
PaHT AMHENHOTO OTOOpa’keHUsI PaBeH PAHTyY €ro MaTpuUIb! (B A06oi mape 6a3ucoB, TOCKOABKY IPH
AOMHOXXEHIY Ha 0OpaTWMble MaTPUILI PAHT He MEHSIETCS).

Samewarue 7.9.8. [IpuBepeM elre OAHY XapaKTePU3AIUIO PaHTa: pa3dmepHocms obpasa aureliHozo
omobpastceHus PasHa paHay e20 mMampuys.. NeRCTBATEABHO, IIO0 TeopeMe 7.9.6 MOKHO BEIOpPaTh
6a3uc Tak, YTO MaTPUIIA HAIIETO OTOOPA’KEHNSI CTAHET OKaMAEHHON eAMHUYIHOR. AT OKatMAEHHOR
€AVHUYHON MaTPUIILI PaHTa T OYEBUAHO, YTO 06pa3 COOTBETCTBYIOIIETO AMHENHOTO OTOOPasKeHUS
MeeT Pa3sMepPHOCTb T — 3TOT 0b6pa3 ecTh IIPOCTO AMHEHHAs 060A0UKa IEPBBIX T 6a3UCHBEIX BEKTOPOB.
OcTanoch BCHIOMHUTL, YTO IPU 3aMeHe 6a3mca IPOMCXOAUT AOMHOXKEHWE MATPHUILI AMHEAHOTO
oTobpa>keHUsT Ha obpaTMMble MaTPUIIBI CA€Ba U CIIpaBa, YTO, KaK Mbl 3HaeM, He MEHSET paHra
MaTPHIIHL.

Mpennoxenue 7.9.9. Pasmeprocms npocmparcmea peuleHuli 00H0PpoOHOT CUCTMEMDBL AUHETUHDLT
YpasHeHUl PABHA YUCAY HEUZBECMHBIL MUHYC PAH2 MAMPUULL 3MOT CUCTNEMDL.

Aoxasameavcmeo. Ilycts peusb upet o cucreme AX = 0, rae A € M(m,n, k), z X € k™ — croaber
HeU3BECTHBIX. PaccmoTpuM AmHe#HbIH onepaTop |: k™ — k™, X — AX. HeTpyaHO IIOHSITH, YTO €0
MaTpPUIla OTHOCUTEABHO CTaHAAPTHBIX 6a3mcoB k™, k™ paBHa A. [IpoCTpaHCTBO pelIeHUE CUCTEMBI
AX = 0 — 3TO B TOYHOCTH SIAPO omepaTopa |. Paur MaTpumbl A, KakK MBI 3aMETUAM BBIIIIE — 3TO
pasMepHOCTL obpasza omeparopa |. YucAo HEM3BECTHHIX 3AeCh PaBHO N. OCTanoCh IPUMEHUTD
TeopeMy 0 roMoMopdusMme 7.3.8. 0
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Cnepcteue 7.9.10. [Tycmv A € M(m,n, k). OdnopodHras aunetinan cucmema ypasrerut AX = 0
UMEEM HEMPUBUAALHOE (MO ecmb, HeHYaesoe) peulerue moz0a U moavko mozoa, Ko20a
rk(A) < n. B wacmuocmu, ecau m < 1, Mo a3ma Cucmema 8cez0a UMeem HEMPUBUANLHOE
PEWEHUE; eCAU JCe T = T, MO OHA UMEEM HEMPUBUANDHOE PEULEHUE MO020a U MOABKO mozla,
xoz20a mampuua A Heobpamuma.

Aokxaszamenvcmeo. HerpuBuanrbuoe pertenue cucTeMbl AX = 0 CYIIIECTBYET TOTAQ X TOABKO TOTAR,
KOTAd Pa3sMepHOCTH IIPOCTPAHCTBA PeIleHme CTPoro boabire 0, YTO IO IPeABIAYIIel# TeopeMme
paBHOCHABHO HepaBeHCTBY rk(A) < n. Ecam m < n, To parr MaTpunsl A, 6yAyIr paBeH CTPOYHOMY
paury, He mpeBocxopuT m: rk(A) < m < N, DO3TOMY HETPUBMAABHOE PELIeHNE UMeeTcs. Heau ke
mM = M, TO HepaBeHCTBO rk(A) < N IO CAEACTBUIO 7.6.8 PAaBHOCHABHO HeobpaTumocTu A. [

DokarxeMm eme pa3 TeopeMy Kporerepa—Kamneanan.

Teopema 7.9.11 (Kporerepa—Kaneanrun). Cucmema auretinoir ypasheruti AX = B umeem pewerue
mozda u moavko mozda, Kozda pare mMampuus. A pager paHay pacuuperHol mampuyss (A|B).
ITpu smom pewerue eduHcMmBeHHO Mmo20a U MoabKo moada, Koz20a, O0NOAHUMENDHO, IMOM
paHe PaBeH HUCAY HEUIBECTIHBIT .

Aoxaszamenvcmeo. PaccmoTpuM cooTBeTCTByIONIIEE AMHeHHOe oTobpaxkerue T: k™ — k™, X — AX.
O6pa3 T — 3T0 HOAIIPOCTPAHCTBO, IOPO>KAEHHOE BeKTOpaMu T (ey),. .., T (e, ), TO ecTh, IPOCTPAHCTBO
cTonbmoB MaTpunsl A. 3Hauut, B aexxut B Im(T) Toraa u TOABKO TOTAQ, KOTAA CTOAGeI] B sBAseTCs
AVHeRHON KoMbuHarue# cToabioB MaTpuikl A. Ilo npeanosxenuio 5.9.6 uMeeTcs: OUEKIIUST MEKAY
MHO>KECTBOM pereHuit cucreMbl AX = B u MHOXXeCTBOM peIlIeHu# OAHOPOAHO# cucTeMbl AX = 0;
3TO MHOXXECTBO COCTOUT U3 OAHOM TOYKH TOTAA M TOABKO Toraa, koraa Ker(T) = 0, To ecTs, Korpa
rk(A) = dim(Im(T)) = n. O
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8 >KoppaHoBa HopmanbHag ¢opma

IIycte U,V — KOHeYHOMEPHEBIE IIPOCTPAHCTBA HaA K. B mpoImao#l raaBe MBI BEISICHUAY, UTO AAS
AmHelHOrO oTobpaskerus I: U — V moxxuo BEIOpaTh 6asucel B U u B V Tak, 4To MaTpuia @ B
aTux H6asucax 6yaeT okaMAEHHON eaAmHUYIHOM. [TycTs Temeps T: V — V — AuneliHOe oTOOpa keHUE
73 IpocTpaHcTBa B cebst. MbI 6yaeM Has3bIBaThL €I0 JIMHEAHLIM 0NepaTopom (XAX IIPOCTO ONEpPaTopoMm)
Ha V. He ouenb-TO yA0OHO BBIOUpPATh ABa pPasHBLIX 6a3mca B OAHOM M TOM JK€ IIPOCTPAHCTBE V AAS
3aIIKUCU MaTPHUILI AMHERHOTO omeparopa. [lycTte B — basuc npoctparcTsa V. Matpuueii onepatopa
T:V — V B 6a3uce B HazpIBaeTcs MaTpulia orobpakenus | B 6asucax B, B. Mur 6yaem obosHagaTh
ee gepe3 [T|p BMecTO [T]|5 5. Lleab HacTosimel raaBbl — BBIICHATB, K KAKOMY HauboAee IIPOCTOMY
BUAY MOYXHO IIPUBECTH MATPUILY oIepaTopa | ¢ moMoInbio Belbopa 6asuca B V. ITo Teopeme 7.9.5
npu 3aMeHe 6a3mca B Ha B’ MaTpuiia omeparopa | AOMHOXKAETCsI CIIpaBa Ha MATPHUILy 3aMeHEBI
6a3suca u caeBa Ha obpaTHyo K Heil. Takum obpasom, ecau A = [T]g, A’ = [T]|s,, C — Marpuma
mepexopa oT B x B, o A’ = C!AC. Ora mporeAypa Ha3bIBAETCS COMNPSXKEHWEM: TOBOPSIT, UTO
C'AC — marpura, conpsxeHHas K Marpuile A mpu momormu C.

B sToi rraBe Hac OyAET MHTEPECOBATH BOIPOC: K KAKOMY XOPOIIEMY BUAY MOXKHO IIPUBECTH
MaTpUIy IPOU3BOABHOTO AMHEWHOTO omepaTopa’? B oTamdme OT cAydasi AMHERHOTO OTOOpa KeHU,
PaCcCYUTHIBATEL Ha OKAMMAEHHBIM €AMHUYHBIA BUA y>Ke He IPUXOAUTCS. TeM He MeHee, MBI IOAYIIM
AOCTATOYHO PasyMHLIY OTBET Ha 3TOT BOIPOC. MOXXHO chOpMYyAUPOBATE 3Ty 3aAa4y Ha MAaTPUIHOM
SI3BIKE: B IIPOIIAOY I'AaBe MBI BUAEAM, UTO C IIOMOIILI0 AOMHOMKEHUS CAEBa U CIIpaBa Ha 0bpaTUMEIE
MaTpUILI AIODYI0 MATPUILY MOMKHO IPUBECTY K OKAMAEHHON eAMHUYIHON popMe; a K KaKOMY BUAY
MO>XHO IIPMBECTHY KBAAPATHYIO MaTPHUILY C IIOMOIIbIO COIPSIKEHUS?

Mer 6yaeM IpeAlloAaraTh B 3TOM I'AaBe, YTO BCe BCTPEYAOIINECS HaM BEKTOPHEIE IPOCTPAHCTBA
KOHEYHOMEDHBI.

8.1 uBapuaHTHblE NOANPOCTPAHCTBA U COOCTBEHHbIE YNCA

AUTEPATVYPA: [F], ra. XII, § 6, . 1; ra. IV, § 6, . 1; [K2], ra. 2, § 3, m. 3; [KM], u. 1, § 8; [vdW], ra. XII,
§ 88.

[lepBast mpest AAST M3YYEHUSI OIIEPATOPOB HA IPOCTPAHCTBE COCTOUT B CAEAYIOIIEM: MOXKHO
IIOIBITATHCS IIOCMOTPETH HA TO, YTO IIPOUCXOAUT B COOCTBEHHOM IIOAIIpPocTpaHcTBe U omepaTopa
V, peIuTh BOIPOC AASI HETO (YTO IIPOIIE, IOCKOABKY pa3MepHOCTh U MeHbIIEe pasMmepHoOcTH V), a
IIOTOM IIOIIPO6OBATh «IOAHSTBECS» B mpocTpaHcTBo V. Ilycts T: V — V — AumHelHBIN onepaTop,
U < V — HekoTOpOE HOAIIPOCTPAHCTBO. [IpobaeMa COCTOUT B TOM, YTO OrpaHUYEHUE ||| AeHCTByeT
u3 U B V u y>Xe He sIBASIETCSI AMHENHBEIM onepaTopoM! OnuIineM IOATIPOCTPAHCTBA, AAS KOTOPBIX
TaKOI'0 He IIPOUCXOAUT.

Onpepenenue 8.1.1. Tlycts T: V — V — AunHelinbi#t onepaTop Ha npoctpancTse V. [ToanpocTparcTBo
U < V Ha3bIBaeTCS UHBAPUAHTHBIM OTHOCUTEABHO omeparopa | (uam T-unBapuanTtHbiM), ecam T(U) <
U. VabiMu caoBamu: A Afoboro u € U obpas T(u) Takyxe aexut B U.

ITpumep 8.1.2. MO’XHO IPUBECTH TPUBHAABHBIE IIPUMEPHI: MOATIPOCTPaHCTBA 0 < Vum V <V
WHBAPUAHTHBI OTHOCUTEABHO AIODOT0 AMHEWHOTO omepaTopa Ha V.
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Cawmblif IpOCTO# IpUMeEP MHBAPUAHTHOTO IOAIPOCTPAHCTBA BO3HUKAET, KOTAA 3TO IIOAIIPO-
cTpaHCcTBO opHOMepHO. Toraa U moposkpaeTcsi oAHMM HEHYAEBBIM BeKTopoM U € U, um ans T-
muBapuasHTHOCTZ U AOCTaTOYHO MOTPebOBaTh, YTOOH 06pa3 T(u) aexxan B U, TO eCTh, UMEA BUA,
UA AAST HEKOTOporo A € k

Onpepenenne 8.1.3. Ilycts T: V — V — aAuneitnenit onepatop. Craasip A € k Ha3bBIBaeTCs COOCTBEHHBIM
4MCNOM omepaTopa I, eCAM CYIIEeCTBYeT HEHYAEBON BEKTOP U € V Takoi, uro T(u) = uA. B sTom
CAydae U Ha3BIBAETCSI COOCTBEHHbIM BEKTOPOM omepaTopa | (COOTBETCTBYIONUM COOCTBEHHOMY YUCAY
A).

ITone3HEBI CACAYIOIIMYE SKBUBAACHTHEBIC Hepe(i)OpMYAI/IpOBKI/I IIOHSATHSI COOCTBEHHOT'O YICAA.

Mpeanoxenue 8.1.4. ITycms T: V — V — aunetinoti onepamop, A € k. Caedyrouue ymeepotcoe-
HUA DPABHOCUNDBHDL!

1. A — cobcmeerroe “ucao onepamopa I,
2. onepamop T — Aidy HeunsexmuseH,

3. onepamop T — Aidy Hecropsexmuser,
4. onepamop T — Aidy Heobpamum.

Aokxazamenvcmeo. Ecauw A — coberBernoe wucao T, To (T —idy A)(u) = 0 pAAsT HEKOTOPOro
HeHyAeBoro U € V, u motomy | — idy A HemHbeKTUBeH. OOpPATHO, HEMHBEKTUBHOCTE | — idy A
osHaugaet, uTo Ker(T —idy A) # 0, u ecAu U — HEHYA€BOH# BEKTOP U3 3TOTO SIAPA, TO T(uU) = UA,
YTO ¥ O3HAYAET, 9YTO A — COGCTBEHHOE YUCAO T. PaBHOCUABHOCTD yTBepXKAeHUH (2), (3), (4) cpasy
CAEAYET U3 IPEANOKEHUST 7.5.9. O

Taxum obpazoM, COOCTBEHHBIE YKUCAA OllepaTopa | — 3TO B TOYHOCTH T€ CKAASIPEL A, AAS KOTOPBIX
omeparop T — idy A UMeeT HETPUBUAABHOE SIAPO, & COOTBETCTBYIOIINE COOCTBEHHEIE BEKTOPEI — 3TO
B TOYHOCTU HEHYAEBBIE SAEMECHTEL 3TOI'O sAApAa.

Teopema 8.1.5. ITycms T: V — V — auneldnwi onepamop, Vvi,...,vn € V — cobcmeerHvie
8eKMOPDBL, COOMBEMCMEYOULUE TLONAPHO PASAUMHBIM COOCNEEHHBIM YUCAAM Af, ..., Ay € K.
Toz0a sexmopwi Vy, . ..,Vn AUHETUHO HE3A8UCUMDL.

Aoxazameavcmeo. ByaeM AOKA3EIBAThH OT IPOTUBHOTO: IIYCTDb Vi, ...,V ARHENHO 3aBUCUBIM. [1o
remme 6.3.12 HaAeTCsT MHAEKC ) TaKOH, 9TO V; BBIPa’kaeTcsi 9Yepes Vi, . .., Vj_1. BribepeM HauMeHb-

MUY 3 TaKUX WHAEKCOB j U 3alIUINEM IIOAYUEHHYIO AMHENHYIO 3aBUCUMOCTbD:
V; =viay + -+ Vi—1Qj-1.
[Ipumenum onepaTop | K oberM wacTsM 3TOTO paBeHCTBA!

T(Vj> = T(\)1>Cl1 + -+ T(Vj_l)a]‘_l.
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Mer 3uaem, ato T(v;) = ViA; pAsE Bcex 1 = 1,...,n, moToMy
V]'}\j =viAa; + -+ Vj—l}\j—laj—l-
C ppyroit CTOPOHBI, MBI MOKEM YMHOKUTH MCXOAHYIO AMHENHYIO 3aBHCHMOCTD Ha Aj:
\)j}\j = v17\)~a1 + -+ ijl}\jajfl-
BrruTem aABa mocaepHEX paBEHCTBA:
0= Vl(}\l — )\j)al + -+ Vj—l(}\j—l — )\j)a]’_l.

B cuay mamero Beibopa j BEKTOPEHI Vi, ...,Vj_1 AMHEHHO HE3aBMCHUMEL. [I03TOMYy B IOAYYEHHOM
BBIPasKeHUM BCe KoapduiumenTs! (A; — Aj)ai AOAKHEI 6BITh HyAeBbIMU. Ho CKaasphl Aj IomapHO
Pa3AMYHEL, MOTOMY Aj —Aj # 0 mpum Bcex i = 1,...,) — 1. SgauuT, a; = 0 pnz i =1,...,j — L.
ITopcTaBASIE B MCXOAHYIO AMHEHHYIO KOMOMHAIWIO, IOAydaeM, 4TO V; = 0, YTO IPOTMBOPEYUT
OIIPEAEAEHMIO COOCTBEHHOI'O BEKTOPA. O

Cnepcrteue 8.1.6. Koauxecmeo pasauvHbT COOCMBEHHBIT HYUCEA ONEPAMOPA HA NPOCMPAHCMEE
V ne npesoczooum dim(V).

Aokazameavcmeo. Ecau Hamaoch 6oabime, deMm dim(V), pasAWYHBIX COOCTBEHHBIX YHUCEA, TO
COOTBETCTBYIOIIUE UM COOCTBEHHBIE BEKTOPHI AMHEHHO HE3aBUCUMEI II0 TeopeMe 8.1.5, a 3TO mpoTu-
BOpeduT TeopeMe 6.3.14. 0

BosBpamasice K 0bIeMy IOHATHIO NHBAPUAHTHOTO IIOAIIPOCTPAHCTBA, MBI TEIIEPh MOKEM YTOY-
HUTb, B KAKOM CMEBICAE HAAWYWE MHBAPUAHTHBIX IOAIPOCTPAHCTB IIOMOTAET CBECTHU M3ydIECHUE
oIlepaTopa Ha IIPOCTPAHCTBE K U3YUEHUIO OIIEPATOPOB HA MEHBINMUX IIPOCTPAHCTBAX.

Onpepenenne 8.1.7. Ilycte T: V — V — aAuneiltnsr onepaTop, U < V — T-uHBapmaHTHOE IIOAIPO-
crparcTBo. OTobpaskenue Ty : U — U, 3aparzoe dpopmyaocit (T|y)(u) = T(u), HassIBaeTcst orpaHuye-
HUEM NMHeliHOro onepaTopa Ha MHBapMaHTHOe moampocTpaHcTso U. OTobpaskerue Ty y: V/U — V/U,
3aparHOe popmyacit Ty u (v + U) = T(v) + U, HasEIBaeTCS WHAYLMPOBAHHLIM ONEpaTopom Ha haKTop-
npoctpancTee V/U.

Mpepnoxenue 8.1.8. Ozparuverue Ha urHBapUAHMHOE NOONPOCMPAHCMEO U UHOYUUPOBAHHBLU
onepamop Ha PaKmop-npocmparHcmee KOpPeKmHo onpedeseHdv, U ABAANOMCA AUHEUHBLMU
oONePaMopPaMu.

Aoxasameavcmeo. B cury unBapuanTaOocTZ U saemerT T(u) aexxur B U anst Bcex u € U, mosTomy
dopmyaa (T|y)(u) = T(u) 3apaer orobpaskerue T|y: U — U. Ero AuHe#fHOCTb 04eBUAHBIM 06pa3oM
CAEAYEeT M3 AMHEWHOCTH .

ANST IHAYIMPOBAHHOTO OTOOPa’keHUsI Ha (PAKTOP-IIPOCTPAHCTBE CHadYaAd HY>XKHO IIPOBEPUTDH €O
KOPPEKTHOCTb, TO €CTh, TO, YTO IpaBuAo v + U — T(v) 4+ U He 3aBuCHT 0T BBIGOpA IIPEACTABUTEAEH.
[Tycte v/ — apyroit mpeacTaBuTeAb Kaacca v + U, To ecTs, vV = v + u Aast HekoToporo u € U.
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Toraa T(v') = T(v) + T(u). B cuay T-urBapuanTHOCTZ moatpocTpancTBa U BekTop T(U) AekuT
B U. 3mauur, T(v') u T(v) oTAngatoTcss Ha sAeMeHT u3 U, a IOTOMY AeXKaT B OAHOM KAAcCCe IIO
mopyato U.

ITocae sToro AmHe#HOCTL OTObparkeHMs: Ty, TaK)Ke HAIPSMYIO CAGAYET U3 AMHEWHOCTH OIepa-
Topa T. [

8.2 CobcTBeHHble yncna onepaTopa Haj, anredpanyecku 3aMKHYTbIM MOIEM

HanmoMHMM, 4TO AMHEHHEBIE ONIEPATOPEI HA IIPOCTPAHCTBE V 00pa3yOT KOABIIO OTHOCUTEABHO CAOXKE-
HUS ¥ KOMIIO3UIUY (@ KOMIIO3UIIMIO MBI 9aCTO 3aIMCHIBAEM KaK YMHOXKEHUE; B KOAbIIE MaTPHI OHa
OyKBaABHO COOTBETCTBYET YMHOXKeHUIO MaTpuI). [TosToMy He OYeHb YAMBUTEABHO, YTO MBI MOYKEM
paccMaTpuBaTh MHOT'OYAEHEI OT omeparopa | Ha V. A mmeHHO, nycTb |:V — V — AunelHBIN
oIlepaTop Ha BEKTOPHOM IpocTpaHcTBe V Hapa k, # mycth f € k[x] — HEKOTOPBI# MHOTOYAEH C
KoadduImeHTaM” B TOM JXe moae k. 3ammmeM f = ag + a;x + azx? + --- + a,x™. Onpeaeanm
pe3ynbTaT NoAcTaHoBkKM onepatopa T B MHorouneH f caeayromuM obpasom:

f(T) = ld\/ Qo + Tal + T2C12 + -+ T“an.

Specs T™ = To---oT — pesyabTaT n-KpaTHOH KoMmo3umnum | ¢ coboit. Herpyamo mpoBeputs,

n
9TO 3TO «BO3BEACHUE B CTCIICHDL» OIIPEAEACHO AN BCEX HATYPAABHBIX TV 1 O6AaAaeT OOBIYHBIMU

CBOMCTBaMH, HampuMmep, 9ro ™ = TMo T,

VTak, MBI IOAYYUAY HOBBIM AmHENHBIH omepaTop f(T) mo xasxaoMy muorounexy f € k(x| u
omeparopy T Ha V. DTa omepanusi HallOMUHAET <IIOACTAHOBKY CKaAsipa B MHOTOYAEH» (OHO >Ke
«BBIYUCAEHUE 3HAUEeHNe MHOT'OYAEHA B TOYKE», CM. ompepeneHue 4.3.1), u 0bAapaeT TOXOKUMU
cBojictBaMu (cM. mpeanrokenue 4.3.3): ecau f, g € k[x], A € k, T — omeparop #a V, 1o (f + g)(T) =
f(T)+g(T), (fg)(T) = f(T)g(T), (fA)(T) = f(T)A. DTr cBOKCTBA IIPOBEPSIIOTCS IIPOCTHIM PACKPLITHEM
CKObOK. AefICTBUTEABHO, IYCTh f = ag + a;X + -+ + a;pX™, g = bg + byx + - -+ + by x™. Toraa fg =
D (Zi+j:k aibj) x¥. TloacraBasis omeparop T, moaygaem f(T) = idy ag+ Ta; + -+ -+ T™ay,, g(T) =
idy bg + Tby + - - + T™by, m moromy f(T)g(T) = X (X o TaiTb;) = 3 T (X5 aiby) =
(fg)(T). OcTaabHBIE CBOHCTBA IPOBEPSIOTCS aHAAOTUIHO.

B gacrroctu, f(T)g(T) = g(T)f(T): mHoz0MaeHb. OM 00HO20 ONEPAMOPA KOMMYMUDYHOM
MmedcOy cobot (0bpaTuTe BHIMAHUE, YTO KOMIIO3UIIXS OIIEPaTOPOB, BOODIIE rOBOPSI, HEKOMMYTa-
tuBHA: ST # TS).

Mpepnoxenune 8.2.1. ITycms noae k anzebpauvecku samxHymo, V # 0 — sexmopHoe npocmpaH-
cmeo Had k, T: V — V — auneldnsviti onepamop Ha V. Tozda y T ecms cobcmeerroe “ucao.

Aoxaszamenvcmeo. Bribepem mpousBoabHEIR HeHYyAeBOH BekTOp V € V. [IycTs dim V = n. Paccmor-
puM BeKTOPEL v, T(V), T?(v), ..., T™(v). 9To n+1 BEKTOpP B N-MEPHOM BEKTOPHOM IPOCTPAHCTBE, X II0-
TOMY OHW AMHENHO 3aBUCUMEL. I1o Aemme 6.3.12 HaftaeTcs mHAEKC j > 0 Takoi, aTo T) (V) BhIpaskaeTcs
4epe3 BEKTOPHL BEAA T1(V) Anst 1 < j. 3ammmeM 3To BEIpaXkeHue: vag + T(v)a; + -+ T (v)aj_; =
T)(v). TlepeHeceM Bce B OAHY 9aCTh ¥ BEIHECEM V:

(T -Tlaj_y——Ta —idv ag)(v) = 0.
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B ckobKax CTOAT MHOTOYAEH OT omeparopa T, a mmenHo, f(T), rae f(x) = %) —a;_1x) "1 —- - —a;x—ao.
Hamre mone arrebpandecku 3aMKHYTO, & CTENEHD f OOABIIE HYAS, IOTOMY f PaCKAAABIBAETCST Ha
AuHefEbIe MEOKATEAR: f(X) = (X —A1) ... (x—Aj), 1, cranro 6e1Te, f(T) = (T—idyv A1) ... (T—idy Aj).

WNrak, Mbl noayuuan, uro f(T)(v) = 0, To ects, uro (T —idy A1) ... (T —idy Aj)(v) = 0. ITpouc-
XOAUT CAEAYIOIee: Ha HEHYAEBOM BEKTOP V AEHCTBYIOT IO OUYEPEAM OIEePaTOPhl BuAa | — idy A, u
moayuaercss 0. VI3 aToro caeayer, 4To XoTsi ObI OAMH U3 HUX HEMHBEKTUBEH — MHAYE U3 HEHYAEBOTO
BEKTOpPA Ha Ka’KAOM IIIare MOAyYaAcs Obl HeHyAeBol. Ho HeMHBEKTUBHOCTE omepaTopa T — idy A;
KaK Pa3 ¥ O3HAYAET, YTO A; SIBASIETCS COOCTBEHHBIM YUCAOM | (mpepnosxkeHume 8.1.4). [

Utak, B caygae arrebpamgecKky 3aMKHYTOTO IOAS, ¥ Ka>XAOT'O ollepaTopa | ecTh XOTsi 6BI OAHO
COBCTBEHHOE YHUCAO A, U, Pa3yMEETCsI, ECTh COOTBETCTBYIOIINN 3TOMY YUCAY [HEHYAEeBOI| cCOBCTBEHHbILH

BEKTOD V. A\OIOAHUM 3TOT BEKTOP A0 HEKOTOporo basuca B = {v,v,,...,v,}. Marpuma oneparopa
T B aTOM 6a3wmce BBITASIAUT CAEAYIOIIAM Obpa3oMm:

Aox L

0 =... =

0 s e %

Mzl coBepiuAy HEOOABIIOE IPOABMYKEHNE K HAIEH IIEAM: MBI HAIlIAK 6a31uC, B KOTOPOM MaTpPHIla
HAIIIeTO OIllepaTopa BHITASIAUT YYTb-UyThb AYUINE, YeM HayTrah B3sTasi MaTPHUIA, a UMEHHO, B HeR
TIOSIBUAOCH HECKOABKO HyAeH. OKa3bEIBAETCS, MBI MOXKEM IIPOAOAKUTEH 3TOT IIPOIECC IO MHAYK-
uY, ¥ HaiTu 6a3mc, B KOTOPOM MaTPHUIA HAIIETO OIIepaTOpa BEPXHETPEYTOAbHA. AASI 3TOr0 HaM
IIOHAAOOUTCSI CAEAYIOIIEE OIIMCAHNE BEPXHETPEYTOABHBIX MATPHII.

Mpeanoxenune 8.2.2. ITycme T: V — V — aunetnwil onepamop, B = {vy,...,vy} — Hexomopwiil
basuc npocmparcmea V. Caedyrouue ymeeprHcOeHUA PABHOCUALHDL

1. mampuya [T|g sepzrempeyzonvra,
2. Ons scexj =1,...,n sexmop T(v;) nesxrcum 6 (vq,...,Vj);

3. Ona ecex j = 1,...,n noonpocmparcmso (vi,...,V;) ABAAEMCA T-UHBADUGHMHDIM.
Aokazamenvcmeo. [Ipeamorosxum, uto Marpura [T]p BepxueTpeyroabHa. [locMoTpuM Ha ee j-i
cToAGell: B HEM CTOMT pasaoyKeHMe BeKTopa I (vj) mo 6asucy B. To, 4To HuKe AMarOHAAU TaM CTOST
HyAM, O3Ha4aeT, 94To T (Vj) Ha caMOM AgAe BBIPa’KaeTCs TOABKO Yepe3 BEKTOPHI Vi, ..., V;. ObpaTHo,
ecan T(v;) BEIpa’kaeTcst TOABKO 9€Pes3 Vi, ..., Vj, TO B j-M CTOADIIE HUKE AMATOHAABHOTO 3AEMEHTa
AOAJKHBI CTOSATh HYAHU. [[03TOMY IIepBBIE ABa YCAOBUS PABHOCHUABHEL.

O4eBHAHO, YTO U3 TPETHETO YCAOBUSA CAEAYET BTOpoe. OCTan0Ch AMIIL ITOKA3ATh, YTO U3 BTOPOI'O
caepyer Tperbe. VTak, nycTh BeIMoAHsETCs (2). Toraa

T(v1) € (vi) € vy -ony V),

T(va) € (vi,v2) € (vq, ..., V),

T(vj) € (v1,...,v5).
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Ecan v — Arobast AmHeiHas KOMOMHAIMS BEKTOPOB V1, . .., Vj, TO | (V) SIBASETCS AUHEHHON! KoMOuHa-
uelt BeKTopoB T(vy), ..., T(vj), # moToMy A€XUT B (Vy, ..., V;). DTO O3HAIAET, YTO IIOAIPOCTPAHCTBO
(V1,...,V;) ABASI€TCS |-MHBapUAHTHLIM. ]

Teopema 8.2.3. ITycmv k — anzebpaurecku samrxrymoe noae, T: V — V — aunelinnd onepamop
HA KOHEYHOMEDPHOM 8eKMOPHOM npocmparcmee V Had noaem k. Tozda cywecmsyem 6asuc
Vi,...,Vn mpocmparcmea V, 8 KOmopom mampuua onepamopa T umeem geprHempey20abHbill
e8uo.

Aokazameavcmeo. [lycts dim(V) = n; 6yaeM AOKa3bIBaTH TeOpeMy MHAYKIWeR mo n. Caygai
n = 1 oueBuAeH; nycTh Teuepb N > 1. [lo mpeanrosxenuio 8.2.1 y T ecTb cobcTBEHHOE YUCAO A.
O6ozurayum U = Im(T —idy A) < V. Ilo npeanroxxenuro 8.1.4 oneparop T — idy A He CIOPBEKTUBEH,
z notomy U # V. Iloka>xeM, 9To moanpocTpancTBo U sBasieTcss T-HHBapHaHTHBIM. A\€HCTBUTEABHO,
Anst atoboro u € U Beimoaneso T(u) = (T —idy A)(u) + uA, 1 09eBHAHO, ITO 06a CAAraeMbIX AEXKAT
B U.

Temepb MBI MO>KEM PacCMOTPETh orpaHudeHue ||y omeparopa T Ha moamnpocTpancTso U. Mer
3raeM, 4To dim(U) < dim(V), u noroMmy K U MOXXHO IPUMEHUTH IPEAIOAOIKEHNE UHAYKIIAU U
3aKAIOYUTE, YTO CYIIECTBYET H6A3MUC Uy, . . ., U,y IpocTparcTBa U, B KOTopoM MaTpuiia omeparopa T |y
BepXHeTpeyroabHa. [lo mpearoskenuio 8.2.2 u3 sToro caeayer, uTo T(u) = (T|u)(u;) € (ug, ..., u;5)
AASI BcexX j = 1,...,m.

AomoAHUM Uy, ..., W, Ao basuca ui,...,Unm,V,...,Vs IpocTparcTBa V. Toraa T(vx) = (T —
idv A)vi + WA anast Bcex k = 1,...,s. ITo onpeaenenuto (T — idy A)vi € U, m moromy T(vy) €
Uy .oy U, V1, ..., V). IO IpepnosKeHUIO 8.2.2 U3 3TOTO CAEAYET, YTO MaTPHUIA olepaTopa | B
6asuce Uy, ..., Umn,V1,. .., Vs BEPXHETPEYTOABHA. [

SHas 6asuc, B KOTOPOM MaTpHIla OIEpaTOpa BEPXHETPEYTOAbHA, AET'KO ONPEAEAUTH, KOTAA 3TOT
ommepaTop obpaTuM.

Mpepnoxenune 8.2.4. ITycmv mampuya onepamopa T: V — V 8 Hekomopom ba3uce seprHempe-
yeoavra. Onepamopa T obpamum moada u moavko mozda, kKoz0a ece 0ua20HAALHBLE INEMEHMDBL
2MOoTU MAMPUUDBL OMAULHDL OM HYAA.

Aokazameavcmeo. Ilycts B = (vy,...,v,) — ba3uc, B KOTOPOM MaTpHIa oepaTopa | BepxHeTpe-
yIrOABHA, U IIYCTH
Al o= L. =
0 7\2 e *
Ms=1. . . :
0 0 ... An

ITpepmonoskuM, uTo omeparop I obparum. Torpa A; # 0 (uzage T(v;) = viA; = 0). IIpearo-
AOXKEM, ITO Aj = 0 AAst HeKoToporo j > 1. [Asiast Ha MaTpumy T, MBI BUAMM, ITO | oTo6paskaeT
IOATIPOCTPAHCTBO (V1, ..., Vj) B IOATIPOCTPAHCTBO (V1,...,Vj_1). [Ipu 3TOM PasMEpPHOCTEL IEPBOTO
IIOATIPOCTPAHCTBA PaBHA j, a BToporo — j — 1. ITo caeacTBumio 7.3.10 HE CYIIECTBYET MHBHEKTUBHEIX
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AUHERHEIX OTOOPasKEHUM U3 j-MEPHOTO IPOCTPAHCTBA B (j — 1)-MepHOe. 3HAUNT, OrpaHUYEHNE OIle-
paropa T Ha IOAIPOCTPAHCTBO (Vy, ..., Vj) HEMHBEKTUBHO. DTO O3HAYAET, YTO HaMAETCS HEHYAEBOH
BEKTOP V € (V1,...,V;), AAs KoToporo T(v) = 0. [Tosromy T HEMHBEKTUBEH, UTO IPOTHBOPEIUT
IIPEATIONOKEHMIO 06 obpaTumocTu T.

ObpaTHO, IPEAIIONOKUM TEIEPDH, UTO BCE Aj,...,A, OTAUYHBLI OT HYAS. ['ASIAST Ha IIE€PBBIR
cToAGeI MaTpPHITE! onepaTopa T, Mbl BUAEM, 9TO T (V1) = ViA;, u moTomy T(viA[') = v;. 3Hagwr,
v; € Im(T). Aanee, cyast Io BTOpoMy CTOAGIY MaTpmisl omeparopa T, T(VoAy!) = via + v, ans
"exoToporo a € k. ITpu atom T(voA; ') u via aexar B Im(T). ITosTomy u v, € Im(T). Amarormdso,
T(vsA;1) = v1b + V¢ + V3 AAST HEKOTOPEIX b, ¢ € k. MBI y7Ke 3HaeM, 9TO BCe YAEHBI 9TOTO PaBEHCTBA,
KpoMe V3, Aexkar B Im(T), moromy u v; € Im(T).

[Tpopoaskast aHAAOTMYHBIM 0O6Pa30M, MEI TOAYYAEM, ITO V1, . .., Vy, € Im(T). Torpa u vy, ..., vy ) C
Im(T). Ho vy,..., v, — 6asuc npocrparcrsa V, uz moromy Im(T) = V. 3Hauur, oneparop T ciopbek-
TUBEH, YTO II0 IPEANOKEHUIO 7.5.9 BAEUET €ero 06paTUMOCTE. O

Teneph HECAOKHO IIOKA3aTh, YTO ECAM MBI CMOT'AM IIPUBECTH MATPUILYy OllepaTopa K BepXHETPe-
YTOABHOMY BHAY, TO Ha AMATOHAAM B TOYHOCTH CTOSIT COOCTBEHHEIE YMCAA ITOT'O OIIEPATOPA.

Mpennoxenue 8.2.5. ITycmv mampuya onepamopa T omruocumenvHo Hexomopozo basuca 8epx-
Hempeyzoavra. Tozda cobcmeertvie wucaa onepamopa T — 3mo 8 mowHocmu ua2oHaNbHbLE
sneMeHmb. 3IMOoU MAMPUYDL.

Aoxaszamenvcmeo. IlycTs

AL = *

0 7\2 *
Te=1. . . .

0 0 ... A

Anst A € k paccmoTpuMm omepatop T — idy A. Ero maTpuria B ToMm ke 6a3uce mMeeT BUA

A1 —A * .. *
. 0 Az —A ... *
[T—idvAls = . . , .
0 0 cee AR —A
ITo npeapnoxenuto 8.2.4 HeobpaTuMOCTh oneparopa I — idy A paBHOCHABHA TOMY, 9TO Aj — A =0
MASI HEKOTOPOTO j, TO €CTh, YTO A CTOUT (TAe-TO) Ha AmaroHaau. C APYro#f CTOPOHBEI, IO IPEANOIKE-

"o 8.1.4 HeobpaTuMOCTL onepaTopa | — idy A paBHOCHABHA TOMY, YTO A — COOCTBEHHOE YMCAO
omeparopa T. O

Onpepenenne 8.2.6. Ilycte T: V — V — AumHeHHEBI! oIepaTOp Ha BEKTOPHOM IIPOCTPAHCTBE V,
A € k. IToampoctpasucTBo V) (T) = Ker(T —idy A) B V HasblBaeTcst COOCTBEHHbIM NOANPOCTPAHCTBOM
omepaTopa I, COOTBETCTBYIOMIUM YUCAY A. HacTo, eCAUM IIOHSITHO, O KAKOM OIIEPATOPE UAET Peyb,
MBI OIIycKaeM | B obosHaueHum u nummeM V) BMecTo V) (T).
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HetpyaHO BEAETD, 9TO V), — 9TO B TOYHOCTH MHOKECTBO BCEX COOCTBEHHEBIX BEKTOPOB OIl€paTOpa
T, coorBercTByIomux A, BMecTe ¢ 0. CKaAsip A IBASIETCSI COOCTBEHHBIM YKWCAOM OIl€paTopa | Toraa
¥ TOABKO TOTAQ, KOTAA IIOAIPOCTPAHCTBO V) OTAWYHO OT HYAEBOTO.

Mpennoxenue 8.2.7. Ilycmv V — xoHewHomeproe npocmparcmeo wad noaem k, T: V-V —
AUHeUHBLU onepamop. Ilycms Ay, ..., A — pasaurHwvie cobcmeerHvie wucaa onepamopa T .
Toz0a cymma Vy, + - -+ V) npamaa. Kpome mozo, dimV,, +---+dimV, <dimV.

Aoxasameavcmso. IIycts uy + -+ + Uy = 0, TAe U5 € Vi, V3 AuHeliHON HE3aBACHMOCTH COOCTBEH-
HBIX BEKTOPOB (TeopeMa 8.1.5) caeayeT, 94To Uy = -+ = Uy, = 0. [ToaToMmy cymma Vi, + -+ + V)
IpsiMast. Y TBEP’KAEHUE IIPO PA3MEPHOCTDL TENEPh HAIPSIMYIO CAEAYET U3 TOTO, YTO PA3MEPHOCTH
IIPSIMOY CyMMBI IIOATIPOCTPAHCTB PaBHA CyMME X pa3MepHocTell (caepcTBue 6.5.6). [

8.3 [dwaronanu3syemblie onepaTtopbl
AUTEPATVPA: [K2], ra. 2, § 3, m. 4; [KM], u. 1, § 8.

Onpepenenne 8.3.1. OmnepaTop T: V — V Ha3BIBaeTCsT AMaroHann3yeMbiM, ECAY €O MATPUIIA OTHOCH-
TeAbHO HEKOTOPOTO 6a3mca IpOoCTpaHCTBa V AMAaroHaAbHA.

AmaroHann3yeMble OIIEPATOPEI COCTABASIIOT BasKHEIM KAACC OIIEPATOPOB, AAS KOTOPHIX 3aAada
IIPUBEAEHUS K «Hauboree yAOOHOU hopMes pelraeTcss IpocTo (HET HUYero yAobHee AMAaroHAABHON
MaTpuIsl). [I09ToOMy ITOAE3HO YMETH PACIO3HABATE UX.

Teopema 8.3.2. [Tycmv V — koHenHomepHoe sexmopHoe npocmparHcmso, 1T:V — V — aunelnwvil
onepamop. Ilycmv Ay, ..., A — 8Ce padauvHvie cobcmeenHbie wucaa onepamopa 1. Caedyrowue
YCAOBUA IKBUBANEHTIVHDL:

1. onepamop T Oduazorasusyem,
2. y npocmparcmea V ecmsb basuc, cocmoawull us cobcmeeHHbr sexmopos onepamopa T;

3. natddymca odHomepHwvie noonpocmparcmea Uy, ..., U, 6 V, xaorcdoe us xomopwvix T-
unsapuaHmHo, maxue, ¥mo V=U; - - P Uy,

4. V=M@ - ®W.(T);
5. dimV = dim Vy,(T) + - - + dim Vy,_(T).

A oxaszamenvcmeso. e 1 & 2. 3ameTuM, 4TO MaTpulla onepaTopa | B 6asuce vy, ...V, UMeeT
BU,
A 0O ..o 0
0 A ... O
0 0 ... An
TOTAA ¥ TOABKO TOTAQ, KOTAa T(Vvj) = VjA; past Bcex j = 1,..., 1.
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e 2 = 3. [IpeAnIoAOKHM, 9TO Vi, ...,V — 6a3uC V, ¥ Ka>KABIA BEKTOP V; — COOCTBEHHEIN BEKTOP
oneparopa T. O6osraunm U; = (v;). OgeBUAHO, YTO Ka’kAO€ IOATIPOCTPAHCTBO LU OAHOMEPHO
7 T-uaBapuaHTHO. /3 onpeaenerus 6a3mca CAEAYET, YTO BEKTOP U3 V MOXKHO €AMHCTBEHHBIM
obpasoMm 3ammcaTh B BUAE AMHENHOM KOMOWHAIIMY SAEMEHTOB Vi, ..., V,. VAHBIME CAOBaMU
A10060# BEKTOP U3 V MOXKHO €AVMHCTBEHHBIM 00pa30oM IPEACTABUTDL B BUAE CYMMBI Up + - - - + Uy,
rae u; € U;. 9to m 3HaumT, 90 V = U; @ - -- @ U,,.

e 3=2 Ilyctrp V=U; @ - P U, AT HEKOTOPBEIX OAHOMEPHEIX |-WHBAaPUAHTHBIX IIOAIIPO-
crpaicTs Uy, ..., U, . Bebepem B kaxxaoM Uj 1o HeHyAeBOMY BeKTOpPY Vj. VI3 T-mHBapraHTHOCTH
U; caeayer, 9TO v; — COOCTBEHHEIN BEKTOP omeparopa |. Kakawi# BeKTOp u3 V MOXXHO
€AVHCTBEHHBIM 00pasoM NMPEACTaBUThL B BHAE CYMMEI U; + --- + Uy, TA€ U; € Uj, TO ecTs,

€AMHCTBEHHBIM 00pa30M IIPEACTaBUTEL B BUAE CyMMEI KpaTHEIX Vj. [losTomy vy, ..., v, — 6asuc
V.

e 2 =4 Ilycts y V ecTb 6a3uc, cocToAmui u3 COOCTBEHHBIX BEKTOPOB. 'Toraa A0b60# BEKTOP
V sBAsieTCs: AuHEHHOM KoMOmHarme# cobcTBeHHBIX, I oToMy V = Vi (T) + - + V,_(T).
OcTanoCh IPUMEHUTDL TPEANOKEHNE 8.2.7.

e 4 = 5. AOCTaTOYHO IPUMEHUTL CAEACTBUE 6.5.6.

e 5 = 2. Bribepem 6azuc B xaxxpom mopmpocrpancTse Vi, (T). Cobpas aTu 6asuchl BMecTe,
moAy9uM Habop Vi, ..., Vs, COCTOSIINY U3 COOCTBEHHBIX BEKTOPOB omepaTopa I. ITo mpeato-
AOYKEHMIO X KOAMYecTBO N paBHO dim V. [loka>keM, 4TO 3TOT HabOp AMHENHO HE3ABUCUM.
[Ipepmono>kuM, 9TO V1Q; + -+ + Vpdy, = 0 AAST HEKOTOPEIX Ay, ..., Ay € K. IIycTs u; — cymma
BCEX CAAraeMbIX BUAA Vi (k, AST KOTOPHIX Vi € V). Toraa KaXKABIE BEKTOP Uj AEKUT B Vy, I
cymMMma Uy + - - - + uyy, = 0. VI3 Teopemsl 8.1.5 CAeAyeT, YTO BCE CAATA€MBIE 3TO CYMMBI PaBHEL
mHyAto. Ho xa>xpoe chraraemoe 1 sIBASIETCSI CYMMOM 9A€MEHTOB BHAA Vi Ay, TAE Vi 06pasyoT
basuc mpocrpancTBa V). [losToMy Bce KOI(PGDUIUEHTHL Ay PaBHBEI HYA. MBI IOAyYUAH,
4To Habop Vi, ..., V, AUHEHAHO HE3aBUCUM. KIro MOKHO AOIOAHUTEL AO Dasuca, HO, C APyTo#
CTOPOHEI, KOAUYECTBO BEKTOPOB B 3TOM Habope y>Ke paBHO Pa3sMEPHOCTH IIPOCTPAHCTBA V.
[TosTomy vy, ...,v,, — 6a3uc V.

[

ITpumep 8.3.3. IlycTs onepaTop T Ha AByMepHOM IpocTpaHCTBe k? 3apaH GopMyAoi v — A -V, Tae

01
00

A =

VHBIME CAOBaMHU, A — MaTpHUIla omepaTopa | B CTaHAApTHOM 6asuce mpocTpaHcTBa k2. MaTpuma A
BEPXHETPEYTOABHA, IIO3TOMY CODCTBEHHBIE YMCAA OIlEpaToOpa | — 3TO ee AMAaroHaAbHBIE SAEMEHTEHL.
Taxum obpasoMm, y T ecTb poBHO opHO cobcTBerHOEe ducao: 0. HecnoxxHoe BhIYUCAEHUME ITOKA3BI-

*
BAET, YTO BCE COOCTBEHHBIE BEKTOPHI UMEIOT BHA, ol [TosTomy y k? HeT 6a3uca, COCTOSIIIETO 13

COBOCTBEHHBIX BEKTOPOB, a 3HAYHUT, OIIEPATOP T me AVaTl'OHAAN3YEM.
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Taxum obpasoM, He AI0OOH OIepaTop MOKHO IPUBECTY K AMATOHAABHOMY BHAY. Ho, BO BCIKOM
CAYydYae, 3TO BO3MOXKHO, ECAU Y OIlepaTOpa AOCTATOYHO MHOI'O PA3AMYHBIX COOCTBEHHBIX UUCEA.

Cneacteue 8.3.4. ITycmv T: V — V — aunelHviti onepamop Ha N-MEPHOM 6EKMOPHOM MPO-
cmparcmee V. IIpednosoostcum, wmo y T ecmvb N pasaurHwvT cobcmeerHHbT “ucen. Tozda
onepamop T duazorasusyem.

Aokaszamenvcmeo. Y oneparopa | ecTb N COOCTBEHHBIX BEKTOPOB Vi, ..., V,, COOTBETCTBYIOIINX
Pa3AUYHBIM COOCTBEHHBIM YuCAaM. [Io TeopeMe 8.1.5 OHU AMHENHO He3aBUCUMEBL. HO X KOAMYECTBO
PaBHO Pa3sMEPHOCTH IIPOCTPAHCTBA V, U moToMy OHU obpasyioT basuc V. Ilo Teopeme 8.3.2 u3 sToro
CAEAYET, YTO | AMArOHAAUIZYEM. ]

8.4 KopHeBoe pa3noxeHue

AUTEPATVPA: [F], ra. XII, § 6, mn. 2; [K2], ra. 2, § 4, . 3; [KM], 4. 1, § 9.

AT HaXOXKAEHUS IPaBUABHOIO H6a3nca B IPOCTPAHCTBEe V HaM IOHAAOOMTCSI HEKOTOPOE pPacIld-
peHue MOHATUS COOCTBEHHOI'O BeKTOpa. HanoMHUM, YTO COOCTBEHHBIE BEKTOPEI — 3TO B TOYHOCTH
Heryaesble aneMmeHTH Ker(T — idy A). ITocmorpum Temeps ma Ker(T — idy A)) npm pasamgHBIX
ji=1,2,....

Nemma 8.4.1. Ans arobozo onepamopa T: V — V umeemca 803pacmarowan 4enowka 8A0HCEHHHIT

noonpocmparcme
0 = Ker(T°%) < Ker(T) < Ker(T?) < Ker(T®) < ....

Bosee mozo, ecau Ker(T') = Ker(T'*!) dan mexomopozo mamypanvrozo j, mo Ker(T'+™) =
Ker(T'+™*1) das ecex m = 0.

Aoxasameavcmso. Ilycte v € Ker(T'). OTo smaumt, aro T'(v) = 0. Ho Toraa m T 1(v)
T(T*(v)) = T(0) = 0. Me1 nokasaau, uro Ker(T') < Ker(T'*!). Nokakem BTOpOe yTBEDKAEHUE
uHAYKIuze# mo m. Basa m = 0 ogeBupaHa. IlycTs Temeps m > 0. Mur yxe 3Haem, uro Ker(T'™M) <
Ker(T'*™+1): ocranoce pokasaTs obparHoe BKAoderue. [IycTs v € Ker(T/*™*1). Dro oznagaer, aTo
T+m+l(y) = 0. Ho DT (v) = T(T™(v)) = 0. ITosromy T™(v) € Ker(T'*1) = Ker(T’), u Toraa
0=T(T™(v)) = T+*™(v), u mosTomy v € Ker(T'*™), wro u TpeboBarOCh. O
VTak, Mbl IOCTPOUAY GECKOHEYHYIO IENIOYKY BO3PACTAIOMIUX [IOAIPOCTPAHCTB U IIOKA3AAM,
YTO ECAU ABA AEMEHTA B Hell COBIAAM, TO HAYWHAS C 3TOTO MECTA IENOYKA «CTAOMAUIUPYETCSIS.

B KoHEYHOMEPHOM IIPOCTPAHCTBE V, pPa3yMeeTcCsi, HEBO3MOKHA OECKOHEYHAsl IIENI0OYKA CMPOo20
BO3PACTAIOIMINX ITOAIPOCTPAHCTB.

Mpeanoxenune 8.4.2. ITycmvs T: V — V — aunelnwvill onepamop Ha KOHEYHOMEDPHOM NPOCMPAH-
cmee V, u dim(V) = n. Tozda Ker(T") = Ker(T""!) = ... = Ker(T"V) = .. ..

Aoxazamenvcmeo. [Ipeanonoxum, gro Ker(T™) # Ker(T™*1). IlocmoTpum Ha BRAIodeHne Ker(T?) <
Ker(T). Ecau B HeM uMeeT MecTO paBeHCTBO, To (1o Aemme 8.4.1) u Ker(T™) = Ker(T"*!). Snauwur,
Ker(T°) # Ker(T). Amaaorudso,

Ker(T) # Ker(T2) #* Ker(T?’) S £ Ker(Tn) ~ Ker(T“H)‘
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Ho rorpa dim(Ker(T)) > 1, dim(Ker(T?)) = 2, ..., dim(Ker(T™*?)) > n + 1. Ho Ker(T"*!) —
IIOATIPOCTPAHCTBO B V, X HE MOXKET UMETh Pa3MEPHOCTD, OOABIIYIO N. [ToAyIMAY IPOTHBOPEYNE.
Mer nokasaaun, aro Ker(T") = Ker(T™!), a mo nemme 8.4.1 U3 3TOro CAEAyET ¥ PABEHCTBO BCEX
CAEAYIOIIUX IOAIIPOCTPAHCTB B HAIIEH I[EIIOUKE. O

Caeayrolnee IPEANOSKEHNE OKA3EIBAETCST KAIOUOM K PA3A0KEHUIO IIPOCTPAHCTBA B IPSIMYIO CYMMY
IIOATIPOCTPAHCTB, Ha Ka>XAOM U3 KOTOPHIX CUTYAIIUIO IIPOIIE MCCAEAOBATD.

Mpeanoxenune 8.4.3. ITycmos T: V — V — aunetinoili onepamop Ha NpocmpaHcmee pasdmepHocmu
n. Tozda V = Ker(T™) ® Im(T™).

Aokazamenvcmeo. [Tora>xkem cHagana, uro Ker(T™) n Im(T™) = 0. AeficTBUTEABHO, IYCTh V €
Ker(T") n Im(T"). Toraa v = T™(u); ¢ apyroit cropomsr, T™(v) = T™(T™(u)) = 0. ITosTomy
u € Ker(T?") = Ker(T") (zo npeanroskenuio 8.4.2), orkypa v = T"(u) = 0.

Msr nokazaan, uro cymma Ker(T™)+Im(T™) < V npsimas. [To caeacrsuro 6.5.6 rorpa dim(Ker(T™)+
Im(T")) = dim Ker(T") + dim Im(T™). ITo Teopeme o romoMopdusme 7.3.8 sTa cyMMa pasMepHOCTElR
pasHa dim V, z moromy Ker(T") @ Im(T™) = V. O

Brimte MBI pa3obpasnch ¢ AMATOHAABHBEIMU OII€PATOPAMM 3a CUET TOT'O, UTO AASI HUX UMEET
MECTO Pa3sNOKEHUE B IIPSIMYIO CYMMY MHBApPUAaHTHBIX [-IIOAIIPOCTPAHCTB Bupa V = V), @ --- @
V.., TA€ A1,..., A\ — BCe pasAMYHBIE COOCTBEHHEBIE dmMCcAa omneparopa |. Ceifdac MBI IIOKaXkeM,
YTO AAS IIPOM3BOABHOI'O OIlEpATOPa MMEET MECTO aHAAOTMYHOE PA3AOKEHUE, ECAM COOCTBEHHEIE
IIOAIIPOCTPAHCTBA 3aMEHUTH HA YYTh OOABIINE KOPHESDBLE.

Onpepenenne 8.4.4. Tlycte T: V — V — AuHelHEBIN omepaTop, # A € K — ero cobCTBEHHOE YuC-
Ao0. HeHyneBoit BeKTOp Vv € V Ha3BIBAETCST KOPHEBbIM BEKTOPOM OIIEPATOPa |, COOTBETCTBYIOIIAM
cobcreerHOMY 9uCAY A, ecar (T —idy A)) (V) = 0 AAST HEKOTOPOTO HATYPAABHOTO j.

Samevarue 8.4.5. TIpeanonroxum, ato (T—idy A) (v) = 0 anst HEKoToporo j. [To mpeanoxenuio 8.4.2
rorpa # (T —idy A)™(v) = 0, rae n = dim(V). [TosToMy KOpHeBbIe BEKTOPHL — 3TO Ha CaMOM AEA€ B
TOYHOCTY HeHyAeBble aaeMeHTHl Ker(T — idy A)™.

Onpepenenue 8.4.6. MHO>XecTBO BCeX KOPHEBEIX BEKTOPOB OIl€paTOpa |, COOTBETCTBYIOIINX COOCTBEH-
HOMY YHCAY A, BMECTE C HYAEM, HA3BLIBAETCS KOPHEBbIM NOANPOCTPAHCTBOM ¥ ODOO3HAYAETCST depes
V(A, T). 3agacTyio u3 KOHTEKCTA IOHSTHO, O KAKOM OIIEPAaTOPe MAET Pedb, ¥ MBI IuieM V(A) BMeCTO
V(A, T). Ilo 3ameqanuio 8.4.5 aTo aeiicTBUTEABHO HoppocTparcTBo: V(A, T) = Ker(T —idy A)™, rae
n = dim(V).

Teopema 8.4.7. [Tycmo T: V — V — aunelHwvli onepamop, Ay, ..., Am — €20 NONAPHO PA3AUM-
Hble COBCMBEHHDBLE HUCAQ, V1,...,Vm — COOMBEMCMBYNOULUE UM KOPHEBBIE 8eKMOPbL. 1020a
Vi,..y, Vi AUHETUHO HE3a8UCUMDL.

Aoxazameavcmeo. [IpepntonoskuM, 4TO V1, . . ., V;,, AUHEWHO 3aBUCUMEL. [lo remme 6.3.12 HaltpeTcs
MHAEKC j TaKO#, 9TO Vj = V1di+- - -+V;j_10j_1 AAS HEKOTOPHIX A1, . .., aj_1 € K. Bolbepem HauMeHbITIEE
TakKoe j. BeKTOp Vj sIBASIETCS KOPHEBBIM, COOTBETCTBYIOIIMM COOCTBEHHOMY HUHCAY Aj. BosbMem
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HauMeHbIIyIo creneHs d omeparopa (T — idy Aj), KoTopas He mepeBoAUT 3TOT BeKTOp B 0. HEIME
caoBamy, mycthb (T —idy A))4(vy) # 0 1 (T —idy A;)4T(v;) = 0. O6osragmm (T —idy Aj)4(v;) = w.
Toraa (T—idy Aj)(w) = 0, m moatroMy Tw = WA;. Boaee Toro, (T—idy A)(w) = T(w)—WA = w(A;—A)
arst Beex A € k. TToatomy (T — idy A)*(w) = w(A; — A)* anst Bcex HaTypanbHEIX K.

[Iycts dim V = n. [IpumeHuM K Hame#t auHelHo# 3aBucuMocTy omeparop (T —idy Ap)™... (T —
idy Aj_1)™(T — idy A)?. B AeBoit gacTu moAyIUM

(T—idy Ay)"™ .. (T —idy Aj_1)™(T —idy }\j>d("j)-

CHauana K BeKTOpy V; npumensiercst oneparop (T — idy A;)9, u moaydaercss BeKTOp W, a IOTOM
IIPUMEHSIIOTCSI TI0 04epeAr omepaTopsl BuAA (T — idy Ay)™ Ans 1 # j. Ho BeIlle MBI BEIICHUAU, KaK
OHM A€HCTBYIOT: TaKOil ollepaTop IPOCTO yMHOXaeT W Ha (A; — A;)™. [losToMy pesyAbTaT paBeH
(Aj =A™ ... (A) —Aj_1)™W U OTAMYEH OT HyAS.

B mpaBoil >Xe WacTW IIPOMCXOAUT CAEAYIOLIee: IPY BLHIYUCAEHUU AeHCTBUS omeparopa (T —
idy A)™. . (T—idy Aj_1)™(T —idy A)) 4 ma v; (Tae 1 <1< j— 1) MOXKHO IEPECTABUTH CKOOKU TaK,
9TOOBI CHavanra AeficTBoBana ckobka (T — idy Ay)™. Ho (T — idy Ay)™(vi) = 0 mo ompepereHUIO
KOPHEBOT'O BEKTOpa. [103TOMY KaXkp0e CAAraeMoe B IIPaBO# YAaCTX PAaBHO HYAIO. MBI IOAYYHUAM, UTO
HEHYAEBOY BEKTOP PaBEH HYAEBOMY; 3TO IPOTUBOPEYNE, KOTOPOE 3aBepPIIaeT AOKA3aATEABCTBO. [

Nemma 8.4.8. ITycmv T: V —» V — aunelnnd onepamop, p € k[x] — mrozounen. Tozda noonpo-
cmparcmea Ker(p(T)) w Im(p(T)) T-unsapuarmmo.

Aoxasameavcmso. Ilycts v € Ker(p(T)), To ects, p(T)(v) = 0. Toraa

pP(M(TV)) = (p(T) - T)(v) = (T-p(M)(v) = T(p(T)(v)) = T(0) = 0.

Mzt moayuuam, uro T(v) € Ker(p(T)), u moromy Ker(p(T)) AeficTBUTEABHO T-MHBapMaHTHO.
ITycte Teneps v € Im(p(T)), To ects, v = p(T)(u) arst Hexoroporo u € V. Toraa T(v) =
Tp(M)(w) =p(T)(T(u)) € Im(p(T)), 9T0 U TPebOBAAOCE. N

Temnepb MBI FOTOBBI II0KA3aTh, YTO IIPOCTPAHCTBO PACKAAABIBAETCSI B IPSIMYIO CYMMY KOPHEBHIX.
AN 3TOTO HaM IIOHAAODUTCS CAEAYIOIEE OIIPEAEAEHUE.

Onpepenenve 8.4.9. Auneitnsrit omepatop T: V — V Ha3LIBa€TCS HUNLNOTEHTHbIM, eCA T) = 0 AAs
HEKOTOPOT'O HAaTyPaAbHOTO j.

Teopema 8.4.10. [Tycmv T: V — V — aunelinvill onepamop Ha KOHEYHOMEPHOM NPOCMPAHCMEE
V Hal anzebpaudecku 3amMKHYyMbM noaem K, A1, ..., A, — ece ezo (nonapro pasaurmbie)
cobcmeerHvie “ucaa. Tozoa

1. V=VA,T® - ®VAn,T);
2. xaotcdoe u3 noonpocmparcme V(Aj, T) asasemca T-uneapuarmHvim,

3. onepamop (T —idv Aj)[v, 1) Ha xopresom noonpocmparcmee V(Aj, T) Huavnomernmen.
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Aoxasamenvcmso. Ilycte dim(V) = n. Samernm cragara, uro V(A;, T) = Ker(T —idy Aj)™, u ero
T-uHBapHaHTHOCTL CAEAYET U3 AeMMEI 8.4.8, IPUMEHEHHO! K MHOTOUYAEHY P(X) = (x — Aj)™.

Aanee, ecam v € V(Aj,T), To (T —idy Aj)™(v) = 0. ITosTomy omeparop (T —idy Aj)™ Toxae-
crBeHHO paBeH 0 Ha mopmpocTpaHcTBe V(Aj, T), OTKyAa CAEAYET HEABIOTEHTHOCTH OIepaTopa
(T —idv A)lva,m)-

Ocranoch IoKa3aTh, YTO V PACKAAABIBAETCS B IPSIMYIO CYMMY KOPHEBEIX. ByAeM AOKa3bIBATh
aT0 mHAyKumeld o n. Caydait n = 1 ogeBupeH. [IycTh Temepb N > 1, ¥ HY>XHBIX PE3yABTAT BEPEH
AASL BCEX IIPOCTPAHCTB MeHbIIeH pasMmepHocTH. [lo mpeanroskernmio 8.2.1 v T ecTb cobcTBeHHOE
qucao; mosromy m > 1. ITo aemme 8.4.3 Toraa V = Ker(T —idy A1)™ @ Im(T — idy A;)™. IlepBoe
IIOAIIPOCTPAHCTBO B IPSIMOY cCyMMe — 3T0 B TouHocTZ V(A1, T), a BTOpoe AaBaiiTe 0603HAYUM Yepes3
U. IIpocrparcTBo V(A;, T) HETpUBUAABHO, X IOTOMY Pa3sMePHOCTH U CTporo MeHbIe Pa3MEPHOCTH
V. Kpome Toro, moampocTparcTBo U siBAsieTcs: T-MHBapMaHTHBIM IO AeMmMe 8.4.8. 3HAUUT, K
omepaTopy T|u, AeACTByOmEMY Ha IpocTparcTBe U, MOXKHO IPUMEHUTD IPEATIOAOIKEHNE UHAYKIUH,
7 IOAYYUTH, YTO

U=V(u,Tlue &V, Tlu),

TAE W, - .., Lk — CcOBCTBeHHBIE YuCAa omeparopa T |y . [lokaskeM, 4To A06Oe COBCTBEHHOE YUCAO A
orepaTopa T |y SBASIETCS U COBCTBEHHBIM YUCAOM omeparopa I. AeificTBuTeabHO, ecar T|y(u) = uA
AASI HEKOTOPOTr'o HeHyAeBoro Bekropa u € U, To u T(u) = uA. 3aMeTuM TakXe, 9TO y OIepaTopa
T|u He MoXkeT GBEITH cOBCTBEHHOrO umcaa A;: ecam T|u(u) = uA; To T(u) = uA;, uw moroMy
u e Ker(T —idy Ay)™, u u3 pasaoxxernus B npsMyio cymmy V = Ker(T —idy A;)™ @ U caepyet, uTo
u=0.

Mger moAyYmAM, 9TO [y, ..., Hx — ITO KAKUE-TO U3 UUCEA A,,...,A,,. Bo3bMeM Kakoe-HUOYADL
OMHO U3 Wy, ..., lx; IyCTh 3T0 Aj. Hecaosuo momsaTe, uro V(Aj, Tlu) < V(A;, T): peficTBUTEABHO,
ecam u € U — KOpHEBO! BEKTOP AAS COOCTBEHHOI'O UHCAA A; omeparopa I|y, To TeM Hoaee u
SIBASIETCSI KOPHEBBIM BEKTOPOM AAsT COOCTBEHHOT'O 4MCAA A; omeparopa I.

Bepremcs k obmrett kapTuHe. [Io Teopeme 8.4.7 cyMMa KOPHEBEIX IIOAIPOCTPAHCTB IIPSMAasi;
noaygaeM, 9To V(A;, T)®. .. V(An,, T) < V. C Apyroit cTopoHE!, MBI ToKazaAn, 4o V = V(A;, T)®U,
7 U packnaAbIBaeTCs B IPSIMYIO CYMMY CAATaeMBIX, KaKAOE U3 KOTOPBIX COAEPIKUTCS B KAKOM-TO
V(A;, T). IosTomy

V=V, T)ou
= v(}\lr T) &) V(ul, T‘U) DD V(Hk, T’U)
<SVALT) VA, T)®---®V(An,T),
U MBI TIOAYYUAM BKAIOUEHUE B 0OPATHYIO CTOPOHY. O

Cneacteue 8.4.11. ITycmov T: V — V — auretinwlli onepamop Ha KOHEHYHOMEDPHOM TPOCMPAH-
cmee V Hal anzebpauvecku 3amrHyms. m noaem k. Tozda y npocmparcmea V ecms basuc,
COCMOAUUYT U3 KOPHEBDLT 8EKMOPOS8 onepamopa | .

Aoxasamenvcmeo. BribepeM 6a3uchl B Ka’KAOM U3 IOAIPOCTPaHCTB BuAa V(Aj, T) u obbepunHmM
uX. ]
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8.5 XapakTepuctuyecknini 1 MUHUMaNbHBLIA MHOTOYNEHbI

Onpepenenue 8.5.1. ITycTs V — BekTOpHOE IPOCTPAHCTBO Hap aArebpamdecKy 3aMKHYTEIM IIOAEM K,
T:V — V — AuHeltHEI omepaTop, A € k — ero cobCcTBEHHOE YNCAO. Pa3MepPHOCTE COOTBETCTBYIOMIETO
KOPHEBOro HoAIpocTparcTBa V/(A, T) Ha3bIBA€TCsT KPAaTHOCTLIO COBCTBEHHOrO Yncia A. VIHbIMEu croBaM,
KpaTHOCTL COBCTBEHHOrO YmcAa A omeparopa T pasza dim(Ker(T — idy A)d™(V)),

Samevarue 8.5.2. VlHOraa TO, YTO MBI Ha3bIBAEM KPATHOCTBHIO, B AUTEPATYPE HA3LIBAETCI an2eb-
paureckol KpamHoOCmMbH, B TO BPEMsI KaK Pa3MepPHOCTDL cOOCTBeHHOro noanpocTpascTsa Vi (T)
Ha3bIBAETCS 2eomempudeckot kpamrocmbto A. Ilocae 3TOro AOKa3BEIBAETCS TEOPEMA O TOM, YTO
reOMETPUYIECKas KPATHOCTh HE IIPEBOCXOAUT AATeOpamdecKoil KPAaTHOCTX, KOTOPAas IPY HAIIUX
OIIPEAEAEHUSIX OUEBUAHA (COOCTBEHHOE IOATIPOCTPAHCTBO COAEPIKUTCSI B KOPHEBOM ).

Cneactsue 8.5.3. Cymma xkpamrocmeti ecex cobcmeerHHbr wucea onepamopa 1:V — V pasra
dim(V).

Aoxazamenvcmeo. TpuBmanrbHO caepyeT u3 TeopeMbl 8.4.10 u caepcTBUSA 6.5.6. [

Onpenenenne 8.5.4. TlycTts V — BEeKTOPHOE IPOCTPAHCTBO HAA aArebpardecKy 3aMKHYTHIM IIOAEM K,
T:V — V — auneiinsiit onepatop. IIycTs Ay, ..., A, — BCE €ro [IOIapHO pasAMYHBE| COOCTBEHHBIE
gqucaa, a di,...,dy, — UX KPATHOCTH, COOTBETCTBEHHO. Muorounen (x — Ap)dt...(x — Ay )dm
HA3BIBAETCSI XapPaKTEPUCTUYECKUM MHOTOYIEHOM ormepaTopa T.

Mpepnoxenune 8.5.5. Cmenenv zapaxmepucmuueckozo mrozounera onepamopa T:V — V pasta
dim(V), a ezo xopru — 8 mourocmu cobcmeerHvie wucaa onepamopa T.

Aoxazamenvcmeo. OUEeBEAHO U3 ONPEAEAEHUST U CAEACTBUS 8.5.3. ]

Teopema 8.5.6 (TamunrToHa-Kaauz). [Tycms V — sexmoproe npocmparcmeo Hal anzebpaudecku
samxrymoim noaem k, T: V — V. — aunetnwil onepamop, q € k(x| — ezo zapaxmepucmuue-
cxkutll mHozounen. Tozoa q(T) = 0.

Aoxazameavcmeo. Ilycts Aq,...,A,, — Bce cobcTBeHHBIE YucAa omeparopa I, a di,...,dm —
ux KpaTHocTH. Ilo Teopeme 8.4.10 orpanmdenus Bupa (T — idy Aj)]v(;\j,T) HUABIIOTEHTHEI, a IIO
npeanoxxernio 8.4.2 Toraa (T —idy Aj)% v, = 0.

Atoboit BeKTOp u3 V sBAsieTcs cyMMoit BeKTopoB u3 V(A1, T),..., V(A,,, T) (mo Teopeme 8.4.10),
II03TOMY AOCTATOYHO AOKasaTh, ¥To ((T)(vj) = 0 ans aroboro v; € V(A;, T). ITo onpeaeaenuto

q(T) = (T —idy A% .. (T —idy Ap) 9™,

OmnepaTops! B IPaBoil 9acTU SIBASIOTCS MHOTOYAEHAME OT ollepaTopa |, ¥ IIOTOMY KOMMYTHPYVIOT
ADYT ¢ Apyrom. IlepecraBuM ux Tak, 4Tobbl MHOKHUTEAD (T — idy A;)% okasancs mocaepnum. Ho
(T —1idv Aj)% (v5) = 0, m motomy q(T)(v;) = 0, 9To u TPebOBAAOCE. O

149



Onpepenenne 8.5.7. Ilycte T: V — V — AuHEHHBIZ OIlepaTop Ha BEKTOPHOM IIPOCTPAHCTBE V.
Muorouaer p € K[x| MUHUMaABHOM CTEIEHW CO CTApUINM KO3 DUIMEHTOM 1, AAS KOTOPOTO
p(T) = 0, Ha3BIBAETCSI MUHUMA/IbHLIM MHOTO4Y/IEHOM omlepaTopa I. VHEBIMM CAOBaMM, MHOI'OYAEH
p € k[x] co crapmum KoadduimerToM 1 Ha3bIBA€TCT MUHUMAABHEIM MHOTOYAEHOM OIlepaTopa T,
ecA’

e p(T) =0;

e ecau f € K[x] — MHOrouAeH co crapmuM KosddunuerToM 1, Ans koroporo f(T) = 0, To
deg f > degp.

IToka>keM, 9TO 3TO OIPEAEAEHUE OCMBICAEHHO: ¥ KaXKAOrO omneparopa | (Ha KOHEYHOMEPHOM
IIPOCTPAHCTBE V) CYIIECTBYET E€AMHCTBEHHBI MUHUMAABHBIN MHOrouaeH. Ilycte dim(V) = n.
PaccmoTpuM MHOMecCTBO oneparopos idy, T, T2, ... ,T“Z. B #eMm n? + 1 s3AeMeHT, B TO BpeMsI KaK pas-
MEPHOCTb IIPOCTPAHCTBA BCEX AMHENHBIX OIlepaTopoB Ha V paBHa n? (o caeacTsuio 7.5.7). 3HAUnT,
YKa3aHHBIA HabOp OIEepaTOPOB AMHENHO 3aBUCUM. BbibepeM MUHHMAABHOE T, AASI KOTOPOL'O Olepa-
ropsel idy, T, T2, ..., T™ aAuneitno 3aBucuMbl. Torpa T™ BhIpaskaercs gepes idy, T,T2,..., Tm L

™ = ld\/ Qg + Ta1 + -+ Tm_lam_l

AASI HEKOTOPBIX dg, - .., Am_1 € k. IIycTh p € k[x]| — carepyromuit MHOTOYAEH:

P=x"—Qn_1x™ ! — - — a;x — ao.
Torpa p(T) = 0. [Ipeanono)xuM, 9To f — €Ie OAMH MHOT'OYAEH TOR >K€ CTEIEHU T CO CTApIINM
rKoappurmerToM 1, aast koroporo f(T) = 0. Toraa MHOrOUAEH f — P UMEET MEHBIIYIO CTENIEHE, HO
(f —p)(T) = f(T) — p(T) = 0, 4TO IPOTUBOPEUUT BEIGOPY M.
CaepyIoOIIee TPEANOSKEHNE TOAHOCTBIO ONUCHIBAET MEOro4YAeHE! f € k[x], Anst koropeix f(T) = 0.

Mpeanoxenue 8.5.8. ITycmv T: V — V — aunetnnti onepamop, f € k[x] — Hexomopwuiti mHozo-
vyaen. Pasencmeo f(T) = 0 pasrocuasro momy, wmo f deaumca Ha MUHUMAADHBLY MHOZ0UAEH
onepamopa T.

Aoxasameavcmeo. IlycTb p — MUHUMaABHEBEIE MHOTOYAEH oneparopa |. Ecau f aeaurcs Ha P,
TO ecTh, f = pq AAS HeKoToporo MHOrodaeHa q € k[x]|, To f(T) = p(T)q(T) = 0. Obpartro, ecan
f(T) = 0, mopeaum c ocratkoM f Ha p: f = pq + 1 Arst g, T € K[x], mpuuem deg(r) < deg(p). Ho
r(T) =f(T) — p(T)q(T) = 0, 9TO TPOTUBOPEIUT MUHAMANBHOCTY MHOT'OYAEHA P. O

Cnepacteue 8.5.9. ITycmv V — sexkmopHoe npocmparcmeo Hal anzebpauriecku 3aMKHYMbBIM NO-
aemk, T: V>V — aunetinviti onepamop. Toz0a zapaxmepucmuseckuti MHO204AEH ONEPAMOPA
T deaumca Ha €20 MUHUMAALHBIT MHO20HNAEN.

Aoxazamenvcmeo. Hemepnenno caepyer m3 TeopeMbl ['amMuabToHa-Kaau 8.5.6 m mpepnosxe-
HEsS 8.5.8. u
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Mpennoxenue 8.5.10. [Tycms T — aureldnvti onepamop Ha V. KopHU MUHUMAABHO20 MHO20-
wnera onepamopa T — amo 8 mowHoCmU 8ce cOOCMBEHHDBLE HUCAA ITMO20 ONEPAMOPQ.

Aoxasameavcmeo. Ilycts p — MUHMMaABHEIR MHOrO4YAeH omeparopa I. Ecau A € k — KopeHb
P, TOo p(x) = (x — A)q AASI HEKOTOPOTO MHOro4YA€Ha ( € K[x] co crapuum xosdpdunmernTom 1. U3
paBercTBa p(T) caepyer, gTo (T —idy A)(q(T)(v)) = 0 past Bcex v € V. 3aMeTuM, UTO CTENEHb (
MeHBIIE CTEIeHN MUHIMAABHOIO MHOrO4YAeHa omeparopa 1, u moromy ((T) # 0. ITosromy HaltaeTcs:
BeKTOp V € V, aast Koroporo ((T)(v) # 0. Ho Toraa pasercrso (T —idy A)(q(T)(v)) = 0 o3ragaer,
9TO A — cObCTBEHHOE ducA0 omeparopa I, a q(T)(v) — cooTBeTcTByIOUUIL €My COOCTBEHHBIN BEKTOP.

O6parno, nycThb A € k — cobcTBeHHOE YmCAO omepaTopa |. Toraa HalAeTCS HEHYAEBOM BEKTOP
v # 0, past kKoroporo T(v) = Av. IIpuMeHsisi HECKOABKO pa3 | K oberM 9acTsiM 3TOr0 PaBEHCTBA,
noaydaeM, 9To T/(v) = Mv aas Bcex j > 0. ITosromy p(T)(v) = p(A)(v); ¢ Apyroit CTOpOHEL,
p(T)(v) = 0. IIpm 3TOM BEKTOp V OTAUYEH OT HYAS, 3Ha4UT, p(A) = 0. O

8.6 >KoppaHoB 6a3uc AN HUNLNOTEHTHOrO onepaTopa

AUTEPATVPA: [F], ra. XII, § 6, m. 2—4; [K2], ra. 2, § 4, . 4-6; [KM], 4. 1, § 9; [vdW], ra. XII, §§ 88, 89.
HanmomuuM, uTo o Teopeme 8.4.10 u3ydyeHue omepaTopa | CBOAUTCS K U3YYEHUIO HUABIIOTEHTHEIX
omnepaTopoB. Temeph MBI TOTOBEI IIOCTPOUTE XOPOIIN 6a3KuC AAST HUABIIOTEHTHOTO OIEpPATOpa.

Teopema 8.6.1. ITycmv V — sexmoproe npocmparcmeo Had noaem k, N: V — V — Huavb-
nomenmuwut onepamop. Tozda Haltdymca eexmopdt Vi,...,Vs € V U HAMYPALLHBIE YUCAA
my,..., Mg MaxKue, 4mo

® GEKMOPBL

le(\)l), e ,N(V]_),V]_,
Nmz(\)g), . ,N(Vg),Vg,

obpasyrom basuc V;
o N™itl(y)=... = N™sFl(y,) =0.

3amevarue 8.6.2. IToryueHHBIN 6a3UC yAOOHO CXEMATUYHO M306pa>kaTh B BUAE OPUEHTUPOBAH-
HOro rpadpa, BEPIIUHLI KOTOPOr'0 CUMBOAMIUPYIOT BEKTOPHI Hasuca, a pebpa BEIPA’KaloT AEHCTBUE
omepatopa N. Habop N™(v;),...,N(v1),Vv; Toraa IPEACTaBASIETCS B BUAE ILIENOYKM M3 My + 1
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BEPIINHEL:

Vi

OueBUAHO, YTO IOAIIPOCTPAHCTBO, IOPOKAECHHOE BEKTOPAMU U3 OAHOMN TaKOH Iertouky, N-HHBaPHAHTHO.
Marpuria orpaHudeHus oneparopa N Ha 9TO IOAIPOCTPAHCTBO (B 3TOM 6asuce) MMeEET pasMep
(my +1) x (my + 1) # BEICASIAUT Tak:

01 00
0 1 0 0
00 00
000 ... 01
000 ... 0

Basuc, 0 KoTopoM #AET pedb B TeopeMe — HAbOp U3 S TAKUX IEII04YeK (BO3MOXKHO, PAa3HOW AAWHBEI).
Marpura omeparopa N B Takom 6asuce, CTano OBITH, MMeET OAOYHO-AMATOHAABHBIA BHA, ¥ Ha
AVATrOHAAM CTOSIT OAOKM YKa3aHHOI'O BUAAQ.

Aoxazameavcmeo meopemsv. 8.6.1. ByaeM AOKa3BEIBaTh TEOPEMY HMHAYKIIMEN IO Pa3sMEPHOCTH
npocrparcTBa V. Caydait dim(V) = 1 TpuBManeH: HUABIOTEHTHBIH OIEPATOp HAa OAHOMEPHOM
IIPOCTPAHCTBE AOAKEH OBITH HYAEBBIM, X MBI MOXKEM IIOAOKUTE S = 1, BEIOpATh AI0DOO# HEHYAEBOH
BeKTOp Vi1 € V u my; = 0.

ITycte Temeps dim(V) > 1. Paccmorpum moampocrpancTso Im(N) < V. Ecau oHo coBmaaaer ¢
V, To omeparop N 06paTuM, 4TO IPOTUBOPEUUT ero HUAbIOTeHTHOCTH. [TosTomy Im(N) — moampo-
CTPAHCTBO B V MeHbIIEN pa3sMepHOCTH. Ecau cayumnocsk Tak, uro Im(N) — HyaeBoe mpocTpaHCTBO,
TO omepaTop N HYAEBOH, X IIOTOMY MOXKHO BRIOPATh IPOM3BOABHBIN 6a3uUC Vi, ..., Vs IPOCTPAHCTBA
V u monoXKuUTb My = - -+ = Mg = 0; Ha 9TOM AOKa3aTEABCTBO 3aKAHYUBAETCSI.

Ecam >xe Im(N) # 0, To K HEMy MOXXHO IPUMEHUTH IIPEAIIONOXKEHNE MHAYKIIAU. 3HAYUT,
MBI MOXKEM BBIOPATh BEKTOPHI Vi,...,Vs € Im(N) u HaTypaabHBIE YuCAA My, ..., Mg TaK, YTO
3aKAIOYEHNE TEOPEMBI BBIIOAHEHO (AAst mopmpocTpancTBa Im(N)). AAs KaKAOro BeKTOpa Vi €
Im(N) moxxHO BEIOpaTh W, € V Tak, uTo v; = N(1y). [lepenucas 3akAr04€HNE TEOPEMEL B TEPMUHAX
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BEKTOPOB 1L, IIOAYYaeM, 9TO Habop

N (), ., N2 (ug), N(w),
N™2+ (), ..., N2 (ug), N(ug),

N (), ..., N3 (), N(u)

obpasyet 6a3uc mpocrparcTsa Im(N), B To BpeMs kak N™ 2 () = ... = N™sT2 (1) = 0. Kakue
JKe BEKTODPBLI MOKHO A0DaBUTH, YTOOBL ITOAYYUTEL 6a3KC BCET'O IPOCTPAHCTBA V, UMEIOITUH HY KHBIN
BUA, «IIeIoYeK» BeKTOPOB? [lepBoe IIPEAIONOKEHNE — MIOIBITATHCS AODABUTH BEKTOPHL Uy, . . ., Us.
[Tora>xeM, 4TO IOAYUEHHEIR Habop

Nm1+1(u1), e ,Nz(ul), N(ul),ul,
Nm2+1<u’2)) cee 7N2(u2): N(u2)7u21

N™ (), ., N2 (), N(ug), ug

byaeT AuHeHO 3aBUCUM. AeACTBUTEABHO, PACCMOTPUM AMHENHYIO KOMOMHAITNIO 3TUX BEKTOPOB, PaB-
HyIo HyAlO. [lopeficTByeM Ha 3Ty AMHeHHYI0 KoMbuHauio onepaTopoM N. MbI moAyduM AMHERHYIO
KOMOUHAIINIO BEKTOPOB

Nm1+2(u1)7 s 7N2(u1)7N(u1)7
Nm2+2(u2), e ,NZ(UQ),N(LLz),

N™ 2 (), ..., N2 (), N(us),

OAHAKO, MBI 3HaeM, 94To BeKTOphl N™1F2(1uy), ..., N™s*2 (1) paBHbl HyA. [losToMy ocTaeTcst An-
HeliHasi KOMOMHAIUS B TOYHOCTY TE€X BEKTOPOB, IIPO KOTOPHIE MBI 3HAEM, YTO OHU 0bOpasyroT basuc
Im(N). Pasymeercs, u3 9TOro CAEAYET, YTO BCe KOI(MUIMEHTHI B HEMl PaBHEI HyAIO. Bo3Bparnasich
K UCXOAHOW AWHEWHOM KOMOMHAIIMYM, BUAMM, YTO BCE KO3 @UIMEHTHI B HEM, KpoMe, BO3MOXKHO,
ko3ddurmenToB npu BekTopax N™ 1 (uy), ..., N™s*1 (1), pasrer ayato. Ho Toraa ocraercs Auneit-
Hasi KOMOMHAIISI, COCTOSIIIAsE TOABKO U3 YKa3aHHBEIX BEKTOPOB, PaBHAS HYAIO. OTU BEKTOPHI TOXKE
BXOASIT B COCTaB BEIOPAHHOIO IO IPEANOAOXKEHMI0 HHAYKIuY H6asuca Im(N), u moToMmy AnHeHHO
HE3aBUCKUMBI. SHAYUT, ¥ KO3PPUINEHTHI IPK HUX B UCXOAHON AMHEWHOW KOMOWHAIINY TaK>KEe PaBHBI
HYAIO.
VTak, MBI ITOKa3aAHd, ITO BEKTOPHI

Nm1+1<u1)) cee 7N2(u1): N(ul);uli
Nm2+1<u2)’ cee 7N2(u’2)1 N(u2)7u2:

N™ L (ug), ..., N3 (ug), N(ug), ug
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AMHENRHO He3aBucuMEL. Ob6pa3yioT Au oHE 6asuc mpocTpancTBa V7 Boobime rosopsi, He 06s13aTEABHO.
[TosToMy AOIOAHUM HX KaK-HHOYAB BEKTOPAMHU Wi, ..., W A0 basuca V. DTo ellle He HY>KHBIA HaM
6asuc mpocTpaHCcTBa V: HY>KHO €0 CA€TKa IOATIPaBUTh. 3ameTuM, ITo N(wj) € Im(N) anst Beex j,
u moToMy N(wj) siBAsIeTCST AMHeiHON KoMOuHAIMe#l BEKTOPOB

leﬂ(ul), e ,N2(u1),N(u1),
Nm2+1(u2), e ,N2(LL2),N(LL2),

N ), oL N2 (), N(us),

obpasyromux, Kak MEL 3HaeM, 6asuc npocrparcTBa Im(N). KaXkaas Takas AxHelHasT KOMOMHAIIYS,
oueBUAHO, uMeeT BuA N(X;), TAe X — AMHelHas KOMOUHAIMS BEKTOPOB

le(ul), e ,N(ul),ul,
Nmz(u2>, e ,N(uz),U.z,

N™s(ug), ..., N(ug), Us.

Mer HamAm BeKTOPEL X; € V Takme, uTo N(Wj) = N(X;). [ToroKuM Usj = Wj — X;. Ternepb MeI
YyTBEPXKAA€EM, UTO BEKTOPHI

leﬂ(ul), ceey N2(u1), N(ul),ul,

N™ 1 (ug), .., N2 (1), N(us), us,

Ust1,

Us it

0bpas3yoT HyXHBIM HaM 6asuc mpocTpancTBa V. HamomMHMM, 4TO MBI cTapToBaAu C 6asumca, B
KOTOPOM BMECTO BEKTOPOB 1L, OBIAM BEKTOPE! Wj, ¥ BEIYAN U3 Ka’XAOTO Wj HEKOTOPYIO AMHERHYIO
KOMOMHAIIMIO X; MPEABIAYIINX BEKTOPOB 13 TOro >Ke b6a3mca. HeTpyAHO BHAETD, UTO TaKas 3aMeHa
obpaTuMa, u IIOTOMY IOAYYEHHEBIH Habop BEKTOPOB Tak>ke byaer 6a3mcom mpocTpancTBa V. Kpome
TOT'0, BEIITOAHEHO X BTOPOE YCAOBUE U3 3aKAIOYEHUS TEOPEMBI:

Nm1+2(u1) == Nms+2(us) = N(ug41) = -+ = N(ugpy),

mOCKOABKY N(Usyj) = N(wj —x;) = N(wj) — N(x;) = 0. -

8.7 oppaxoBa dopma

AUTEPATVPA: [F], ra. XII, § 6, m. 4; [K2], ra. 2, § 4, mm. 1, 2; [KM], 4. 1, § 9; [vdW], ra. XII, § 87.
Teneps MBI TOTOBBEI COOPMYAUPOBATH OCHOBHOM PE3YABTAT O AMHEMHBIX OIIEPATOpPaX Ha KOHEY-
HOMEPHBIX BEKTOPHEIX IIPOCTPAHCTBAX HaA aATeOpamdecKy 3aMKHYTEIM IIOAEM.
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Onpenenenne 8.7.1. MaTpuiia Bupa

Al 00
0 1 ... 00
00 ... 00
Jn(A) = - Do
000 ... A1
000 ... 0A

pa3sMepa N X N Ha3bIBAETCS XXOPAAHOBbLIM 6/10kOM. BAOYHO-AMaroHaAbHAS MaTPUIA, B KOTOPOH KaXK-
ABIZ OAOK SIBASIETCS KOPAAHOBBIM OAOKOM, Ha3bIBAETCS »opAaHoBoi matpuueit. [Iycts T: V — V —
AVHEWHBIN onepaTop. Basuc mpocTparcTBa V Ha3bIBAETCS XXOPAAHOBLIM Ba3ucom Anst omeparopa T,
€CAM MaTpuIla | B 3ToM 6a3uce sIBASIETCSI JKOPAAHOBOM. DTa MaTPUIla TOTAA HAa3LEIBAETCSI XKOPAAHOBOWA
¢hopmoii oepatopa T.

AAH AOKa3aTEABCTBa OCHOBHOI TEOPEMEI HaM HOH&AO6I/ITC$I CACAYIOIIIasi A€EMMaA:

Nemma 8.7.2. ITycmv V — sexmopHoe npocmparcmeo Had noaem k, T: V — V — aunetinwd
onepamop, u nycme V = U; @ --- D U,, — pasnoosticenue npocmpaHcmea 8 NPAMYN0O CYMMY
noonpocmparcms, xaxcooe us xomopux T-urgapuarnmnHo. Toz0a

dim(Ker(T)) = dim(Ker(T|y,)) + - - - + dim(Ker(T|y,,))

dim(Im(T)) = dim(Im(T|y,)) + - - - + dim(Im(T|y,,))-

Aoxasamesvcmeo. OueBuaro, uro Ker(T|y,) < Ker(T). Kpome Toro, kaxxaoe Ker(T|y,) siBaseTcs
noapoctparcTBoM B U;. Cymma U; +- - -+ U, npsimast, motomy u cymma Ker(T|y, ) +- - - +Ker(T|y,,)
npsmasi. [Toxaxkem, uro Ker(T) < Ker(T|y,) + - - + Ker(T|u,, ). AefictBureabHo, mycTs v € Ker(T),
TV =1u+ - +Uyp, raew € U;. Torna0=T(v) =T(uy) +-- -+ T(wy). IIpu sToM Ka>KABIE BEKTOP
T(u;) aexxut B U; B cuay T-mHBapumanTHOCTZ oATIpocTpancTBa U;. VI3 ompeaeaeHrsT IpsiMO# CyMMBL
TEIepb CAEAYET, ITO KaXKA0e | (1) paBHO HyAIO, To ecTb, W; € Ker(T|y,), # Hy’)KHOe BKAIOUEHUE
AOKa3aHo.

Taxum obpazom, Ker(T) = Ker(T|y,) ® - @ Ker(T|y,, ). Boraucasisi pasMepHOCTH, IOAYIaeM
IIepBoe 13 TpebyeMEIX paBeHCTB. [I0CAE 3TOr0 BTOPOE CAEAYET II0 TeOPEME O roMoMopdusme 7.3.8. [

Teopema 8.7.3. [Tycmv k — anzebpaunecku 3amxHymoe noae, V. — KOHEUHOMEDPHOE 8EKMOPHOE
npocmparcmseo wad K, T — auHetlHwvi onepamop Ha V. Toz0a 8 V cywecmsyem o+wcopdaHos
6asuc oasn T. Boaee moezo, otcopdarosa gopma onepamopa T eduHcmeerHHa ¢ movHocmsdo 00
Nepecmaro8Kru HcopoaHo8vlL ba0KOS.

Aoxaszamenvcmeo. [lo Teopeme 8.4.10 mpocTparCTBO V PaCKAAABIBAETCS B IPSIMYIO0 CYMMY KOPHE-
BBIX IIOAIIPOCTPAHCTB omeparopa |. Boaee Toro, ecau A; € k — cobcTBeHHOE YMCAO omepaTopa I,
TO orpaHWYeHVEe omepaTopa | — idy A; Ha KOpHeBoe MOATPOCTPAHCTBO V (A, T) HuABIOTEHTHO. K
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9TON CUTyaIlMM MOXKHO IPUMEHUTH TeopeMy 8.6.1 u BrIbparh 6asuc B V(A;, T), B KoTopoM MaTpuIia
omeparopa (T — idy }\i)’V(M,T) UMeET BUA, OIKCAHHBLIA B 3aMedaHum 8.6.2. MaTpulia omepaTopa
T|v(r, 1) B BEIOpaHHOM 6asmuce IOAydYaeTCst IpubaBACHUEM K HeEH CKaAsSpHOM MaTpPHIBL C A; Ha
AuaroHaau. IToaygaem, 9To MaTpuia onepaTopa T |y (a, 1) EMEET KOPAAHOB BUA, (& MMEHHO, COCTOMT
73 6A0KOB i, +1(Ai)y .-y Jmo+1(Ai, TAE My, ..., M Kak B TeopeMe 8.4.10). IIpoaenraB ykasaHHYIO
IIPOILIEAYPY AASI BCeX COOCTBEHHBIX YKMCEA, MBI IIOAYYIXM 0a31c BO BCEM IIPOCTPAHCTBE V, B KOTOPOM
MaTpHIla omepaTopa | >XOpAaHOBa.

Ocranoch mOKa3aTh €AMHCTBEHHOCTL >KOPAAHOBOM (POPMBI. 3aMETHM, YTO Ha AMATOHAAU B
>KOPAAHOBOI popMe 06si3aHBI CTOSITH COBCTBEHHBIE umMcAa omeparopa I. [losToMy aocTaTouHO
[I0Ka3aTh, YTO AASI Ka’XKAOTO CODCTBEHHOI'O 4MCAA A omepaTropa | pa3Mmepsl 6A0KOB Buaa J7(A),
BCTPeYAroIuecs: B AI00O0H ero >KOpAaHOBOX popMe, OIPEAEAEHEl OAHO3HAUHO (HE 3aBUCAT OT BhIOOpA
3TO¥ (OPMEI). AASI 3TOrO MBI BBIPA3UM KOAWYECTBA 6AOKOB BuAA J1(A),J2(A),... depes udmcaa,
KOTOpBIe HUKAK HE 3aBUCST OT BEIOOpa 6asmca B IpocTpaHCTBE V.

A mMeHHO, IyCTb OIlepaTop | NPEBEAEH K >KOPAAHOBOM dpopMe (HeKOTOPHIM BEIOOpOM 6aswmca).
DuKcIpyeM HEKOTOPOE COOCTBEHHOE YUCAO A omepaTopa |, ¥ IyCTb MN,; — KOAUYECTBO ODAOKOB BHAA
Jm(A) B aT0#t bopme. ByaeMm cumTaTh, 94TO MaKCHMAABHEIA pa3Mep 6AOKa TaKOro BHAA PABEH S, U
IOTOMY N1 = Ngyg = --- = 0.

[TocmoTpuM Ha pa3sMepHOCTEL siapa omeparopa | — idy A. Marpuiia sToro omeparopa 6A09HO-
AMaroHaAbHA ¥ COCTaBAEHA U3 OBAOKOB BHAQ J7(A; — A), TAe A — BCe COOCTBEHHBIE YUCAA OIIEPATOPA
T. Ilo Aemme 8.7.2 AOCTATOYHO IIPOCYMMUPOBATEH PA3MEPHOCTH SIAEP ITUX OAOKOB. Ecam Ay # A,
To 610K BuAA J2(A{ —A) oOpaTUM IO IPeANOSKeHUIO 8.2.4, U BHOCUT HYAEBON BKAAA B CYMMAapHYIO
pa3MepHOCTH siapa. B To >xe BpeMmsi, ecam A; = A, TO KaXXABIX 640K BuAA J((A; —A) = J;(0) umeeT
pasr t — 1 u pa3mMep t, IO3TOMY BHOCTK BKA3A 1 B CYMMAapHYIO Pa3sMepHOCTEb siapa. CymMMupys,
IIOAYYaeM, ITO Pa3MEPHOCTH siapa omeparopa | — idy A paBHa KOAXYECTBY OAOKOB BHAA J7(A) B
JKOPAQHOBOI popMe omepaTopa I, TO eCTb, N + Ny + - - - + Ny

dimKer(T —idy A) = ny + Ny + Nz + -+ - + ng.

Tenepb IoCYMTaeM pasMepHOCTL siapa omeparopa (T — idy A)?. CHOBa MOXKHO IPHMEHWUTDH
AeMMy 8.7.2, u cHOBa 6GAOKU B MaTpuIle omeparopa | BuAA J7(Ai) mpu A; # A BHOCSAT HYAEBOM BKAAA,
B CyMMapHYIO pa3MepHOCTH siapa. [TocMoTpuMm Temeps Ha 610K BuAa Ji(A). Marpura oneparopa
(T —idy A)? pasra (Ji(A) — E¢A)?. HeTpyaHO BUAETD, UTO IIPU BO3BEACHUY B KBAADAT MAaTPUIA BUAA

0100 0
0010 0
0 001 0
0 00O 0
0 00O 0
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IIPEBPAIIAETCS B MAaTPHUILy BHAA

0010 0
0 001 0
0 00O 0
0 00O 0
000O0 ... 0

Panee MBI mocuuTanm, 9TO KaXKABIE 640K ¢ (A) BHOcHT BkAaa 1 B pasMepHocTb Ker(T — idy A).
Temmeps BuAHO, YTO OHAOKE pasMepa 2 u OOABIIIE BHOCST BKAAA eIle Ha 1 60oAbIlle B pa3MEPHOCTb
Ker(T — idy A)%. B To ke BpeMsi, 6A0ku pasMepa 1 x 1 Ipyu BOSBEACHUY B KBaADAT HE MEHSIIOTCS, U
IIOTOMY BHOCST TOT >X€ BKAQA, YTO M paHbIne. MBI IOAYYaEM, UTO pa3HOCMDb PA3SMEPHOCTER SIAED
oneparopoB (T —idy A)? u T —idy A paBHa KoAL4ecTBY 6AOKOB pasmepa 2 u GoABIIE:

dim Ker(T — idy A)? — dim Ker(T —idy A) = ny + ng + - - - + ns.

[TocuuTaeM pasmepHOCTH siapa oneparopa (T —idy A)3. AHarorwdHBIE PACCYKACHUS [IOKA3BIBAIOT,
4T0 6A0KM pasMepa 1 u 2 ¢ COOCTBEHHBIM YKUCAOM A IIPU BO3BEAECHUM B KyO AAQIOT TO ’Ke, UTO U IIPO
BO3BEAEHUY B KBAAPAT, & BOT ¥ OAOKOB pasMepa 3 1 OOABIIE EAVHUITEI «CABHIAIOTCSIy Ha AMArOHaAb
BBIIIE, X IIOTOMY OHZ BHOCSIT BKAAA Ha 1 BoAbIIE, 4eM B pa3MepHOCTH siapa omeparopa (T —idy A)2.
[ToaTomy

dim Ker(T — idy A)® — dim Ker(T — idy A)® = ng + - - - + n.

IIpopOAIKasT YBEAMUUBATE CTEIEHDb, MBI AOMAEM AO IIOCAEAHEIE:
dim Ker(T — idy A)® — dim Ker(T —idy A)S™! = n,.

[ToryueHHBIE PaBEHCTBA MOXXHO BOCIPUHUMATH KaK CACTEMY AMHENHBIX YPaBHEHUR HA My, ..., Ng.
HerpyaHo BuaeTh Tenepsh, 9TO (Kak ¥ OOEMIAaH0) YUCAd Ny, . . ., g BBIPA’KAIOTCS Y€pPe3 Pa3sMEPHOCTH
siAep creneHedt omeparopa (T —idy A), To ecTh, Yepe3 mapaMeTphl, KOTOPble HUKAK HE 3aBUCSIT OT
BEIOOpa 6aswmca. Beramrast KaXKAYIO CTPOYKY W3 IPEABIAYIIEN, MOXKHO HAIIMCATh U SBHYIO (DOPMYAY:

Ny, = 2dim Ker(T — idy A)™ — dim Ker(T — idy A)™ ' — dim Ker(T —idy A)™**.

[TosToMy KoAr4eCcTBO HAOKOB pasMepa M ¢ COOCTBEHHBIM YUCAOM A B JKOPAAHOBO# popMe omepaTopa
T He 3aBuCHUT OT BBRIOOpPa *KOpAAaHOBa Hasuca. [

8.8 Komnnekcudukauus

7KoppaHoBa popMa AAET OTBET K 33apaUe KAACCUDUKAIMY AMHENHBIX OIEPATOPOB Ha KOHEYHO-
MEPHOM IIPOCTPAHCTBE HaA aArebpamdecKy 3aMKHYTHIM IIOAEM. DTOT PEe3YABbTAT MOKHO IIBITATHCS
0b061maTh Ha pa3Hble KOHTEKCTHI. Hampumep, MOXKHO 3aAyMAThCA 0 KAACCU(MUKAIINY OIIEPATOPOB Ha
H6eCKOHEYHOMEPHBIX IIPOCTPAHCTBAX. HaIll ITOAXOA CYIIIECTBEHHO ONMPAACT Ha MAaTPUYHLIE BEIYMCAE-
HUS, KOTOPLIE HE IIEPEHOCSTCS Ha OECKOHEYHOMEPHBIN CAydail, IO3TOMY MBI He HYAEM 3TOr'O AEAATH.
Bropoe HampaBaeHume 06061IeHNST — IOIIPOHOOBATE IIOCMOTPETE Ha CAyYail HE3AMKHYTOT'O IIOAS.
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A efCTBUTEABHO, XOTS CAyYall aATebpamdecKy 3aMKHYTOTO IIOAS 7K€ TIOAE3EH AASI IPUAOIKEHUHN
(B 6OABIIMHCTBE HeAATeOPaNIeCKUX IPUAOKEHUN BCTPEYAETCSI CAYIall TOAST KOMIIAEKCHBIX YHCEA
C), eCcTecTBEHHBIN WHTEPEC IPEACTABASIIOT ONIEPATOPHI HAA IIOAEM BEINECTBEHHBIX UYUCEA. MBI
IIPOAEMOHCTPUPYEM, KaK OCHOBHEIE IIOHSTHUS U PaKTEL 00 omepaTopax meperocsTcs ¢ C Ha R.

UTaxk, nycts V — BEKTOPHOE IIPOCTPAHCTBO HaA IIOAEM BeIeCTBEHHBIX umceA R. Mul peTanbHO
U3YYUAY IPOCTPAHCTBA U OIEPATOPHI Hap moaeM C, mosToMy IepBoe, UTO HY’XHO IOIPOOOBATH
CAENATb — CBECTH OAWH CAyYall K APyroMy. A MMEHHO, MBI IIOCTPOUM II0 V IIPOCTPAHCTBO Vi HaA
IIOAEM KOMIIAEKCHBIX YHMCEA, U ITIOKa’KeM, YTO Af0boi 6a3uc B V mIpeBpamiaeTcss B 6a3uc IpocTpaHCcTBa
Ve, a Aroboit AMHENHEBIY onepaTop Ha V — B AMHEWHBIN omepaTop Ha V.

Paccmorpum muOKRecTBO V X V. Ilo ompeaeAeHUIO OHO COCTOUT U3 BCEBO3MOKHBIX YIIOPSIAOUYEHHBIX
map (u,v), rae w,v € V. MbI e 6yaeM 3anuceBaTh napy (U,Vv) B BUAE U + Vi ¥ BOCIPUHUMATH
Kak opuH BekTop. Ceifgac MBI BBeAEM Ha V X V CTPYKTYPY BEKTOPHOI'O IIPOCTPAHCTBA HAA IIOAEM
roMIAeKCHBIX qucen C. CAOKeHUe OPEAEAUTE HECAOXKHO: (Ug +Vvii) + (Ug +Vaol) = (W +up) + (V1 +
V,)i AAST BCEX Uy, V1, Uz, Vo € V. OIpeaeAnM YMHOXKEHKE Ha cKaAsp a+ bi € C caepyromum obpasom:
(u+vi)(a+bi) = (au—bv) + (av + bu)i. BupHo, uTo 3TO OIpereseHNEe COBEPIIEHHO eCTECTBEHHO,
U TIOAY9aeTCs IPOCTHIM PaCKPBITHEM CKOBOK C y9eTOM TOXXAeCcTBa i2 = —1. TeMm He MeHee, MBI
AOASKHEI IIPOBEPUTD, UTO BCE CBOMCTBA U3 OIPEAEAEHUSI BEKTOPHOI'O IIPOCTPAHCTBA BHITOAHSIIOTCS.
K cgacTsio, 3Ta IpoOBEPKA COBCEM HECAOXKHA, X MEI OCTABASIEM €€ YUTATEAIO B KQUeCTBE VIPA KHEHUS.
OTMeTHM AMIIBL, YTO POABL HYAEBOTO 3AeMeHTa urpaet BekTop 0 = 0 + Oi.

Onpepenenne 8.8.1. Tloayuennoe BekTOpHOE IIpocTpaHcTBO Hap C MEel 6yaeM obo3HaUaTh depes Vi u
Ha3bIBAaTL KOMMiekcudukaumeid mpoctpascTsa V.

VcxopHOE BEKTOPHOE IIPOCTPAHCTBO V MBI OYAEM CUMTATH ITIOAMHOMKECTBOM B Vi: ecAm Vv € V, TO
v+ 0ie V.

Mpennoxenue 8.8.2. ITycmv V — sexmoproe npocmparcmeo wad R. Ecau vy,...,v, — 6a3uc V
(xax npocmparcmea Had R), mo vy,...,v, — 6asuc V¢ (xax npocmparcmea Had C).

Aokaszamenvcmeo. 3aMeTUM, YTO AUHEHHasT 060N0YUKA BEKTOPOB Vi, ...,V B Ve COAEPIKUT BEK-
TOPBI Vi,...,Vn U BEKTOPBI Vii,...,Vv,1. AI0DOO# snAeMEHT U € V eCTb AMHEHHAsT KOMOWHAIIS
BEKTOPOB Vi,...,Vn, X AASI AIOOOTO V € V BEKTOpP Vi €CTb AMHEWHAsT KOMOWHAIIAS BEKTOPOB
vii, ..., vhi. IloaToMy AI06O# sAeMEHT U + Vi € Ve AEXUT B AMHENRHON obonouKe Vi, ..., V. [lo-
Ka’kKeM, 4TO Vi, ..., V, AUHENHO He3aBUCUMEL B Ve. Ecam a; + bii, ..., a, + byi € C TakoBEI, 9TO
vi(a; + bii) + -+ + vu(an + byi) = 0, To, pacKpEIBasi CKOOKY U IIPUPABHUBAST OTAEABHO <«BEIIle-
CTBEHHBIEY U «MHUMBIEY YaCTH, IIOAYyYaeM, 4TO Vid; + --- +vhan = 0w vib; +--- + v, b, =0. U3
AVHENHON HE3aBUCUMOCTY BEKTOPOB Vi, ...,V, B V CAEAyeT, 4TO A; = -+ =04, = by = -+ = b,, = 0.
[losTomy vy, ..., V,, AMHEHHO HE3aBUCUMEL B V(. L]

Cnepncrteue 8.8.3. Pasmeprocmds Vi xak sexmoprozo npocmparcmea Had C pasHa pasmeprocmu
V xax seexmoprozo npocmparcmea Had R.

Aoxazameavcmeo. Cpa3y CAeAYeT U3 IPEANOKEHUS 8.8.2. O
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Onpepenenne 8.8.4. IlycTe V — BeKTOpPHOE IPOCTPAHCTBO Hap R, T — AuHeHHEI! onepaTop Ha V.
OmnpepeArM OIlepaTop ¢ Ha IPOCTPAHCTBE Ve CAEAYIOIIMM OOpasoM:

Te(u+vi) =T(u) + T(v)i
AASI BCEX U,V € V. DTOT ommepaTop HA3BIBAETCsI komnaekcudmkaumeid omeparopa T.

Hedopmanbro rosopsi, onepatop I¢ Ae#CTBYeT OTAEABHO Ha BEIIECTBEHHYIO U MHUMYIO JacTh
BEKTOpa U + Vi onepaTopoM [. HechroskHO mpoBepuTh, YTO 3Ta popMyAa AEHCTBUTEABHO 33AAET
AVHEHHEBIA oIlepaTop Ha IIPOCTPAHCTBE V(.

Nemma 8.8.5. ITycmv V — sexmoproe npocmparcmseo wad R ¢ 6asucom vi,...,vn, 1:V —
V — auretinviti onepamop. Toz0a mampuuya onepamopa T e basuce vi,...,V, cosnadaem c
Mmampuueli onepamopa Tc 8 mom o+ce basuce.

Aokxaszamenvcmeo. YIpa>xHEHUE. O

Hamr nepBEI#l pe3yABTAT MOXKHO CYUTATh aHAAOTOM IIPEANOKEHUS 8.2.1, KOTOpPOe YTBEPKAANO,
YTO y AIODOOr0 OImepaTopa Ha KOHEYHOMEPHOM IIPOCTPAHCTBE HAa aArebpandecKy 3aMKHYTBHIM IIOAEM
€CTh OAHOMEPHOE MHBAPUAHTHOE IIOATIPOCTPAHCTBO.

Mpepnoxenue 8.8.6. ¥V n1ro0boz0 onepamopa Ha (HeHyaresoMm) KOHEUHOMEPHOM SEKTMODPHOM NPO-
cmparcmee Hao R ecms uneapuarmmoe noonpocmparcmeo pasmeprocmu 1 uau 2.

Aoxaszameavcmeo. Ilyctb V — BeKTOpHOe pocTparcTBO Hapn R, T: V — V — AuHelHLIT onlepaTop.
Ero xomnaexcudumranus Te: Ve — Vi uMeeT cobcTBeHHOE YUCAO (IO IpepnroskeHuIo 8.2.1) a + bi,
rae a,b e R. ITycts U + Vi — COOTBETCTBYIOMUY eMy COOCTBEHHEBIN BEKTOD; W,V € V, IIPK 3TOM U
¥ V HE PaBHEI OAHOBPEMEHHO HYAIO. DTO O3HadaeT, 4To Ic(u + vi) = (u+ vi)(a + bi). Mcnoawsys
OIpeAeAeHME ¢ ¥ YMHOXXEHUSI B IIPOCTPAHCTBE Vi, IIOAYYaEM

T(u) + T(v)i = (ua — vb) + (va + ub)i.

[Mostomy T(u) = ua —vb u T(v) = va + ub. Ilycre U — aunHeiiHass obor0TKa BEKTOPOB U,V B V.
Torpa U — mOAIPOCTPAHCTBO B V pasMepHOCTZ 1 MAM 2, U IOAYYEHHbIE PABEHCTBA [IOKA3LIBAIOT,
gyT0o U MHBApPMAHTHO OTHOCHTEABHO OIepaTopa I. O

HamoMHUM, 9TO MBI OIIPEAEAMAN MUHUMAABHBIA MHOTOYAEH OI€paTopa Haj IPOM3BOABHBIM
nmoneM k (cM. ompeaenerue 8.2.1).

Mpepnoxenune 8.8.7. ITycms V — sexmoproe npocmparcmeo Had R, T: V — V — aunetinviti one-
pamop. Toz0a MUHUMAADHBLL MHO20MAEH onepamopa T¢c paser MUHUMAABHOMY MHO20MAEHY
onepamopa T.

Aokazamenvcmeo. Ilycts p € R[x] — MuHEMaABHEI MHOTOYAEH onepaTopa |. Ceffyac MBI IIOKa-
>KEM, ITO OH JAOBAETBOPSIET OIIPEAEAEHUIO MUHUMAABHOI'O MHOTOYAEHA oneparopa Ic. CHagana
HeobxoAUMO IoKazaTh, uTo P(T¢) = 0. HamomumM, 9TO IO ompepeaeruio Te(u + vi) = T(u) + T(v)i.
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[TpuMeHsisi K 9TOMY PaBEHCTBY omepaTop I¢, moaydaeM, 4ro (T¢)™(w + vi) = T™(u) + TH(v)i.
Mostomy p(Te) = (p(T))c = O.

[Tyctb Teneps q € C[x]| — HEKOTOPEHI MHOIOYAEH CO CTAPINAM KOIDDUIMEHTOM 1, AAS KOTOPOro
q(T¢) = 0. HaM Hy>kHO IOKas3aTh, YTO CTEIEHbL ( HEe MEHbINE, UeM CTEleHb P. 3aMeTUM, UTO
(q(Tc))(u) = 0 anst Bcex u € V. Obo3HAYUM Yepe3 T MHOTOYAEH, j-# KO3(@DUIMEHT KOTOPOrO PaBeH
BEINeCTBEHHON YacTH j-ro KoaddunuenTa MHOrouAeHa (. OUeBIAHO, YTO CTapIIUi KoapdUIUeHT T
Tak>Ke paBeH epuHuIe. VI3 paserncrsa (q(Tc))(u) = 0 HemepnerHo caepyer, gTo (1(T))(u) = 0. D10
BEIIIOAHEHO AAST BcexX U € V, u moromy 1(T) — HyaeBo# omeparop. B cuny MunMMaAbHOCTE P 43
aTOro cAepyeT, uTo degr > degp. Ho degr = deg q, otkyaa deg q > degp, uro u TpeboBaroch. [

Temepb TOCMOTPUM Ha COOCTBEHHLIE YMCAA KOMIAeKcupUKanuu Ic. Ka>xpoe cobcTBEHHOE YMCAO
MOJKET OKa3aTbCs BEUIECTBEHHBIM, a MOJKET — HeBelleCTBEHHBIM. OKa3bIBAETCS, BEIIECTBEHHEIE
COOCTBEHHEIE YUCAA [ — 9TO COOCTBEHHEBIE YKUCAA UCXOAHOTO olepaTopa .

Mpeanoxenue 8.8.8. [Tycmv V — sexmoproe npocmparcmeo Had R, T: V — V — aunetinviil
onepamop, A € R. Qucao A asasemcsa cobcmserHvim Hucaom onepamopa Tc mozda u moavko
mozoa, K020a A ABAAEMCA COOCMBEHHBIM HUCAOM onepamopa T.

Aokazameavcmeo. Ilo npeproskeruto 8.5.10 cobcTBeHHEIE YuCAa omepaTopa | (KOTOpBIE Belrle-
CTBEHHEBI 110 OIIPEAEAEHNUIO) — 3TO B TOYHOCTH (BEIECTBEHHBIE) KOPHY MUHUMAABHOI'O MHOTOYAEHA
onepaTopa T. C aApyroit cTopoHE! (CHOBA II0 IpearoKeHu:o 8.5.10), BelecTBeHHbIE CODCTBEHHbIE THC-
Aa omepaTopa ¢ — 9TO B TOYHOCTHX BEIECTBEHHBLIE KOPHMA MUHUMAABHOTO MHOTOYAEHA OIEpaTopa
Tc. ITo mpepnoxxernuro 8.8.7 3T MUHMMAAbHBEIE MHOTOYAEHBI COBIIAAAIOT. O

Caepyroriee IPeANOSKEHNE YTBEPIKAAET, UYTO |¢c BEAET Cebsi CUMMETPUYHO IIO OTHOIIEHUIO K
CODCTBEHHOMY YHCAY A U COIPSI>KEHHOMY K HEMY A.

Mpepnoxenune 8.8.9. [Tycms V — sexmoproe npocmparcmeo wad R, T: V — V — auneldnwid
onepamop, A € C, j — namypaavroe wucsao, u u,ve V. Toz0a

(Te —idy, AV (u+vi) =0 «— (T¢ —idy, A) (u—vi) = 0.

Aoxasameavcmeo. ByaeMm poKa3bIBaTh yTBEPKAEHWE MHAYKIMER 110 j. B caydae j = 0 caeBa u
CIIpaBa CTOUT TOXKAECTBEHHEIN OIIEPATOP, IIO3TOMY MBI IIOAYYAEM YTBEP>XAEHUE, YTO PABEHCTBO
U + vi = 0 paBHOCHUABHO PaBeHCTBY U — vi = 0, uTo odeBmAHO. [lycTh Temepws j > 1, u MBI
AOKa3aAu pesyabraT Anst j — 1. [Ipeamoaoskum, uro (Te —idA)) (u + vi) = 0. DTo osHagaer, 4TO
(Te —idAY " }((Te —idA)(w + vi)) = 0. IIycte A = a + bi, rae a,b € R. Toraa

(Tc —idA)(uw +vi) = (T(u) —ua + vb) + (T(v) — va — ub)i.
SHa‘II/IT, HaIll€ PaBCHCTBO MOJXHO 3allCaTb B BHUAEC
(Te —idA)Y7((T(u) —ua +vb) + (T(v) — va — ub)i) = 0.
ITo IIPEAIIONOKEHUIO NHAYKIIN U3 HETO CAECAYET, 9TO

(Te —idA)*((T(w) — ua +vb) — (T(v) — va — ub)i) = 0.
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Ho mpsiMoe BBHIYHCAEHZE ITOKA3BIBAT, YTO
(T(w) —ua +vb) — (T(v) —va — ub)i = (Te — id A)(u + vi).

Mzt moayguan, uto (Te —id A)) (1 + vi) = 0, 9To 1 TpeboBaAOCE.
SaMeHUB B IPUBEAEHHOM PACCYKAEHUM A Ha A, a V Ha —V, MBI IIOAYYUM X 0OpaTHOE CAEACTBUE.
O

BasKHBIM CAEACTBHAEM IIPEANOKEHUS 8.8.9 SIBASIETCS TOT (PAKT, UYTO HEBEIECTBEHHBIE CODCTBEHHEIE
YKCAQ OIIEPATOPA I¢ XOAAT IapaMu.

Cneactsue 8.8.10. [Tycmv V — sexmopHoe npocmparcmeo Had R, T: V — V — aunelinwviti
onepamop, A € C. Qucao A asasaemcsa cobcmeerHvim “ucaom onepamopa Tc mozda u moavko
moeaoda, xK020a A A8AAEMCA COOCMBEHHBIM HUCAOM onepamopa Ic.

Aoxasameavcmeo. NOCTATOYHO IOAOKUTL j = 1 B IpeproskeHun 8.8.9. [
HeTpyaHO IpOoBEPUTDH, YTO M KPATHOCTU COIPSIXKEHHBIX COOCTBEHHBIX YMCEA A U A COBIIQAAIOT.

Cnepcteue 8.8.11. ITycmv V — sexmopHoe npocmparcmeo Had R, T: V — V — aunetinwt
onepamop, A € C — cobcmeerroe wucao onepamopa Tc. Tozda xpamHocms A kax cobcmeerHHo20
wucaa Ic pasHa kpamrocmu A kax cobcmeerHozo “ucaa Ic.

Aoxazamenvcmeo. Ilo ompepeAeHNIO KPATHOCTL COOCTBEHHOTO YKCAA — JTO PA3MEPHOCTH COOTBET-
CTBYIOIIET'O KOPHEBOI'O IIOAIPOCTPAHCTBA. [IycTh Uy +Vii, ..., Uy + Vil — 6a3UC KOPHEBOI'O IIOAIIPO-
crparctBa V(A, Te), rae Uy, . .., Um, V1, - . ., Vin € V. ITOKa>KeM, 4TO TOrAa BEKTOPHI U1 —Vii, ..., Um —
Vi obpasytor 6asmc Kopresoro moampocrpancTsa V(A, Te). [IpoBepuM cHawana, YTO OHE AeXKAT B
3TOM TIOATIPOCTPAHCTBE: IO OIPEAEAEHUI0 KopHeBoro BekTopa (Te — id A)dm(V) (W +v;i) =0, m mo
npeanoxeruo 8.8.9 roraa (Te — id A)4™=(V)(y; —v;i) = 0.

HecAo>XHO IpPOBEPUTH U AMHENHYIO HE3aBUCUMOCTB BEKTOPOB U; — Vii,..., Uy, — Vi €CAH
(g —vit)py + -+ + (W — Vimi)m = 0, TO IpPsSIMEBIE BEIYUCAEHUS IIOKA3BIBAIOT, YTO (U + Vii)[y +
oo+ (W + Vi) = 0, u moTOMy BCe KO3(DDUIMEHTHL Ly, . . . , [y, PABHBL HYAIO.

HaxoHell, Hy>KHO IIPOBEPUTH, UTO 3TO CUCTEMA ODOPA3YIOIIMX KOPHEBOTO IIOAIIPOCTPAHCTBA
V(A, Te). Iycrs u 4 vi e V(A, Te). Toraa (cHosa mo mpeanosxermto 8.8.9) u — vi e V(A, Te). Buauur,
U — Vi IBASIETCS AMHEWHONW KOMOMHAIIMEN BEKTOPOB Wi + Vii, ..., Uy + Vil

u—vi=(uw+viip + -+ (U + Vi) .
Ho Toraa u + vi sBAsieTCcs AuHEHHOE KOMOMHAIIMER BEKTOPOB U; — Vii,. .., Uym — Vil
u+vi=(u —vii)iy + - + (U — Vi) -
O

[IpuBepeM ellle OAMH BapUaHT IIepPEHOCA IPEANOSKEHUS 8.2.1 Ha CAydYall BEIIeCTBEHHBIX IIPO-
CTPAHCTB.
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Mpennoxenue 8.8.12. V aunetinozo onepamopa Ha npocmparcmee HewemHol padmepHocmu Had
R ecmv cobcmeerroe “ucao.

Aoxazameavcmeo. IlycTb V — BEKTOPHOE IPOCTPAHCTBO Haa R HedeTHO# pasMmepHocTH, [:V —
V — Auneitnberi onepaTop. 1o caeacTBuio 8.8.11 HeBelleCTBEHHBIE COOCTBEHHBIE YMCAA OIEPATOPaA
Tc BCTPeYaroTCs C OAMHAKOBOM KPAaTHOCTBHIO. [109TOMY cyMMa KpaTHOCTER BCeX HEBEIECTBEHHBIX
cOBCTBEHHLIX YUCEA olepaTopa ¢ ueTHa. C APyro#l CTOPOHBI, CyMMa KPaTHOCTER BCeX COOCTBEHHBIX
YmceA omepaTopa I¢ paBHA Pa3sMEPHOCTH IpocTpaHcTBa Ve (mo Teopeme 8.5.3), u moToMy paBHA
pa3MepHOCTH IpocTpaHcTBa V (mo caeacTsumio 8.8.3), To ecTh, HedeTHa. [losTomy y T ecTh Be-
IIIECTBEHHOE COOCTBEHHOE YMCAO, M IO IIPEAAOKEHUIO 8.8.8 OHO SIBASIETCS COOCTBEHHBIM UMCAOM
omepatopa I. [

8.9 BeuwecTtBenHas xoppaHoBa ¢opma

BBepeM IOHSITHE XapaKTEPUCTUUECKOTO MHOI'OYAEHA BEIECTBEHHOTO oepaTopa. AAsS 3TOro HaM
TIOHAAOOUTCSI CAEAYIOIIEE IIPEANOIKEHIUIE.

Mpeanoxenue 8.9.1. ITycmv V — sexmoproe npocmparcmeo Had R, T: V — V — aunelHvitl
onepamop. Tozda ece kKoapPuyueHmsv, TAPAKMEPUCTNULECKO20 MHO20MAEHA Onepamopa ¢
8eW,ECMBEHHDL.

Aoxazameanvcmeo. Ilycts A — HeBelecTBeHHOe COOCTBEHHOE YMCAO OIIEpaTopa lc, MMeEIOIee
KpaTHOCTE M. I[To caeacTBurio 8.8.11 UMCAO A TaK>Ke SIBASIETCSI COOCTBEHHBIM YKUCAOM OIIEPATOpa
Tec kpaTHOCTE M. ITOo3TOMY B XapaKTepHCTUIECKOM MHOT'OYAEHE OIlepaTopa l¢ IPUCYTCTBYIOT

MHOXKUTEAR (X —A)™ u (x — A)™. IlepeMHOXast 5T ABa MHO>KUTEAS, IIOAyIaeM
(x=A)"(x =A™= ((x =A)(x =A™ = (x — (A +A)x + A\)™.

MbI HOAYYMAM MHOTOUAEH C BEIIECTBEHHHIMU KO3(DUIMEHTaM”, IOCKOABKY A + A = 2Re(A) u
AA = |A]2. XapaKTepucTUIecKu#t MHOTOYAEH OIlEpaTOpa ¢ SBASETCS TPOM3BEAEHMEM IIap CKOBOK
YKa3aHHOTO BUAA U CKOBOK BEAA (X — t)¢ AAS BelIeCTBEHHBIX COBCTBEHHBIX 4UCeA t omepaTopa T¢
KpatHOoCTH d. [lo3TOMY B IPOM3BEAEHUN IIOAYYAEM MHOT'OYAEH C BEIECTBEHHBEIMY KO3 PUIINEHTAMH.

]

Onpepenenue 8.9.2. Tlycte V — BekTOpHOe IpocTpaHcTBO Hapa R, T: V — V — AuHeliHBIN omepa-
TOp. XapaKTepuCTMYeCKUM MHOFOYNEHOM OIIEpaTopa | HA3BIBAETCS XaPaKTEPUCTUIECKUH MHOTOYAEH
omeparopa Ic.

C TarxuM OIpeAEAEHHEM COBCEM HECAOKHO AOKA3aThb aHAAOT IPEANOKEHUS 8.5.5.

Mpeanoxenue 8.9.3. ITycmv V — sexmoproe npocmparcmeo Had R, T: V — V — aunelnvit
onepamop. Toz0a xapaxmepucmuveckul mHozouaen 1 aeorcum e R[x], ezo cmenens pasra

dimV, a e2o0 KopHU — MO 8 MOYHOCTMU 6CE BEUECMEEHHDIE COOCEBEHHDBLE HUCAA ONEPAMOPa
T.
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Aokazamenvcmeo. XapaKTepUCTAIECKUH MHOrOYAEH AeXKUT B R[x| o mpeanrosxkenuio 8.9.1, umeeT
crenens dim V mo npeproskenuio 8.5.5 u caepcTBuio 8.8.3, ¥ MMeeT Hy’KHBIE KOPHHU II0 IIPEANOIKE-
Huio 8.5.5 u mpeaprosxkenuio 8.8.8. L]

Hecao>xHO TOAYYUTH U aHaAOT TeopeMbl ['amuabToHa-Kaau 8.5.6.

Teopema 8.9.4 (lamunprToHa—Kaau). ITycms V — sexmoproe npocmparcmeo Had R, T: V -V —
auretdrbl onepamop. ITycms  — zapaxmepucmuydeckut mHozouaer onepamopa 1. Tozda

q(T) =0.

Aoxazamenvcmeo. Ilo Teopeme 8.5.6 umeem ((Tc) = 0, oTkyaa caeayer, uro ((T) = 0 (cm.
paccy>XKAeHUE B HadaA€ AOKA3aTEABCTBA NPEANOKEHUST 8.8.7). [

Tenepsb MBI TOTOBEI C(DOPMYARPOBATHL AHAAOL TEOPEMBI O JKOPAAHOBOM popMe AAST BEITECTBEHHBIX
OIIEPaTOPOB.

Onpenenenne 8.9.5. BewecTBeHHbIM XOpAaHOBbLIM 6/10KOM HA3BEIBAETCSI MAaTPHUIlA BUAA

c 0 00

0 c1 00

0 0 c 00
Jn(c) = .

0 0O c

0 0O 0 c

PasMepa n X N, r'ae C € R, AN MaTpPHUIIa BHAA

a b 1 0 0 0 0 0
b a 1 0 0 0 0
0 0 a b 1 0 0 0
0 0 -ba 0 1 0 0
J.A)=|0 0 0 0 a b 0 0
0 0 0 0 -b a 0 0
0O 0 00 0 0 ... a b
O 0 00 0 O0..-ba

pa3sMepa (2n) x (2n), rae A = a + bi, a,b € R, npugem b > 0. BArouHO-AMaroHaAbHAST MaTPULA, B
KOTOPOH KaXXABI OAOK SIBASIETCSI BEIECTBEHHBIM >KOPAAHOBBEIM OAOKOM, HA3BEIBAETCS BELLECTBEHHOM
xoppaHosoit matpuuei. [lycts V — BekTopHOe mpocTpaHcTBO Hap R, T:V — V — auneltnbri
onepaTrop. Ba3suc mpocTpaHcTBa V Ha3BEIBAETCST BELLECTBEHHbLIM XXOPAAHOBbLIM 6a3ncom AAsT omepaTopa
T, ecam MaTpuiia | B aToM 6asmce SIBASIETCSI BELIECTBEHHOM >KOPAAHOBOM. DTa MaTPHIA TOTAA
HaA3BIBAETCSI BELECTBEHHON XopaaHoBoi hopmoii orrepaTopa T.
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Teopema 8.9.6. ITycmv V — xoHnewHomepHoe sekmopHoe npocmparcmeo Had R, T — aunelinwid
onepamop Ha V. Tozda 8 V cywecmeyem seuwecmeerHvlti otcopdaros basuc oas T. Boaee
MO020, 8ewecmeeHHan otcopoarosa gopma onepamopa 1 eduHcmBeHHA C MOYHOCMBIO 00
NEPECMAHOBKYU BEULECMBEHHDBLL HCOPOAHOBBLT 6A0KOS.

Habpocox doxazamenwvcmea. IlosicHEuM, OTKypa OePYyTCsi BEIeCTBEHHBIE KOPAAHOBEL OAOKK BHAA
Jn(A) AAS KOMATIEKCHEIX YrCeA A = a + bi, b # 0. PaccMorpuM xoMuaekcuduKanuio Te onepaTopa
T. MeI 3HaeM, 9TO B V¢ CyIIecTByeT H6asmc, B KOTOPOM MaTpPUIIA OIEpPaTOpa ¢ MMEET >KOPAAHOB
BuA. Temeph MBI XOTUM IEPEUTH OT 3TOro H6asmuca K 6a3ucy IpocTpaHcTBa V Tak, YTOOBI MaTpHIA
omepaTopa | B HEM BEITASIAE€AA HE OYEHb OTAMYHO OT MATPHUIELI [¢ B KOpAaHOBOM ba3smce.

[IycTe A — HeBeIeCTBEHHOE COOCTBEHHOE YHUCAO omepaTopa Ic, A = a + bi. MEI BEISCHUAH,
YTO TOTAQ U A SIBASIETCS COBCTBEHHBIM YMCAOM omepaTopa Tc. [IoMeHSB IpH HEOOXOAMMOCTH A I A
MeCTaMM, MOKEM CUMTaTh, 4TO b > 0. OKa3bIBAa€TCsI, TOTAA U BCE Pa3MEPH! KOPAAHOBEIX OAOKOB,
COOTBETCTBYIONIAX YNCAAM A I A, COBIAAAIOT. A\efiCTBUTEABHO, B AOKA3aTEALCTBE TEOPEMEI 8.7.3 MEI
BBIPA3WAH 3TU Pa3sMephl 6AOKOB Yepes pasMepHOCTu omepaTopoB Buaa (Te —idA). Paccyxaenwme,
QHAAOTUYHOE AOKA3aTEABCTBY CAEACTBHSI 8.8.11, IOKA3EIBAET, YTO 3TU PA3MEPHOCTH AAS UUCEA A U
A, COBIIAAQIOT; TIO3TOMY U pPa3Mephbl 6AOKOB COBIAAAIOT.

Boaee Toro, paccMOTpuM KakKoH-HEUOYAD >KOpPAAHOB OAOK BuAA | (A). IIycTs wy + vii, ..., uy +
Vil — CcooTBeTCTBYIOIIKE Oa3UCHBIE BEKTOPRI. T0orAd BEKTOPEL Uy —Vii, . .., Wn — Vi 1 AUHEHHO HE3aBHU-
CHMBI, IIOPOKAQIOT |¢-MHBAPUAHTHOE IIOATIPOCTPAHCTBO M B OT'PAHUYEHUM HA 3TO IIOAIIPOCTPAHCTBO
IIOAYYaeM >XOPAAHOB OAOK BHpA ]m(?_\). Taxum obpazoM, KOpPAAHOBEI OAOKK, COOTBETCTBYIOIIINE
HEBEIIIECTBEHHBEIM COOCTBEHHBIM YKCAAM OIIEpaToOpa lc, pa3bmBaioOTCA Ha «COIPSIKEHHLBIEY TIAPHI.
[TocMoTpuUM Ha HOAIIPOCTPAHCTBO B V, IIOPOKAEHHOE BEKTOPAMH Ui, V1,...,Wn, Vm. MBI yTBEP-
JKAAEM, UTO 3TY BEKTOPLI AMHEWHO HE3aBMCHUMEI, ¥ MaTPUIlAa OllepaTopa |, OrpaHMYeHHOI'0 Ha 3TO
IIOAIIPOCTPAHCTBO, KaK Pa3 PaBHA BEIIECTBEHHOMY >XOPAAHOBOMY OAOKY BUAA Jm (A).

AeficTBUTEABHO, HAIIPUMeED, MBI 3HaeM, 9T0 T¢(u; +vii) = (u; +vii)(a + bi) PackpeiBast ckobku,
moayvaeM, 94To T(u;) = wya —vib u T(vy) = b + via. OTo obbsicHsieT mepBhle ABa CTOAOZKA B
MaTpuIie |, (A). Aaree, Te(ug +val) = (Ux +vai)(a+bi) + (uy +vii). PackpeiBast CKoObKH, TOAYHaEM,
gto T(Up) = Uga—veb+1uy 7 T(vy) = upb+voa+v;. OT0 06bsICHSIET TPETU U YETBEPTHIA CTOAOUKYA
B MaTpure |, (A),  Tak Aanee.

TaxuM 06pa3oM, MOYKHO B3SITb Iapy KOMIIAEKCHEIX JKOPAAHOBLIX 6A0KOB BUAA |m(A) # Jm(A) 1,
CA€rKa IIOMEHSIB 6a3KC B COOTBETCTBYIOIIEM IIPOCTPAHCTBE PA3MEPHOCTH 21M, IOAYYUTEL BEIIECTBEH-
HBIZ 6a3uC, B KOTOPOM 3T ODAOKU «CKAESITCS» X IIPEBPATATCS B OAMH BEIIECTBEHHBIN >KOPAAHOB
6A0K 1 (A) pasmepa 2m. OcTanoch aKKyPaTHO Pa3obpaThCst C BELIECTBEHHBIMU COOCTBEHHBIMU
YUCAAMU: [TOKA3aTh, YTO MOXKHO BBIOpaTh 6a3smc B KOPHEBOM NOAIIpPOCTpaHCcTBe BuAa V(c, Te) Ans
¢ € R Tax, uro oH 6yaeT 6asucoM B V, B KOTOPOM MaTpHIA [orpaHUYeHUs| omepaTopa | 6yaer
BEIIECTBEHHEIM JXOPAAHOBEIM OAOKOM BHAA | (C). O
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Q9 3BKAWUAOBLI U YHUTAPHbIE NPOCTPAHCTBA

9.1 3SBKAKMAOBbLI NPOCTPAHCTBA
AUTEPATVPA: [F|, ra. XIII, § 1, m. 1; [K2], . 3, § 1, m. 1; [KM, 4. 2, § 2, . 1-3; § 5, . 1.

Onpepenenne 9.1.1. IIycTs V — BeKTOPHOE IPOCTPAHCTBO Hap noaeM k. Orobparkenue B: V xV — k
Ha3bIBaeTCsI OunmnHeiiHoin opmoii, eCA OHO AMHERHO IO KaXKAOMY apryMeHTy. VIHBIME cAoBaMu,

B(u; + ug,v) = B(ug,v) + B(ug,v),
B(ue, v) = B(u,v)e,
B(u,v; +vy) = B(u,v1) + B(u, vs),
B(u,va) = B(u,v)a

DAST BCEX U, V, U, U, V1,V € V I & € kK. Ecam B(u,v) = 0, To TOBOPSIT, YTO BEKTOP 1L OPTOrOHANEH
BEKTOPY V OTHOCUTEABHO popMbl B. Obozmauenue: u | v.

Onpepenenne 9.1.2. Popma B HazsbIBaeTcst cummeTpuyeckoit, ecau B(u,v) = B(v,u) anst Bcex u,ve V.
dopwma B HasbiBaeTcst kKococuMmeTpuyeckoid, ecar B(u,v) = —B(v,u) ans Bcex u,v € V. @opma B
Ha3BIBAETCSI CUMNNEKTUYECKOi, ecar B(u, 1) = 0 pnst Bcex u e V.

Samewarue 9.1.3. CuMnrerTugecKas popMa IBASIETCT KOCOCUMMETPUIECKON. AefCTBUTENABHO,
AAST ATOOBIX U,V € V Torpa BeimoAHeHO 0 = B(u+v,u+v) = B(u,u) + B(u,v) + B(v,u) + B(v,v) =
B(u,v) + B(v,u). ObpaTHoe, Boobirie roBopsi, HeBepHO. B camoM aene, #3 KOCOCUMMETPUIHOCTH
dopmer cpasy caepyer, uro B(u,u) = —B(u,u), orkyaa 2B(u,u) = 0 ans Bcex u € V. Ecan
XapaKTEPUCTUKA TIOAS K He paBHa 2, To 2 € k* 1 KayKpasi KOCOCUMMeETpUYecKast opMa SIBASIETCS
cuMIAeKTHIecKo#. Heam ke k — mone XapaKTepUCTUKY 2, TO 3TX ABa Kaacca HOpM He COBIAAAIOT.

ITpumep 9.1.4. B 3BrAmpOBOM mpocTpancTBe V = R™ Hap moaeM R ompeaeneHBl AAMHEI BEKTOPOB 1
YTABL MEXKAY BEKTOPaMU. I103TOMY €CTECTBEHHO OIPEAEAUTD 36KAUO0E0 CKANAPHOE Npousdsederue
dopmynoit (u,v) = |u|-|v| - cos(@), rae [u|, [v| — AAMHEI BEKTOPOB U, V COOTBETCTBEHHO, & (© —
YJTOA MEXKAY BEKTOPAMHU U U V. DTO CKAASIPHOE IIPOU3BEACHNE CAMMETPUYHO U AAST AIOBOIO BEKTOpPA
v € V BeIOAHEHO (V,V) = 0. Boaee Toro, paBeHcTBO (V, V) = 0 BBIIOAHEHO TOABKO AASI V = 0.

Hac unTepecyer aarebpa, mosToMy MbI 6yAEM ITOAB30BATHLCS YUCTO aATebpawdeCKUMU OIIPEAEAE-
HUSMY OMAVHERHBIX (POPM, HE CCHIAAIOIIUMUCST Ha IOHSTUS «AAUHBIY U «yTAay; HA0O0OPOT, 4yTh
TIO37KE MBI Onpedeaum CAOBa «AAUHAY U «YTOA» B TEPMUHAX OUAMHENHBIX DOPM.

ITpumep 9.1.5. Tlycte k — mpomsBoABbHOE TTOAE, V = K™ — OIPOCTPAHCTBO CTOABIIOB BHICOTHI L HAA,
k. Ompeaeanm dopmy B: V x V — k dopmyaoit B(u,v) = uvy + -+ + u,vy,. VHEBEIME crOBaMH,
B(u,v) = u'v. Herpyaso BuAETD, 9TO 3Ta opMa buauHeHkHA

B(uy + ug,v) = (ug +up) v =ulv+ujv=B(uy,v) + B(uy,v)

B(uA,v) = (uA)™v = A(u'v) = AB(u,v)

B(u,vi +v3) =u' (vi +v3) = u'vy + u'vy = B(w,v1) + B(u,vy)

B(u,vA) = u' (VA) = A(u'v) = AB(u,v)
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7 CUMMeTPHUYHA
B(u,v) = B(u, v)T = (uTv)T =viu= B(v,u).

BosbMeM Temephb B IPEABIAYIEM IPAMEPE B KaIeCTBe K [OA€ BEMIECTBEHHBIX YuCeA R. 3ameTuM,
9TO CKaASIPHOE IPOM3BEACHVE BEKTOPA Ha cebsi IBASIETCS HEOTPUI[ATEABHBIM YuCAOM: B(u,u) =
u? + -+ +u2 > 0; 6oaee Toro, B(u,u) = 0 ToABKO AAst U = 0.

Onpepenenne 9.1.6. [IycTts V — BekTOpHOE IpocTpaHcTBO Hap R. Buaunetinas dpopma B: VxV - R
Ha3BIBAETCSI HEOTpULATENbHO onpeaenenHoli, ecar B(u, 1) > 0 aast Bcex u € V. Popma B HasbIBaeTcs
NONOXWTENLHO ONPeAEeNeHHol, eCA OHa HEOTPHUIIATEABHO onpeAeAeHa 1 u3 B(u,u) = 0 caeayer, uTo
u=_0.

Onpepenenne 9.1.7. BekTopHOE IpocTPaHCcTBO V Hap moaeM R BMeCTe C IOAOKUTEABHO ONIPEAEACHHON
CUMMETPUIECKOH buamHeltHON dopmMoit B: V x V — R HasbpIBaeTCs1 IBKNIMA0BLIM NPOCTPAHCTBOM, a
dopMma B HasbIBaeTCsT IBKIMAOBLIM CKaNsipHbIM Npou3BeaeHNeM Ha V.

Sameuarue 9.1.8. Nioboe mopnpocTparcTBo W < V 3BkAEAOBa IpocTpaHcTBa (V, B) camo siBAsteTcst
9BKAUAOBLIM IIPOCTPAHCTBOM OTHOCUTEABHO CKAASIPHOTO MPOUM3BEAEHUS Blw,w: W x W — R,
KOTOpPO€e MBI 9acTo H6yaeM obo3HadaTh To# ke OykBoi# B. AeficTBHTEABHO, HETPYAHO IIPOBEPHUTD,
uT0 B|wxw — cuMMeTpuyeckasi buauHeiHast PopMa, U IOAOKATEABHAS OLPEAEAEHHOCTH (DOPMEL
B|wxw Cpasy cAeAyeT M3 IOAOKUTEABHON OIPEAEAEHHOCTH (POPMEL B.

9.2 VuutapHble NpoCTpaHCTBa

AUTEPATVPA: [F], ra. XIII, § 1, om. 1, 3, [K2], ra. 3, § 2, m. 2; [KM], w. 2, § 2, m. 1-3; § 6, m. 1.

B cBsI3u ¢ BOSHUKHOBEHWEM KBAaHTOBON MEXAHWKM B II€EpBO# moaoBumHe XX BeKa OOABIIOE
IPAKTUYECKOE 3HAYEHNE CTANAO IIPUAABATHCS BEKTOPHLIM IIPOCTPAHCTBAM Hap ITOAEM KOMIIAEKCHBIX
gucea C. Uto 6yaeT aHANOTOM ITOAOKUTEABHO OIPEAEAEHHBIX OUAMHERHEIX DOPM B 3TOM CAyUae?
SaMeTuM, YTO IPSIMOY IIEPEHOC OIPEAENEHUS Ha KOMIIAEKCHBIZ cAydait He paboraer: ecam V —
BeKTOpHOe ImpocTpaHcTBO Hap moaeM C u B: V x V — C — buauneitras dpopma, To B(iv,iv) =
—B(v,v) anst Bcex ve V.

Onpepenenne 9.2.1. OTobparkenue B: V x V — C Ha3BIBaeTCsT N0NyTopaanHeiHoi ¢opmoii, eCAu OHO
AUHETUHO TIO BTOPOMY apryMEHTY U NOAYAUHEUHO II0 IIEPBOMY apryMeEHTY:

u,vi +va) = B(u,v1) + B(u,vs)
u,vA) = B(u,v)A
Uuq + Uz, Vv ) B(ul7v) + B(LLz,V)

B(
(
(
(UM, v) = AB(u, V)

B
B
B
AASI BCEX U, V, U1, Uy, V1, Vs € V 1 Bcex A € C.

AHanOT YCAOBUSI CUMMETPUYHOCTH (POPMBI TAK>Ke AOAYKEH OTAUYATHCS OT OUAUHENHOTO CAydasi,
IIOCKOABKY Temepb B(u,vA) = AB(u,v), Ho B(VA,u) = AB(v,u).
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Onpepenenne 9.2.2. TToryToparumHeitHas ¢popma B: V x V — C Ha3BIBaeTCsT IpMUTOBOMN, ECAT AAST
BCeX U,V € V BEIIOAHEHO B(u,v) = B(v,u).

Samewarue 9.2.3. 3ameTuM, 4T0 ecAum B — spmuToBa dopma Ha V, To B(u,u) = B(u,u) Ans Bcex
u €V, nosromy B(u,u) — BemecTBeHHOE YUCAO.

ITpumep 9.2.4. Ilycte V = C™ — mpocTpaHCTBO CTOADIIOB BEICOTHI N Hap k. OnpeaeruMm dopmy
B: V x V — C dopumyaoit B(u,v) = Ugvy + - - + Upvn. VEbMz croBamu, B(u,v) = U'v. Herpyaso
BUAETH, YTO 3Ta PopMa IOAYTOPAAUHENHAST

u,VA) = ' (VA) = A(Tu'v) = AB(u, V)
u; + Uy, v) = (ug + ug)Tv = v+ Uz v = B(uy,v) + B(uy,v)

UA,v) = (u)\)Tv = A(u'v) = AB(u,Vv)

U 3PMUTOBA

B(u,v) = B(u,V)T = (ET\))T — vt =v"u=B(v,u).

SameruM, uTo B(U,U) = WUy + -+ + Unuy = |[wy]? + - + [uy|? = 0; 6oaee Toro, B(u,u) = 0
TOABKO AN U = 0.

Onpepenenne 9.2.5. ITycts V — BekTOpHOE pocTpaHcTBO Hap C. Opmurora popma B: V x V — C
Ha3BIBAETCSI HEOTpULATENbHO onpeaenerHoii, ecar B(u, 1) > 0 aast Bcex u € V. Popma B HasbIBaeTcs
NONOXNTENLHO ONPeAeNeHHoNl, eCA OHa HEOTPHUIIATEABHO onpeAeAeHa ¥ u3 B(u,u) = 0 caeayer, uTo
u=0.

Onpepenenne 9.2.6. BekTopHoe nmpocTparcTBo V Hap moaeM C BMeCTe C TOAOKUTEABHO ONIPEAEAECHHOR
apMuTOBO# popMmoit B: V x V — C HazwIBaeTCs yHUTapHbIM NPOCTPAHCTBOM, a dpopMma B HazwiBaeTcs
3pPMUTOBLIM CKaNISIPHbLIM Npou3BeseHnem Ha V.

Sameuvarue 9.2.7. Kak u B 3BKAUAOBOM caydae (cM. 3amedanue 9.1.8), A060e IOAIIPOCTPAHCTBO
W <V yruTtapHoro npocrpatcrsa (V, B) caMo SBASIETCS yHUTapHBIM IPOCTPAHCTBOM OTHOCUTEABHO
CKaAsIpHOTO Ipom3BeAeHus Blyw . w: W x W — C, xoTopoe MBI ¥acTo byaeM 0b603HAYaTh TOH Ke

6ykBoii B.

B panbHeimeM MBI 6yAEM IapasneAbHO Pa3sBUBATh TEOPUIO SBKAUAOBBIX U YHUTAPHBIX IIPO-
CTPAHCTB; MBI 6yaeM obo3Hadarh depe3 k mone R uam C. 3ameruM, 9TO X AAST 9BKAMAOBEHIX, U
AAST VHUTAPHBEIX ITPOCTPAHCTB BEITIOAHEHBI ToXKAeCTBa B(u, VA) = B(u, v)A 1 B(uA,v) = AB(u,v);
OTAMYNE AUIIB B TOM, YTO AASI 9BKAMAOBBIX IPOCTPAHCTB KOHCTAHTA A SIBASIETCSI BEIIECTBEHHOM,
nosTomy A = A. KpoMe TOro, YCAOBUSI CUMMETPUYHOCTH ¥ SPMUTOBOCTH TaK>Ke MOYKHO 3aIUCATh B
epuHOOOpasHoM BuAE: B(u,v) = B(v,u).
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9.3 Hopma

AUTEPATVPA: [F], ra. XII, § 1, . 1-3, [K2], ra. 3, § 1, m. 2; § 2, m. 2; [KM], w. 2, § 2, . 4; § 5, rmm. 2-5; § 6,
mm. 4-7.

Onpepenenne 9.3.1. ITycts (V, B) — 3BKAEAOBO MAM YHUTApHOE IIPOCTPAHCTBO, vV € V. Byaem Hazel-

BaThb 4UCAO ||[V|| = 4/B(v,V) anuHoii v.

Nemma 9.3.2. ITycmo (V,B) — ssxaudoso uau yrumapHoe npocmparcmeo, u,v,€ V. Tozda
1. (OdnopodHocms Hopmwe). |[VA|| = |A| - ||[V|| dan arobozo A € k.
2. (Teopema ITugpazopa). Ecau B(u,v) =0, mo [[u+V||* = [[u]]> + [|v]]*.

3. (Hepasencmeo Kowu-Bynakosckozo—Lllsapua). |B(w,v)| < |[u||-||v||, npuxem pasencmso
docmuzaemca mozda U MoavKko mozda, k020a 8eKMOPdL U U V NPONOPUUOHANBHDL.

4. (Hepasencmeo mpeyzoavruxa). |[ul| + |[v|| = [|lu+ V||,

Aoxazamenvcmeo. 3aMeTuM, 4To AAL V = 0 BCe YTBEP>KAEHUS AeMMEI O4eBUAHEL [loaToMy aanee
MBI 6yAeM cuuTaTh, 4TO vV # 0.
OAHOPOAHOCTDL HOPMBI CAEAYET U3 IOAYTOPAAUHENHOCTH:

[VA][* = B(vA,vA) = AAB(v,v) = [A[* - [[v][*.

Bameruym, uto |[u+V||? = B(u+v,u+v) = B(u,u)+B(u,v)+B(u,v) + B(v,v), w mpz B(u,v) =0
IIOAyYaeM B TOYHOCTH TeopeMy [ludaropa.
A5t poKazaTeAbCTBa HepaBeHCTBa Komu—-BymskoBckoro-IlIBapiia moAoKuM

B(u,v)
w=u-—v
B(v,v)
U 3aMEeTUM, UTO
B(u,v) B(u,v)
B(w,v) =B(u—v v B(u,v) — B(v,v) =0
(W) = Blu— v v) = Blw,y) — IR ,v)
OTO 03HAYAET, YTO BEKTOPLI V ¥ W OPTOTOHAABHEI. [103TOMY 1 BEKTOP v% OPTOTOHAAEH BEKTOPY

w. [IpuMeHrM K 3TOH ITape BeKTOPoB TeopeMmy [ludaropa:

B(u \)) 2 2 |B(LL,V)|2 ’B<uav>’2
[[ul[* = [wl[* + [y === = |w] >
B(v,v) Il v
otkyaa |B(u,v)| < [[u]| - [[v||. Ecau aocTuraercs pasencrso, To |[w|| = 0, oTkyaa w = 0z u

IIPOIIOPIINOHAABHO V; 0OPaTHO, €CAX U IPOIOPIKOHAABHO V, TO B HepaBeHCTBe Komu—ByHsIKOBCKOTO—
[ITBap1ia MMeeT MECTO PABEHCTBO.
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[TocmoTpuM Ha BEIpaskeHWe AAST B(u + v, u + v):

lu+v|[?=Bu+v,u+v)

= B(u,u) + B(u,v) + B(u,v) + B(v,v)
= [[ull* + 2Re(B(w,v)) + [[v[[* < [u]]* + 2[B(w,v)| + []v]|*

< [Pl + 2fful] - [Vl + [Jv]f?
= (Il + D™
V3BAeKast KOpeHDb U3 0b6ewx wacTell, IOoAyIaeM HEPABEHCTBO TPEYTOABHUKA. [

Onpegenenne 9.3.3. IIycts (V, B) — 3BKAZAOBO IpocTpaHcTBo. AeMMa 9.3.2 MOKA3BbIBAET, YTO AAS

HEHYAEBBIX BEKTOPOB U,V € V BBIpaKEHUE % AEXUT Ha oTpe3ke [—1, 1| u moToMy sIBASIETCS

KOCHHYCOM HEKOTOPOI'O OAHO3HAYHO ONPEAEAEHHOrO yraa @ € [0, 7t]. DTOT yroa Has3bIBAETCS Yr/IOM

mexay Bektopamu u u v. Obosrauernme: @ = Z(u,v). ObpaTuTe BHEMAHWE, ITO ITO OIPEAEAECHUE

He paboTaeT AAS YHUTApPHOI'O IIPOCTPAHCTBA: B(u,V) MOXXeT oKasaThbCsi KOMIAEKCHBIM. OAHAKO,
[B(u,v)|

MMEeT CMBICA PaCCMaTPUBATh BEIPaXKEHUE [, OHO AEXKHUT Ha OTPE3Ke [0, 1] u moToMy siBASsteTCsT

KOCHHYCOM HEKOTOPOT'O OAHO3HAYHO OIPEAEAEHHOro yraa @ € [0, 7.
Sameuarue 9.3.4. 3amerumM, 9TO yroa Z (U, V) paBeH 7/2 TOTAA ¥ TOABKO TOTAQ, Koraa B(u,v) = 0,
TO €CTh, KOTAA BEKTOPEL W ¥ V OPTOTOHAABHEI B CMBICAE oIpepeacHusT 9.1.1.

9.4 Martpuua Npama

AUTEPATVPA: [F|, ra. XIII, § 1, . 4; [KM], 4. 2, § 2, om. 2-3; [KM], 4. 2, § 3, m. 8.

ITycts (V, B) — KOHEYHOMEPHOE IIPOCTPAHCTBO HaA IOAeM K ¢ hopMoi, buanHeRHON B CAydae
k = R z noayropanruueiinoi B caygae k = C. [Iycts € = (ey, ..., €,) — 6asuc V. SanumneM BeKTOPEI
u,v eV BaroM basuce: W= ejU; + -+ exUn, V= €1V + -+ + ey V. [IOACTaBUM 3TV BBIPA KEHUSI
B B(u,v):

n n
B(u,v) = B(eju; + -+ + enUn,€1vy + -+ + eqvy) = Z B(eiuy, ejvj) = Z w;v;B(ei, €5).
ij=1 ij-1

STO 03HayaeT, 94To popMa B MOAHOCTBIO ONPEAEASIETCS CBOMMH 3HAYEHUSIMY Ha OA3MCHBIX BEKTOPAX.
[ToAy4YeHHOE BBIPAKEHME MOXKHO 3alMCaTh B MATPUYHON dopMe:
T n
B(u,v) = [u] (B(ei’ej))i,jzl[v]r

rAe depe3 [ul, [v] MBI obo3HaTaeM CTOABIBI KOOPAMHAT BEKTOPOB U,V B basuce €. Marpuia, cocras-
J\eHHAsI U3 CKaASPHBIX Ipou3BeAcHUl B(e;, ;) 6a3uCHBIX BEKTOPOB, Ha3bIBAeTCs MaTpuueii [pama

—T
dopmbl B B basuce £. ObosrauuMm ee depes G. Mer moayuuam, uro B(u,v) = [u] G[v] ans Bcex
u,veV.
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[Toxa MBI KCIIOAB30BAAY TOABKO BUAMHERHOCTD/TOAYTOpaAUHENHOCTE (hopMbl B. Ecau dopma B
T =T . - T ora—— ——=T—
cuMMeTpuyHa/5pMuToBa, To B(v,u) = B(v,u) = ([v] G[u])" = [u]TGT[v] = [u] GT[V]. CpaBHUM

3TO C BEIpakeHUeM B(u,v) = mTG[V]I

ETET [v] = mTG[v] AAST BCEX U,V E V.

IlopcTaBASIE B KadecTBe U,V OasmCHBIE BEKTOPEHL €1,...,€n, IOAyYaeM, 4To MaTpuusl G u G

COBIIaAAIOT:

G =G.

AAsL cAydast 3BKAMAOBA IPOCTPAHCTBa, KOHEYHO, 3TO PAaBEHCTBO O3HawaeT, uTo G' = G.

Onpepenenne 9.4.1. Matpuiia A Hap IPOW3BOABHBIM IIOAEM HA3BIBAETCS CUMMETPUYECKOWR, €CAn
< —T
AT = A. Matpuma A Hap IOAeM KOMIIAEKCHBIX YZCEA HA3BIBAETCS IPMUTOBOM, ecAm A = A.

TarkuMm obpasom, MBI IIOKa3aAM, YTO MaTpulla ['paMa cuMMeTprYecKol OMAMHERHON (POpMBI
SIBASIETCSI CUMMETPUYECKOM, a MaTpuIia ['pamMa SpMHUTOBOM IIOAYTOPAANHENHON (POPMEI SIBASETCS
SPMUTOBOH.

O6paTHo, IO AI0OOH CHMMMETPHUECKON MaTpuie Hap R MOXHO IOCTPOUTH CHMMETPUAYECKYIO
buarHENHYIO POpMY, a I0 AIOO 3pMuToBO# MaTpuile Hap C — spMUTOBY HOAYTOPAAMHENRHYIO
dopMy. AeCTBATEABHO, MBI MOXKeM 0606muTs mpumepsl 9.1.5 # 9.2.4. Ilycts G € M(n,k) —
CEMMETPUYECKAST UAY SPMUATOBA MaTpuIa. Ha mpocTparcTBe CTOALIIOB V = K™ BBICOTHI L OIIPEAEATM
dopmy B: V x V — k paBeHCTBOM

B(u,v) = U'Gv.

Herpyamo mpoBepuTh, 4To 9Ta popMma buarmHelHA B cAydae k = R u moAyTOpasrHERHA B CAydae
k=C:

B(u, vy +Vv3) =W G(v; +v3) =T Gv; + ' Gvy = B(u,v1) + B(u, )
B(u,vA) = ' G(VA) = (L' GV)A = B(u,v)A

B(u; +up,v) = WL T, Gv=1"Gv+ 15 Gv = B(uy,v) + B(ug,Vv)
B(uA,v) = A Gy = AT Gv) = AB(u,v)

Kpome Toro, AAST CUMMETPUYECKON MaTpuilsl G mMeeM
B(v,u) =B(v,u)" = (v'Guw)'" =u'G'v =u"Gv = B(u,v),

a AASI 9PMUTOBOR —

B(v,u) = B(v,u)T = (v'Gu)' = TG v=1Gv= B(u,v).

[TosTomy cdbopMa B siBAsIeTCST CUMMETPUYECKON MAK SPMUTOBOM COOTBETCTBEHHO. [I0 OIpeAeAeHuUIO
ucxopHasi MaTpuiia G sBAsieTcst MaTpulleit ['pama moaydenHo# bopMbl B B cTarpapTHOM basuce
IIPOCTPAHCTBA CTOADIIOB.
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EcTecTBEHHO IIOCTABATH BOIIPOC: KaK MEHSIETCS MaTpuiia ['pama mpu 3aMmeHe 6asumca B IPOCTPAH-
crBe V? HamomuuM, uro ecau € = {ey,...,en} u F = {f1,...,f,} — ABa 6asmca B IpocTpaHCTBe V,
T0 mMampuya nepexoda (€ ~» F) ot basuca £ K 6asucy F ycTpoeHa Tak: B CTOADIIE C HOMEPOM j
CTOSIT KOOPAMHATEL BeKTOpa f; B 6asuce & (cMm. ompeaeaenue 7.9.1).

Teopema 9.4.2 (IlpeobpasoBanue Marpurrel 'pama npu 3amere 6asuca). ITycmes £,F — 0dsa basuca
KoHewHomepHo20 npocmparcmea V wad noaem K, C = (€ v F) — mampuya nepexoda om &
x JF, B: VxV -k — busuretinas usu noaymopasuretinas gopma Ha V. ITyecmv Ge u Gy —
mampuuse I'pama gopmel B 6 basucax € u F coomeemcmeenrno. Toz0a

Gy =C GeC.

Aoxazameavcmeo. Ilycts u,v € V. Ilo Teopeme 7.9.3 KooppaMHATHEI BEKTOPOB B basmcax &, F
CBsI3aHBI CAeAyIomuM obpasoM: [v]e = C - [v]g, [u]e = C - [u]s. [TosaTomy

B(w,v) = [ule Ge[v]e = C-[u]s GeC - [V]s = [uls C' GeC - Vs

C Apyroi CTOpPOHBEI,
—T
B(u,v) = [u]y Gg[v]s.

=TT —T
[Toaygaem, uto [u]y C GeC - [v]g = [u]s Gg[v]s Anst Bcex u,v € V. [loacTaBAsIsT B Ka4ecTBE U,V
BCEBO3MOJKHEIE IIapbl BEKTOPOB basuca F, moarydaeM HeOOXOAMMOE PaBEHCTBO MATPHIL. O

OTmMmeTuM, 4TO MaTpuIla ['pamMa CKaAIPHOI'O IPOM3BEAEHUS obpaTuMa.

Mpeanoxenue 9.4.3. ITycmo (V,B) — ssxaudoso uau yHumaproe npocmparcmeo. Tozda mam-
puya I'pama gopmu. B 6 arobom basuce asasemcsa obpamumoii.

Aoxazameavcmeo. BribepeMm mpomsBoAbHEIR 6a3uc & mpocTparcTBa V U 3anuIneM MaTpuily ['pama
G = Ge¢ € M(n, k) craasipHOrO IIpom3BeAeHUs B B aToMm 6asuce. Ecam orHa Heobparuma, To (IO
reopeme Kponerepa—Kameanu 7.9.11) ypaBrenuze GX = 0 uMeeT HEHYAEBOE DEIIEHUE: HANAETCS
cToaberr X € k™\{0}, anst koToporo GXo = 0. Takoit cTOAbel] sIBASIETCS CTOABIIOM KOOPAKWHAT

—T
HEKOTOPOr'o HEHYAEBOr'o BeKTopa Vg € V. Ho Toraa B(vg,vo) = [Vole - G- [vole = Xo GXo = 0, uTO
IIPOTUBOPEYUT IOAOKUTEABHON OIPEAEAEHHOCT POPMEL B. O

9.5 T[lpouecc optoroHanusauum pama—-LLimuara

AUTEPATVPA: [F], ra. XIII, § 1, om. 5, 6; § 2, . 1; [K2], ra. 3, § 1, . 3; § 2, m. 3; [KM], u. 2, § 3, . 6; § 4,
. 2-4.

Onpepenenne 9.5.1. TIycts (V, B) — 9BKAMAOBO MAM YHHATAPHOE IPOCTPAHCTBO. Basuc (ey,...,en)
IIPOCTPAHCTBa V HA3EIBAETCS OPTOrOHANbHLIM, ECAY BCE IO BEKTOPHI IIOIIAPHO OPTOTOHAABHEL €; L e;
upu i # j. OToT 6a3uc Ha3bIBAETCSI OPTOHOPMUPOBAHHLIM, ECAY OH OPTOT'OHAAEH U AAVHA Ka*KAOTO
BEKTOpa paBHa eAMHUIE: ||ei|| = 1 AnST Beex 1.
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JNlemma 9.5.2. ITycmo (V,B) — ssxaudoso uau yrumaproe npocmparcmeo. Ecau nenyaesvie

8EKMOPDBL €1, ..., €en € V NONAPHO OPMO20HAALHDL, MO OHU AUHETUHO He3asucumsl. Ecau, xkpome
moeo, dimV = n, mo eexkmopw. ey, ..., e, 06pa3yrom opmozoHasbHbL 6a3UC.
Aoxaszameavcmeso. IIpepnorosxum, 4To e;A; + -+ + enAy = 0 — HeTpUBHaAbHAs AMHeWHas

KOM6I/IHa]'_'|;I/IE[ OTHUX BEKTOPOB, PaBHAas1 HYAIO. AOMHO?KI/IM 3TO PaBEHCTBO CKAAAPHO Ha €i:
B(ei, 61)\1 + -+ en7\n) = 0.

[ToAB3ysiCH AMHERHOCTBIO II0 BTOPOMY apr'yMEHTY ¥ IIOIIAPHOM OPTOTOHAABHOCTBHIO BEKTOPOB €i,
moaydaeM paBeHCTBO A;B(ei, e;) = 0. Tak kak e; # 0, moaydaeMm, 9To A; = 0 past Bcex i=1,...,1n.

Ecam dimV = n, MBI IOAyYaeM N AMHERHO HE3aBUCUMBIX BEKTOPOB B N-MEPHOM BEKTOPHOM
npocrpacTBe. VI3 mpearoxkenus 6.5.3 caepyeT, 9TO OHE 006pasyioT 6asuc (AeHCTBATEABHO, Pa3Mep-
HOCTb UX AMHENHON ODOAOYKK COBIIAQAAET C PA3MEPHOCTBHIO V, IMO3TOMY 3Ta AMHEWHAsT oboaoUKa
paBHa V). O

Samewarue 9.5.3. Ilo onpepenenuto Marpuna ['pama dopmer B B 6azuce € = (ey, . .., e,) cocTaBreHa
U3 CKaASPHBIX IpousBeaeHuit B(ey, ;). [TosTomy 6asuc & opTOroHaseH TOTAA ¥ TOABKO TOIAQ, KOTAA
MaTpuia ['paMa CKaAsIpHOTO IIPOM3BEAEHUS B 3TOM 0Oa3uce AMaroHaAbHA; 6a3uc & OPTOHOPMUPOBAH
TOT'AQ ¥ TOABKO TOTAQ, KOTAA MaTpHIla ['paMa CKaASIpDHOTO IIPOM3BEAEHUS B 9TOM 0asuce eAMHUYHA.

TaxuMm obpa3oM, eECAE HaM AQHO 9BKAUAOBO UAY YHUTAPHOE IIPOCTPAHCTBO, YacTO YAODOHO BEIOpATh
B HEM OPTOTOHAABHBIZ 0a3mC: B HEM CKaASPHOE IIPOM3BEAEHME 33AAETCA IPOCTHIMU (POPMYAAMU
yepe3 KOOPAMHATHI BEKTOPOB (cM. mpumepsl 9.1.5 u 9.2.4: craHpapTHBIE 6A3UCH! IPOCTPAHCTBA
CTOABIIOB SIBASIIOTCSI OPTOHOPMUPOBAHHBIMY OTHOCATEABHO PACCMATPUBAEMBIX TaM (POPM).

Nemma 9.5.4 (TIpomecc oproronaamsaruu ['pama—IlImuara). ITyems (V,B) — sexaudoso uau
YHUMAPHOE NPOCMPAHCMEO, €1, ...,€en_1 — CEMEUCME0 NONAPHO OPMO20HAALHBLT HEHYNAELEBLT
sexmopos, v ¢ (ey,...,en_1). Toz0a cywecmsyem sexkmop e, € V maxod, ¥mo e, opmozoHaneH
8CEM BEKMOPAM €1, . ..,€en_1 U, KDOME Mo20, {€1,...,en_1,V) ={€1,...,€n_1,€n).

Aonaaameﬂbcmeo. BYAeM HUCKaThb BEKTOD €, B BHAE

€n =V — €A1 — €Ay — - —en_1An_1.
[Topbepem xo3pPUITUEHTEL Ay, ..., An_1 € K Tak, 9TOOEI €,, OBIA OPTOTOHANEH KA>XAOMY €i, 1 =
1,...,n— 1. [locMOoTpuM Ha CKaASIPHOE IIPOU3BEAEHUE €, U €;. [[OCKOABKY €; OPTOTOHAAEH BCEM
BEKTOpPaM U3 €y, ..., en_1, KPOME €;, IOAyIaeEM

B(ei,en) = B(ei,v) — B(ei, ei)A;.

[Tonro)xkuM Temeps Ay = %; 3ameTuM, 4TO B(ei, ;) # 0, MOCKOABKY e; # 0. MeI p0bmauch TOTO,
4yTo e, | e; pAst Bcex 1 = 1,...,n — 1. Kpome Toro, v BEIpa>kaeTcsi 4epes €y, ..., €., IIOITOMY
v e{es,...,en), U €, BBIPAXKAETCSI YEPE3 €y,...,en_1,V, IOITOMY €, € {€1,...,en_1,V). OTO 1
O3HAYaET PABEHCTBO HY KHBIX AMHEMHBEIX 0O0OAOUEK. O
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Cnepcteue 9.5.5. ITycms (V,B) — ssxaudoso uau yrumaproe npocmparcmeo, u nycms F =
(f1,...,fn) — 6asuc V. Toz0a cywecmeyem opmozoraavhaill basuc & = (e, ..., en) NPOCMPAH-
cmea V maxot, wmo {ey,...,ex) = (f1,...,fx) Oan ecex k =1,...,n.

Aoxasamenvcmeo. VHAYKIUS 0 N. AAst 1 = 1 yTBEPXAEHUE OYEBUAHO: AOCTATOYHO B3SITh
e; = f;. IlycTb yTBEpP)KAEHUE AOKA3aHO AASI BCEX IIPOCTPAHCTB Pa3MEPHOCTH HE BhIlE N — 1, u
MBI B3SIAZ IIPOCTPAHCTBO V PasMEpPHOCTH M. PaccMOTpuM B HAIlEM IPOCTPAHCTBE V AMHENHYIO
060A04YKy BeKTOPOB fy,...,fn_1: W = (f1,...,f,_1). [lo IpeATIONOKeHNIO MHAYKINY HaBAETCS
OPTOTOHAABHELN 6as3ucC ey, ..., e,_; npocrparcTa W Takoi, uro {ey,...,ex) = {f1,..., fi) AAS Bcex
k=1,...,n—1.

[Tpumenum remmy 9.5.4 K HAbOPY €1,...,€en_1 U BEKTOPY f,. MuI HalipeM BEKTOP €, TaKOM,
9TO €y,...,€, — OPTOTOHAABHAsI CHCTEMA BEKTOPOB, U {€i,...,en) = {(f1,...,f) = Vv, TO ecTs,
ei1,...,en — 6asuc V. OueBUAHO, ITO yCAOBHE {€y,...,ex) = (f1,..., fy) Telephb BHIIOAHSIETCSI AAS
Bcex k=1,...,n. [

Cneactsue 9.5.6. B arobom [konenwromepHom] 58KAUO080M UAU YHUMADPHOM NPOCTPAHCMEE
cyuecmeyem opmozoraabHull (U 0adtce OPMOHOPMUPOBaAHHBIT) basuc.

Aoxazamenvcmeo. [Ipumenum caepctre 9.5.5 kK mpousBoabHOMY basucy mpocrpanctsa V. [lo-

AY4YZM OPTOTOHAABHEIN 6a3uC ey, ..., e,. [loroxkuM e] = e;/||ei||; rerko BupeTs, uTo |lef|| = 1 u
BEKTODHI €], ..., e, BCE ellle IONapHO OPTOrOHAABHEL. MEI MOAYYUAN OPTOHOPMUPOBAHHEIN 6a3uc
IIpocTpancTBa V. [

Cneacteue 9.5.7. ITycmv V — ssxaudoso uau yrumaproe npocmparcmsa, W <V — noonpo-
cmparcmeo 8 V. N10botl opmozorasvHwuill 6asduc noonpocmparcmea W mooHcHO 00noasHUMD
0o opmozoHaavHo20 basuca npocmpaxHcmsa V.

Aoxasamenvcmeo. Kak u B A0OKa3aTEABCTBE CAeACTBUS 9.5.5, Bocmoab3yeMcst AemMMoit 9.5.4 pns
VHAYKTUBHOTI'O IIOCTPOEHUS HY KHOTr0 ba3uca. [
9.6 OpToroHanbHble U YHUTApHbIE MAaTPULLbI

AUTEPATVPA: [F|, ra. XIII, § 1, n 7; [K2]|, ra. 3, § 1, . 5; § 2, . 4.
B sToM pasaene MBI BBEISICHEM, YTO MaTpUIlA IEPEXOAA MEXKAY OPTOrOHAABHBIMU OasmcaMu
SIBASIETCSI OPTOT'OHAABHOM B 9BKAMAOBOM CAyYae ¥ VHUTAPHOY B YHUTAPHOM CAYyUae.

Onpepenenve 9.6.1. Marpuma C € M(n, R) maseiBaeTcst optoroHanshon, ecam C- CT = CT - C = E.
Matpuma C € M(n, C) maseiaeTcs yhutapHoii, ecan C - C' =-C .Cc=E

Samevarue 9.6.2. KoHedHO, YCAOBUS OPTOrOHAABHOCTH U YHUTAPHOCTY MATPHUIBI 3aNXACHIBAIOTCS
—T —T —
epuroobpasuo (C-C = C - C =E), ecar momuETE, uTo C = C pAnst C € M(n, R).

Nemma 9.6.3. Anasa mampuyse C € M(n,R) caedyroujue ycao8us pa8HOCUALHDL:

1. C opmozoxanrvHa

173



CT opmozonanvha

cmonbuyv. C 06pasyrom opmoHOPMUPOB8AHHBIU ba3UuC 8 368KAU0080M npocmparHcmee R™
CO CMAHOAPMHBIM I8KAUOOEBIM CKANADHBIM Mpouseederuem (npumep 9.1.5).

cmpoxu C obpasyrom opmoHopmuposarHwvill basuc 8 sekaudosom npocmparcmsee "R co
CMaHOaAPMHBIM I8KAUOOBBIM CKAAAPHBIM NPOUIBEOEHUEM.

Nemma 9.6.4. Ansa mampuyse C € M(n,C) caedyroujue ycao8us pagHOCUALHDL:

1.

2.

3.

C yrnumapHa

C ynumapra

cmonbust C 06pasyrom opmoHopmuUposarHbil basuc 8 yrumapHom npocmparcmee C™
CO CMAHOAPMHBIM IPMUMOBBIM CKAAAPHBIM Npoudsederuem (npumep 9.2.4).

cmpoxu C 06pasyrom opmoHOPMUPOS8aHHbIU ba3uc 8 yHumaprom npocmparcmese "C co
CMAHOAPMHBIM IPMUMOBBIM CKAAADHIM NPOUIBEOEHUEM.

,A,onasameﬂbcmeo. Mgzl AOKa’>XKEM TOABKO BAaPHAHT AN YHI/ITapHOI‘;I MAaTpPHUIIBL.

1) = (2)
(1) = (3)

(2) = (4)

O4eBUAHO U3 OIIPEAEAEHIUSI.

—T . w
[TocmorpuMm Ha paBeHcTBO C - C = E. OHO 03HaYaeT, YTO IPU YMHOXKEHUHU 1-Of CTPOKHU
=T .. 17 i= j)
marpunbl C Ha j-i# croaberm MaTpunbl C MBI HOAYYIHM Oij = . To ects, npun
0, 1#j.
CTaHAAPTHOM PMUTOBOM CKaASIPHOM IPOM3BEAEHUY i-ro cToAbGma marpumsl C Ha ee j-i
croaberr moaydaeTcs Oij. OTO O3HAYAET, ITO CTOALIEI MaTpuiel C MOmapHO OPTOrOHAABHEI X,
KpPOME TOr'0o, AAMHA Ka>KAOr'o CTOADOIIa paBHa 1. B wacTHocTH, Bce CTOADIIEI HEHYAEBEIE. [10

AeMMe 9.5.2 3T CTOABIIEI 06Pa3yIOT OPTOHOPMUPOBaHHEIN H6asuc B C™.

MB&I 3HaeM, YTO CTAaHAAPTHOE SPMUTOBO CKAaASIPHOE IIPOMU3BEAEHHE i-T'0 cTOADIIa MaTpuisl C Ha
ee j-# cronber paBHO 8ij. Ho B TouHOCTH 3TO IpOM3BEAEHUE CTOUT B IO3UIMH (i,j) MaTPHIEI
c' C; moaTomy c'.C=E SamerumM, uro 1 = det(E) = det(fT -C) = det(C)-det(C), mosTomy
det(C) oTamder oT HyAst u, cTaro 66T, MaTpuia C obpaTuma. V3 paBencTBa C .C-FE
Temreps caeayer, uto C~' = C ', u mostomy C - C = E.

[IpuMeHUM TOABKO YTO AOKA3aHHYIO paBHOCHABHOCTD (1) < (3) x maTrpuue CT; ocraroch
TOABKO 3aMETUTh, YTO COIPSKEHNE He MEHSIET BBIIOAHEHVE CBOMCTBA (3): €CAM €1,...,€, —
OPTOHOPMUPOBAHHLIN 6a3uc yHUTapHOrO IpocTpancrtsa C", To u €y, ..., €, — OPTOHOPMUPO-
BaHHBIHM 6a3uc TOro >kxe IPOCTPAHCTBA.

]
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Teopema 9.6.5. ITycmov (V,B) — ssxaudoso uau yrumaproe npocmparcmeo. ITyemv €, F —
opmoropmuposarrvie bazuctt V, u C = (€ v F) — mampuya neperoda medxHcoy HUMU.
Toz0a mampuua C opmozoHasvHa 68 cayxae 38KkAU008a NPOCMPAHCMBA U YHUMAPHA 8 CAYHAE
YHUMAPHO20 NPOCMPAHCMEQ.

Aoxazameavcmeo. [lo Teopeme 9.4.2 BrimoaHeHO Gg = CT - Gg - C, rae Ge, Gy — MaTpuIs
I'pama dopwmer B B 6asucax €, F coorBercTBerHo. Ho 6asucer €, F OpTOHOPMUPOBAHLI, IIO3TOMY
Ge¢ = Gy = E. 3mauur, E = c.c ,  Marpuiia C opTOoroHaAbHA B 9BKAKAOBOM CAyHYae U YHUATapHA
B VHUTAPHOM CAYYae. [

9.7 OpTtoHopMupoBaHHble 6a3nCbl

BBeaeHHOe BBIIIE IIOHSITVE OPTOHOPMUPOBAHHOI'O Ha3uca Ype3BLIYAlHO IIOAE3HO: B 3TOM pa3pene
MBI YBUAVM, YTO UCIOAB30BaHUE TaKUX 0a3MCOB yIIPOUIAET BHIYUCAEHUS.

Nemma 9.7.1. ITycmo (V,B) — ssxaudoso uau yHumapHoe npocmpaHcmeo, ey, ...,e, — O0PmMo-
HopMmuposarHbvll basuc V, v e V — npousgosvHuili 6eKMop, 4V = €1X; + -+ + en X, — €20
pasnodicerue no amomy basucy. Tozda i = B(ei,v) u [V||? = [oa]? + -+ + |anl?.

Aoxasamenvcmeo. NOMHOXEM PABEHCTBO V = €;X; + * + - + €, 0y CKAASIPHO Ha ei:
B(ei,v) = B(ei,e1c1 + -+ + enctn).

Bocmoab30BaBIINCH AMHERHOCTBIO B 10 BTOPOMY apryMeHTy M OPTOHOPMUPOBAHHOCTBHIO Hasumca

ei, ..., en, HoAydIaeM, 9To B(ei,v) = B(ei, e;0;) = ®4. 3aMeTUM, YTO BEKTOPHI €1 Xy, . . . , € Xy IOIIAP-
HO OPTOTOHAABHEL ¥ ||e; ;|| = |&|. AOKa3aTeAbCTBO 3aBepIIAETCsS MHAYKLIZER II0 N C IPIMeHEHIEM
TeopeMsbl [Iudaropa. [

[Tycts (V,B) — KOHEYHOMEPHOE BKAKAOBO UAY YHUTAPHOE IIPOCTPAHCTBO, W € V — HEKOTOPHI
durcupoBanHbIil BeKTOp. Paccmorpum oTobpakerue B(u, —): V — k, v — B(u,v). Aunetocts
dopMEl B 1m0 BTOpOMYy apryMeHTy O3HAdaeT, UTO IOAYUEHHOE OTOOpa>keHWEe AMHEWHO, TO €CTh,
aexxut B Homy (V, k). OxassIBaeTcsi, BepHO 1 obpaTHOe: Al0boe AmHeiHOe oTobpaskeHue u3 V B
ocHoBHOE moae k umeeT Bup B(u, —) AAST HEKOTOPOro BeKTOpa U € V.

3aMeTHuM, U4TO €CAM (PDMKCAPOBAHHBLIM BEKTOP U IIOCTaBUTL Ha BTOPOE MECTO, TO MBI IIOAYYIUM
noayauretinoe orobpaxkerue B(—,u): V — k (oHO 06rapaeT CBOMCTBOM aAAUTUBHOCTH, & CKAASID
BBIHOCHUTCSI C CONPSTKEHNEM ). AHANOTMYHO, AI06O€e TOAYANHENHOe oTobpaskeHue u3 V B k uMeeT BuA,
B(—,u) AAsT HEKOTOpPOTO BEKTOpa W € V.

Teopema 9.7.2 (Teopema Puca). ITycmo (V,B) — xoHneuHomepHoe 38KAU0080 UAU YHUMADPHOE
npocmparcmeo. Ecau ¢: V — k — aunetinoe omobpasicerue, mo cyuwecmeyem eOuHCmMeeHHblitl
gexmop u €V maxot, wmo @(v) = B(u,v) dasn scexve V. Ecau ¢: V — k — noayaunetiroe
omobpaotcerue, mo cyuecmsyem edurcmeertbit sexkmop u € V maxot, wmo @(v) = B(v,u)
ons ecexveV.
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Aoxazameavcmeo. Ilycte @: V — k — Auneitnoe oTobparkenue. BribepeM HEKOTOPEIA OPTOHOP-
MUPOBAHHEIA 6a3uc ey, ..., e, IpocTpaicTBa V. [IycTh v € V — IpOM3BOABHEBIA BEKTOP. 'TOrAa IIO
aeMmMme 9.7.1

v = e;B(e1,v) + eB(ez,v) + - -+ + enB(en, V).

[IpuMmeHsist K 9TOMY PaBEHCTBY OTOOpa>keHUE (P U IOAB3YSACH €0 AUHERHOCTBIO, IIOAYYaEM

@(v) = @(e1B(e,Vv) + esB(es,v) + -+ + e B(en,Vv))
¢(e1)B(e,v) + @(es)B(ez,v) + -+ @(en)B(en)
B

(e1p(er) + exp(ex) + -+ + en(p(en),v).

SaMeTuM, YTO NEPBBIX ApPryMEHT IOAYYEHHOIO BBIPDA’KEHUS HE 3aBUCUT OT V. [loAOKZB U =
erp(e;) + exp(ex) + -+ + en@(en), moaydaem, aro @(v) = B(u,v) AAsT mpomsBoABHOTO V € V.
Ocranock moKa3aTh, YTO TAKOM BEKTOP U €AMHCTBEHHEIN. [IPEATIOAOKIM, YTO HAIIEACS €IIE OAUH
BeKTOp U € V Takoit, yTo @(v) = B(u',v) ansg Bcex v € V. Ho Toraa B(u,v) = ¢(v) = B(u/,v),
orryaa B(u — u/,v) = 0 anst Bcex v € V. B wacTHOCTH, 3TO TaK AASI V = U — U/, U IOAyYIaEM

B(u—u’;,u—u’) = 0. Ho dopma B moroxxurerbHO onpeaeneHa, # moromy u — u = 0, TO ecTs,
u=u'

[IycTe Tenmeps oTobparkerue @: V — k moayaumnmeiino. Toraa orobpaskenue @: V — k, v — W,
AUHENHO, ¥ K HEMY MOKHO IIPMMEHUTH AOKa3aHHOE BLIIIE: CYINECTBYET EAMHCTBEHHEBIN BEKTOP U € V
Takoit, aTo P (v) = B(u,Vv) arst Bcex u € V. Ho paBercTBO ©(v) = B(U, V) paBHOCUABHO PaBEHCTBY
@(v) = B(v,u). O

Bamevarue 9.7.3. 3aMeTuM, UTO IOAYUEHHOE BHIPAXKEHHE UL = e1((e1) +- - - + €, @(en ) AAS BeKTOpa
U C BEAY 3aBUCHUT OT BhIbopa 6asmuca ey,...,e,. C ADyrofl CTOPOHEI, MBI IOKa3aAd, 9TO BEKTOD
U C YKa3aHHLIMU CBOMCTBaMU €AMHCTBEHHBIN. [loAyYUaeTcsi, YTO 3TO BBIPA’KEHUE HA CAMOM AEAE
OAMHAKOBO BO BCex Hasmcax mpocTpaHcTBa V.

9.8 OpToroHanbHoe AONONHEHNE

AUTEPATVPA: [F], ra. XIII, § 2, m. 2; [K2], ra. 3, § 1, . 3; § 2, . 3; [KM], u. 2, § 3, mm. 1-2.

Onpepenenne 9.8.1. Ilycte (V,B) — 9BKAMAOBO MAM YHUTapHOEe IpocTpaHcTBo, U & V — mpo-
W3BOABHOE IIOAMHOXXeCTBO. OpToroHanbHbiM gononHeHnem K mopMHOXeCcTBY U B V HasbIBaeTcs
L={veV|vuel B(u,v) = 0}.

Mpepnoxenne 9.8.2. ITycmsv (V,B) — sexaudoso uau yHumaproe npocmparcmeo, U <V —
noomroorcecmeo e V. Toezda

1. Ut asasemca nodnpocmparcmeom 8 V;
2. {0}t =V, Vi ={0};

3. UnUtc{o},
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4. ecau U S W — dsa nodmnootcecmea e V, mo W+ < UL,

Aokxaszamensvcmeo. 1. Ecam vy, v, aexar B U, To aAnst Aoboro u € U BEIIOAHEHO B(u,v;) =
B(u,vy) = 0. ITosToMy AAsT ATOOBIX A1, A; € K BEIIOAHEHO B(u,ViA; + VoAs) = B(u,vi)A; +
B(w,Vv2)A2 = 0, # ViA; + VoA, € UL, OTo aokaswiBaer, aTo UL < V.

2. Nioboit BerTOop V oprororanex 0, mostomy {0}* = V. Ecau BekTOp v € V OpTOrOHaAEH BCEM
BEKTOpaM 3 V, TO, B YaCTHOCTHU, OH OPTOTOHAAEH caMoMy cebe, To ecTsb, B(v,v) = 0. B cuay
IIONOXKUTEABHON OIIPEAEAEHHOCTH popMbI B m3 3Toro caeayer, uTo v = 0. DTO AOKA3LIBAET,
gro V1 = {0}.

3. Iycts v e UnU*L. Yeaosue v € Ut osmagaer, uro B(u,Vv) = 0 aast Bcex u € U, B 9aCTHOCTH, AAS
u = v. ITostomy B(v,v) = 0. B cuAy moaro>xuTeAbHOM onpeaereHHOCTE (POPMEL B moaydaem,
gro v = 0.

4. Tlycts v € W+, Torpa B(u,v) = 0 pnsa Bcex u € W. B wacTHOCTH, 3TO Tak AAsT Beex U € L.
[TosTomy v € U*.

O
Mpeanoxenne 9.8.3. ITycms (V,B) — sexaudoso uau yrnumaproe npocmparcmeo, U <V —
KoOHeuHoMmepHoe noonpocmparcmeo e V. Tozda
1. V=Uuoput;
2. ecau, xpome mozo, V xonewnomepro, mo dim(Ut) = dim(V) — dim(U);
3. (UhH)+ =u.
Aokxaszamensvcmeo. 1. Ilyctob eq,...,€yn — HEKOTOPBLIA OPTOHOPMUPOBAHHLIN 0a3UC IIOAIIPO-

crparcrBa U (Takoit cymecTByer o caepcTBHIO 9.5.6). Bo3bMeM IPOM3BOABHEIN BEKTOP V € V,
obo3HAYMM
u=-e;B(e,v)+ - +enB(em,v) € U,

I HOAOXKHUM W = V — U. 3aMeTuM, uTto w € Ut. AeficTBUTEABHO,

B(ei,w) = B(e;,v—u)
= B(ey,v) — B(ei,u)
= B(ei,v) — B(ei,e1B(e1,v) +--- + e B(em,V))
= B(ei,v) — B(ey, V)
-0
(MBI BOCIIOAB30BAAMCH OPTOHOPMUPOBAHHOCTBIO Hasmca ey, ..., en ). OTa BEIKAAAKA IIOKa-
3BLIBAET, YTO W OPTOTOHAAEH Ka*KAOMY U3 BEKTOPOB €, ..., €y ; IO3TOMY W OPTOTOHAAEH U

AI0DO# uX AMHeHHON KOMOUWHAITAM, TO €CTh, AI0DOMY BeKTOpPY mopmpocTpaHcTBa U. UTax,
MBI TIOAYYMAN TIPEACTaBAEHME V = W + W, rae w e U, w € U', AAS TPOM3BOABHOTO BEKTO-
pa v € V. Do osnauaer, uro V = U + U'. B mpeanroxenun 9.8.2 MBI yKe IOKa3aAM, ITO
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U n Ut < {0}, u B mamem cayugae U, Ut copepxar 0, To ecThb, Ha camom aeae U n UL = {0}.
ITo mpeanroskenuto 6.2.10 u3 sToro caeayer, aro V = U@ UL,

. TTo caepcTBuIo 6.5.6 1 O y>ke pokasanHOMY, nMeeM dim(V) = dim(U) + dim(UL).

TToxaskem cragana, uro U = (U1)! (ma camom aeae, 3T0 BepHO pake 6€3 YCAOBUS KOHETHOMED-
sHoctz U). [Tycts u € U; MBI XOTMM IpPOBepuTh, uTo U € (UL)!, To ecTsb, 9To U OpTOrOHAAEH
AtfoboMy BekTopy m3 U'. IIycTs W — mpomsBoAbHEIH BekTop n3 UL, ITo ompeaeAeHMIO 3TO
O3HAYAET, YTO OH OPTOrOHAAEH AfoboMy BekTopy u3 U, B wacTHOCTH, BeKTOPY W: B(u, w) = 0.
Ho Toraa z B(w,u) = 0, TO eCTh, UL OPTOTOHAAEH W, YTO X TPeHOBAAOCH.

OcTanoCch TPOBEPUTHL 06pATHOE BKAIOUEHHUE: BO3bMEM IPOM3BOABHBIM BekTop v € (U)t 1
nokaxxeM, 4To v € U. [To mepBOMy IyHKTY MBI MO>XEM IIPEACTABUTL V B BUAE V = U + W, TA€
ueUwnwe UL Toraa w = v —u, u orciopa B(w,w) = B(w,v — u). Ilpz atom w € U,
ve (UHt mue U c (U (mBr moabsyemcst yoke AOKa3aHHBIM BKAIOYEHUEM ). SHAYMT,
CKaAsIDHOE IIPOM3BEAEHVE W Ha V — U PaBHO HyAIO, OTKyAa B(w,w) = 0, OTKyAA CAEAYET, 4TO
w = 0. ITosTromy v = u € U, uTo u TpeboBaroCh.

]

Onpepenenne 9.8.4. Ilycte (V,B) — 3BKAEAOBO MAM yHUTapHOEe IpocTpaHcTBO, U < V — KoHeu-
HOMEPHOE IIOAIIPOCTPAHCTBO. Bo3bMeM IPOM3BOABHEIA BeKTOp Vv € V. Ilo mpeanroxenuio 9.8.3

CYIIeCTBYET eAMHCTBEHHOE Pa3aoykeHMe Buaa v = U+ u/, rae u € U, u’ € U+, Tax ompeaeneHHBIH
BeKTOp U € U MBI 6yaeM Ha3bIBaTh OPTOrOHaNbHON NpOeKuMelt BEKTopa vV Ha IOAIPOCTPaHcTBO U u
obo3HavaTh depe3 pry(v). MBI moayumam, TakuM obpasoM, oTobparkenue pry: V — V, KoTopoe
Ka’>KAOMY BEKTOPY V € V COIIOCTaBASIET €r0 IPOEKINIO Ha mopmpocTpaHcTBo U (paccMOTpeHHYIO
KaK 9AEMEHT OO'bEMAIOIIETO IIPOCTPAHCTBA V).

Teopema 9.8.5. ITycmws (V,B) — ssxaudoso uau yrumaproe npocmparcmeo, U <V — koneu-

HOoMepHOE nodnpocmparcmeo, veE V.

1.

2.

Omobpastcerue pry: V — V asasemca AuHeUHBIM.
Ecauve U, mo pry(v) =v.

Ecauv e Ut, mo pry(v) = 0.

Im(pry) = U.

Ker(pry) = U™,

v —pry(v) e Ut

PIy ©Ppry = Pry-

Ipru ) < [v]-
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9. Ecau ey,...,e, — Ar060U opmoHopmuposarHsitl 6asuc U, mo pry(v) = e;B(ey,v) + - +
enB(en,Vv).

Aokxaszamensvcmeo. 1. Ilyctb v, vy € V, puYeM v = Uy + Wi B Vo = Uy + Wa, TAE U, Uy € U,
wi, Wy € Ut Toraa vi + vy = (U +up) + (Wy +Wy), mug +uz € U, wy + wy € Ut Tlo
OIIPEAEAEHUIO PIy (V1) = Uy, Pryy(Va) = Up ¥ Pryy(vi + Vo) = Uy + Uy = pry(vi) + pry(ve). Mer
TIOKa3aAd aAAMTUBHOCTL OTObpaXkeHus pry,. Bcamve Vuv=u+wargsue U, we U, To
VA = UA + WA, OTKyAa CAEAYET ¥ OAHOPOAHOCTD PIy.

2. Ecamvel, Tov=v+0,raeve U, 0e Ut
3. EcamvelUt, tov=0+v,rae 0 U, ve Ut

4. B mynxre (2) MBI mokasaan, ¥To U € Im(pr, ). ObpaTHOe BKAIOYUEHNE BEIIOAHEHO IIO OIIPEAE-
AEHUIO0 OTOOPasKeHUsI PIy;.

5. B nynkre (3) Mb1 mokasaan, aro Ut < Ker(pry ). ObparHo, ecau pry(v) = 0, Tov = 0 + w,
rae we UL,

6. ITo ompeaenermoo v =u+w, tae u € U, w e U+ m u = pry (v). [losTomy v —pry(v) =v—u =
we Ut

7. Ilycrs pryy(v) = ue U. Toraa pry(u) = u mo nyHKTY (2), 9TO0 U TPeGOBAAOCH.

8. v = pry(v) + w, rae w € U, u moromy BeKTOpPEI pry; (V) ¥ W OPTOroHaABHEL. [lo Teopeme
[Tudparopa ||v||? = || pry (V)| + ||w||?, oTKyaa cAeAyeT HY>KHOE HEPABEHCTBO.

9. BammmeMm v = u + (v —u), rae u = e;B(er,v) + -+ + e,B(en,v). Kak u B pAoKa3aTeabCTBe

nyHKTa (1) npearoskerust 9.8.3, MOAYYaEM, YTO V — UL OPTOTOHAABHO KaXKAOMY U3 €1, ..., €y,

u moTomy v — u € U', B To BpeMs Kak, oueBuaHO, U € U. ITo ompeaeaenuto Toraa pry (V) = U,
4TO ¥ TPebOBaANOCE.

[

9.9 ConpsxxeHHble 0TOOpaXkeHUs
AUTEPATVPA: [F], ra. XIII, § 4, n. 2; [K2], ra. 3, § 3, . 1; [KM], 4. 2, § 8, mm. 1-3.

Onpepenenne 9.9.1. IIycts (V,B) u (V/,B’) — 9BKAKAOBBI AW YHUTApPHBIE IPOCTPAHCTBA, @: V —
V' — AuneliHoe oTobpaskenue. NuHeHOe oTobpaXkeHue @©*: V' — V Ha3BEIBAE€TCS CONPSKEHHLIM K
oTobpa>keHuio @, ecaur B'(@(v),v’) = B(v, @*(v’)) anst Bcex BekTOpoBvVE V Vv € V.

HOK&?KGM, 9TO Yy Ka>XA0Ir'o AMHENHOT'O OTO6pa>KeHI/IH MEXAY 9BKANAOBBIMU UAM YHUTAPHBIMNI
IIPOCTPAaHCTBAMHU UMEETCA €ANHCTBEHHOE COIIPAKEHHOE.

Mpepnoxenue 9.9.2. ITycms (V,B) u (V/,B’') — ssxaudoss. uiu yHUMapHbE NPOCMPAHCMEAQ,
@: V= V' — aunetinoe omobpascenue. Cywecmeyem auretinoe omobpascerue @*: V' — V
conpastceHHoe k£ @. Kpome mozo, maxoe auHelinoe omobpastcerue eduHCmeeHHo.
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Aoxaszamenvcmeo. Ilycts v/ € V'. PaccmoTpum oTobparkenue f: V — K, KOTOPOE COIIOCTABASIET
BeKTOpPY V € V ckaasip B/(¢(v),Vv’). IlokaskeM, uTo f — moayauHeiiHOe oTobpaskeHue. AeHCTBU-
TeABHO, T(ViA; + VaA) = B/(@(ViAr + va)y), V') = B/ (@(vi)A1 + @(v2)A2,V') = A B'(@(v1),V') +
AB/(@(va),V) = 7\1 (v1) + Aof(v2). TTo Teopeme Puca 9.7.2 Ha#iaeTcss BeKTOp V¢ € V Takoit, 9TO
B(v,vs) = f(v) = B'(@(v),v

Taxkum obpasoM, AAs Kaskaoro v/ € V/ Mel Hamau BekKTOop @* (V') € V Takoit, uro B(v, o*(Vv')) =
B'(¢(v),V’) past Bcex v € V. IlpoBepuM, 4TO moAydUeHHOe oTobparkerme ¢*: V' — V sBasiercs

') arst Bcex v € V. Tloaoxxum @* (V') = vg.

AVHENHBIM. A efCTBUTEABHO.

B(v, 9" (vi)A1 + @*(v3)A2) = B(v, @ (vi))A1 + B(v, 9" (v3))A
= B'(@(v),v)A1 + B (@(v), v2))A2
= B'(@(v),viA1 + VoA2).

C Apyroit CTOPOHEL, ITO OIPEAEAEHUIO (@ BBEIIOAHEHO B(V, @* (VA1 + ViA2)) = B/(@(V), viA1 + ViA,).
[Tosromy B(v, @*(viA; + ViA2)) = B(v, *(v))A1 — ©@*(Vv5)A2) AAsT Bcex v € V, OTKyAA CAEAYET, UTO
" (VA1 + ViA) = @ (VDA — @ (Vh)a. N
OcTanoch IOKa3aTh EAMHCTBEHHOCTh OTOOpaskeHus * ¢ yKasaHHEIM cBoiicTBoM. Ho ecam @* —
Apyroe Takoe oTobpaykerue, To B(v, @*(v')) = B'(@(v), V') = B(v, *(v')) arst Bcex ve V, v e V.

I3 3TOr0 CAAyeT, uTo @* (V') = @* (V') AAS KasKA0ro V. N
Mpeanoxenne 9.9.3. ITycmv (V,B) u (V/,B’) — sskaudoss. usu yrumapHsvie npocmparcmaea,
e, V: V-V — aunetinvie omobpastcenus, A € k. Toz0a

1. (@+ )" = 0"+

2. (A@)* = A@*;

8 (¢7)" = o,

4. (ldv)* = id\/,‘

5. ecaun: V' — V" — ewe o0no aunetinoe omobpaoicerue (20e (V",B") — asexaudoso uau
yrumapHoe npocmparcmso), mo (no @)* = @* on*

Aokxaszamensvcmeo. 1. Ilycts ve V, v/ € V'. Toraa
B(v, (@ +1)*(v')) = B'((¢ +1)(v),V)
= B'(@(v) +(v),v')
= B'(@(v),V') + B'(}b(v),V')
=B(v, 9" (V) + B(v,h*(v))
=B(v, 9" (v') + ¥*(v')),

OTKyAa caepyet, 9To (¢ +P)*(v') = @*(v') +P*(v'), 9T0 U TpeboBarocs.
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2. Tlycrs ve V, v/ € V'. Toraa
B(v, Ag)*(v)) = B'(A@(v),v') = AB'(@(v),v') = AB(v, 9*(v')) = B(v,A@*(v")),
otkyaa (A@)*(v') = A@*(v'), 9To 1 TPeBOBaAOCE.
3. Tlycts ve V, v/ € V'. Toraa
B'(v', ((9")"(v)) = B(@*(v'),v) = B(v, 9*(v')) = B'(¢(v),V) = B'(v/, 0(v)),

otkyaa ((@*)*(v) = @(v), 4T0 1 TPeHoBaAOCE.

4. Tlycte v,w € V. Torpa
B(v, (idv)*(w)) = B(idy(v),w) = B(v,w) = B(v,idy(w)),
orkyaa (idy)*(w) = idy(w), 9To u TpeboBaAOCE.
5. Ilycts ve V, v € V”. Torpa

B(v,(mo@)*(v")) =B ((noe

oTkyaa (no @)*(v") = (¢* on*)(v”), uTo u TpeboBarocs.
O

BrIsscHUM, KaK BBITASIAUT MaTPUIA CONPSIPKEHHOI'0 0TOOPa’kKeHNUSI B OPTOHOPMUPOBAHHEBIX ba3ucax.

Mpeanoxenune 9.9.4. ITycmov (V,B), (V/,B’) — sskaudosv. uasu yHumapHsie npocmparncmsa, & —
OPMOHOPMUPOBAHHYIU baduc npocmpancmea V, £ — opmoHOPMUPO8aHHBIL 6a3UC NPOCMPAH-
cmea V'. Aas arobozo aunetrozo omobpastcerun @:V — V' svnoaneno [@*|er e = [@leer -

Aoxasamesvcmeo. ObozrauuMm A = [@]e e/, A* = [@*]|e/ ¢. [Io OCHOBHOMY CBONCTBY MaTpPHIIBI
AmHelHOr0 oTobpaskeHus (TeopeMa 7.4.5) AnsT ATOOEIX BEKTOPOB V € V, v/ € V' BrImoAHeHO A - [V]e =
[@(V)]er mw A* - [V']er = [@*(V')]e. MaTpunsl I'pama dopm B u B’ eauHUYHEL, TO3TOMY

— T —T

[eMW)]er - [V]er = B'(@(v),V) = B(v, 0" (v')) = [V]e - [@"(V)]e.
[ToacTaBASIST CIOAQ BBIPAXKEHUSI AAST CTOABIIOB KOOPAMHAT (V)  @*(V'), moAydaeM

A Ve =Dl -A* Ve,

OTKYyA2

Me Ao =DMe - A* e

OTO PaBEHCTBO BepHO AAsL Bcex v € V, v/ € V', [lycTh Temepsh v mpoberaer Bce BEKTOPE! Hasuca &, a
v/ mpoberaeT Bce BeKTOpPE! Hasuca &’. [Toaydaem paBeHCTBO MaTpuir A* = A . O
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9.10 CamoconpsixeHHble onepaTopbl

Onpepenenne 9.10.1. ITycts (V, B) — 93BKAKAOBO UAY YHUTAPHOE IPOCTPAHCTBO. \MHEHHBIN OIIEPATOD
T:V — V Ha3bIBaeTCs camMoconpsikeHHbiM, ecam [* = T. VEpIME croBaMu, T CaMOCOIPSIKEH, €CAX
B(T(v),w) = B(v, T(w)) arst Bcex v,w e V.

Mpeanoxenue 9.10.2. Bce cobcmeerHble YUCAQ CAMOCONPAHCEHHO20 ONEPATNOPA 8EULECTNEEHHDL.

Aoxaszameavcmeo. Ilycts T: V — V — camoconpsi>xeHHBIN omepaTop, A € kK — cOBCTBEHHOE YUCAO
omeparopa T, # v € V — COOTBETCTBYIOIIUY eMy COOCTBEHHBIH BEKTOP, TO €CThb, I (V) = VA u v # 0.
Torpa

Allv[* = AB(v,v) = B(v,vA) = B(v, T*(v)) = B(T(v),v) = B(vA,v) = AB(v,v) = A[|v||?
IIpu sTom |[v|[? # 0, u moTomy A = A. O

Caepyromue ABE AEMMBI BEPHBI TOABKO AASI YHATAPHBIX IIPOCTPAHCTB, HO HE AASI 9BKAKAOBEIX
(cM. 3ameuanue 9.10.4).

Nemma 9.10.3. ITycmos V. — ynumaproe npocmparcmeo (erumarue!), T:V -V — aunetinodl
onepamop. IIpednoaoosrcum, wmo B(T(v),v) =0 0an ecexve V. Tozda T = 0.

Aoxaszameavcmeso. Ilycts u,v € V. 3amerum, 9TO

B(T(u+v),u+v)—B(T(u—v),u—v) —iB(T(u+vi),u+vi) +iB(T(u — vi),u — vi)
4

B(T(u),v) =

(TO MOYKHO IIPOBEPHUTH IIPSIMBIM BEIYUCAeHUEM ). B mpaBoit gacTu cTosT BhIpaskerus Buaa B(T(w), w),
KOTOPHIE II0 IIPEAIIOAOKEHUIO PaBHEI HyAto. 3HauuT, B(T(u),v) = 0. B wacTHOCTH, 9TO Tak AASI
v = T(u); moaydaem, uro T(u) = 0 pnst Bcex u € V, otkyaa T = 0. O

Samewarue 9.10.4. SametuM, uTo AeMMa 9.10.3 HeBEPHA AAST 9BKAWAOBBIX IIPOCTPAHCTB: AMHEAHBIN
omeparop R? — R?, oCymeCTBASIIONUE IOBOPOT HA 71/2, CAY>KUT KOHTPIPAMEPOM.

Nemma 9.10.5. ITycmv V. — ynumaproe npocmparcmeo (eHumarue!), T: V. — V — aunet-
HoLd onepamop. Onepamop T camoconpsaostcern mozda u Moavko mozda, K020a CKANADPHOE
npouseederue B(T(v),Vv) sewecmeerro 0aa ecex ve V.

Aoxazameavcmeo. Ilycts v € V. Toraa
B(T(v),v) =B(T(v),v) = B(T(v),v) = B(v, T(v)) = B(T(v),v) = B(T*(v),v) = B(T = T*)(v),v).

Ecam B(T(v),v) € R anst Bcex v € V, To IIpaBast 9acTh BCETAA PaBHa HYAIO, I 1o aeMme 9.10.3 us
3TOrO CAeAyeT, uTo | — T* = 0.

O6parHo, ecan T = T*, To mpaBas JacTh BCeraa paBHa Hyalo, i motomy B(T(v),v) = B(T(v),v)
AAs Bcex v € V, otkyaa B(T(v),v) e R. O
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Samewarue 9.10.6. Sameuanme 9.10.4 MOKA3BIBAET, YTO HA IBKAUAOBOM IIPOCTPAHCTBE HEHYAEBOM
ommepaTop T MOXKET YAOBAETBOPSTH TOXXAECTBY B(T(v),v) = 0 anst Bcex v € V. OapHaKoO, 9TOrO He
MOXKET CAYUUTHCSI AASI CAMOCOIIPSIXKEHHOT'O OIlepaTopa.

Nemma 9.10.7. ITycmv (V,B) — a2exaudoso uau yHumaproe mpocmparcmeo, 1:V — V —
camoconpacernut onepamop. Ecau B(T(v),v) =0 0as scezxve V, mo T =0.

Aoxaszameavcmeo. AT YHUTAPHOT'O IPOCTPAHCTBA 3TO Y Ke AoKasaHo B AeMmMe 9.10.3. Ecam xe
V 3BKAMAOBO, TO
B(T(u+v),u+v)—B(T(u—v),u—v)
4
MASI BCEX U,V € V, UTO IIPOBEPSIETCST IPSIMBIM BBIUACAEHUEM C UCIOAB30BarueM paBeHcTB B(T(v),u) =

B(T(u),v) =

B(v, T(u)) = B(T(u),v) (3A€Ch MBI UCIIOAB3YEM CaMOCOIPSIKEHHOCTD T ). IT0 IPEATIOAOKEHNUIO TIpa-
Basi 94acTh paBHA HyAlo, moaroMmy B(T(u),v) = 0 aAs Bcex W,v € V; B 9aCTHOCTH, 3TO TaK AAS
v = T(u), orkypa caepyer, auro T = 0. -

9.11 HopmanbHble onepaTopbl
AUTEPATVPA: [F|, ra. XIII, § 4, . 3; [K2], 2. 3, § 3, n. 7; [KM], u. 2, § 8, m. 11.

Onpegenenue 9.11.1. ITycts (V, B) — 93BKAKAOBO MAY YHUTAPHOE IPOCTPAHCTBO. AMHEHHBINA OIIEPATOD
T:V — V Ha3bIBa€TCsI HOPMANbHLIM, ECAY OH KOMMYTHPYET CO CBOUM COIPSIKEHHBIM: [ *oT = To T*.

Samevarue 9.11.2. OueBUAHO, YTO AIODOY CAMOCOIPSIKEHHEBIM OIlEpaTOpP HOPMAAEH.

Jlemma 9.11.3 (CgoiicTBa HOPpMaABHEIX omepaTopoB). 1. ToowcOecmeerHuill onepamop HOPMa-
NEN.

2. ConpaotceHrdll K HOPMAALHOMY ONEPATMODPY HOPMANAEH.
Aoxazameavcmeo. OueBUAHO. [

Nemma 9.11.4. ITycms (V,B) — ssxaudoso uau yrumaproe npocmparcmeo. Onepamop T: V —
V nopmaner mozda u moavrko mozda, xozoa ||T(V)|| = ||T*(v)|| 0an ecexve V.

Aoxazameavcmeo. 3ametuM, 4To omepaTop [* o T — T o T* camocompsi>ken. ITo aemme 9.10.7

paBeHCTBO [* o T — T o T* Hyalo paBHOCUABHO ToMy, 4TO B((T* o T — T o T*)(v),v) = 0 ansa
BCex Vv € V, uTo paBHOCHABHO paBeHcTBY B(T*(T(Vv)),v) = B(T(T*(v)),v) prsg Bcex v € V. Ho
B(T*(T(v),v) = [[TM)[I* m B(T(T*(v)),v) = [[T*(W)[*. B

Mpeanoxenune 9.11.5. ITycms (V,B) — ssxaudoso uau yHumaproe npocmparcmeo, T: V-V —
HOPMAADHBIT onepamop, u VvV E V — cobcmeernHwuili sexmop onepamopa T, coomeemcmeyrowul
cobcmeeHHOMY “wucay A. Tozda v sasasemcsa u cobcmeerHHbimM 8eKmopom onepamopa 1%,
COOMBEMCMBYOULUM COBCTNEEHHOMY “UCAY A.

183



Aokazameavcmeo. VI3 HopMarbHOCTE T CcAeayeT, uTo u omeparop | — Aidy HopMmaneH (mpo-
BepeTe 3T0!). ITo Aemme 9.11.4 Toraa |[(T — Aidy)(v)|| = |[(T — Aidy)*(v)||. Ho aeBas wacTs mo
TIPEATIONOKEHTIO PaBHA HYAIO, a IpaBast ¥acThb pasHa ||(T* — Aidy)(V)|]. O

Mpeanoxenune 9.11.6. ITycms (V,B) — ssxaudoso uau yHumaproe npocmparcmeo, T: V-V —
HOPMaANLHBIU onepamop. Toz0a cobcmeerHble 8eKMOPbLL T, COOMBEMCMBYOULUE DPASAULHDIM
CcObCMBEHHBIM HUCAAM, OPMOZOHANDHDL.

Aoxazameavcmeo. Ilycts A # L — ABa Pa3sAWYHBIX COOCTBEHHBIX YHUCAA OllepaTopa |, ¥ IyCThb
U,v € V — COOTBETCTByIOIIYE UM COOCTBEHHEIE BEKTOPHL: T (U) = uA, T(v) = vu. Ilo mpepnrosxe-
uuo 9.11.5 Temeps T*(u) = uA. IMosTomy (A — w)B(u,v) = B(uA,v) — B(u,vun) = B(T*(u),v) —
B(u, T(v)) = 0. ITockOABKY A # i, X3 9TOrO PAaBEHCTBA CAeAyeT, ¥4To B(u,v) = 0, uro u TpeboBa-
AOCB. [

9.12 CnekTpanbHble TEOpEMbI
AUTEPATVPA: [F], ra. XIII, § 5; [K2], ra. 3, § 3, om. 3, 6; [KM], w. 2, § 7, . 4-5; § 8, nm. 2-6, 8.

Teopema 9.12.1 (CnexTpanrbHast TeopeMa AAST HOPMAABHEIX OIIEPATOPOB B YHUTAPHOM IIPOCTPAHCTBE).
ITyemw (V,B) — ynumaproe npocmparcmeo, T: V — V — aunetinwii onepamop. Caedyrouiue
YCAOBUA PABHOCUNDHDL:

1. onepamop T HopmaseH,

2. yV ecmv opmoHOPMUPOBAHHBIU 6a3UC, COCMOAWUY U3 COBCMBEHHBIT 8EKMOPO8 ONepa-
mopa T,

3. mampuya onepamopa T 8 HEKOMOPOM OPMOHOPMUPOBAHHOM basuce V JuazoHanbHQ.

Aokazameavcmeo. OueBuAHO, uTO (2) < (3) (cM. Tak>Xe AOKa3aTeAbCTBO TeopeMel 8.3.2). Ilo-
rkaxeM, 4To u3 (3) caepayer (1). [Iycte MaTpuma T B HEKOTOPOM OPTOHOPMUPOBaHHOM bHasuce B
AraroHaabHa. Ilo nmpepaoxenuio 9.9.4 mMarpuna T* Toraa MOAydYaeTcss U3 MATPUIEL | TPaHCIOHUPO-
BAaHUEM U COIIPSIKEHUEM, U IIOTOMY TOXKe AMAroHaAbHA. Ho AfoOBle ABe AMAroHAAbHBIE MATPUIIEL
KOMMYTHPYIOT; IIO3TOMY | KOMMYTHUPYET ¢ T, To ecTb, T HOpMaA€H.

[Tyctb Teneps BrimoAHsieTcst (1): omeparop T Hopmanen. ITo Teopeme o >xopaaHoBoOit dopme 8.7.3
cyuecTByeT 6asuc B = (vi,...,V,) IPOCTPAHCTBa V, B KOTOPOM MaTpHIla | BepXHETPEYTOABHA.
[TpuMenuM K 3TOMy 6a3uCy mpoliecc opToroHaAu3anuy ['pama—IlIMuATa: MBI TOAYYUM OPTOHOPMUPO-
BaHHEBIY 6asuc € = (ey,...,e,). [lo mpearoskeHuIo 8.2.2 BepXHETPEYTOABHOCTb MAaTPUIEl | B Hasuce
B paBHOCHABHA TOMY, 9TO BCE IIOAIIPOCTPAHCTBA BUAA (Vi, ..., Vi) SIBASIOTCS |-HHBapUAHTHLIMIU.
Ho B mporecce opToroHaAn3anuy Mbl IOAYIUAY 6a3UC, AAS KOTOPOro (e, ...,eiy = (V1,...,Vi), a
MHBAPUAHTHOCTD 3TUX IIOAIIPOCTPAHCTB PAaBHOCUAbHA BEPXHETPEYTOABHOCTH MAaTPHUIILI | B OPTOHOP-
MupoBaHHOM bHazuce €.
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WTak, maTpura oneparopa | B 6asuce & BepXHETPEYTOABHA!

a;; Qe ... A1n
0 Aoy ... Aon

[T]e =
0 0 ... ann

[TokaskeM, 94TO OHA Ha CaMOM AeA€ He TOABKO BEPXHETPEYIOABbHA, HO X AMaroHaabHa. MEI 3HaeM,
YTO MATpUIla omepaTopa |* B ToM Xe 6a3uce BRITASIAUT TaK:

a; 0 ... 0
[T*]g _ ﬁT 12 Ao ... 0
Qin dgn ... Onn

CaMoe BpeMsi BOCIIOAB30BaThCsI HOPMaABHOCTBIO onepaTopa I. [JocMOTpUM BHEMATEABHO, YTO CTOUT
B A€BOM BEPXHEM YI'Ay MATPHUIL, IIOAYUEHHEIX epeMuoeHueM [T |e u [T*]e. HeTpyaHo BuaeTb, 9TO ¥
marpuist [T*]-[T] B mosumuu (1, 1) crout |a;;|?, a y Marpuuer [T]-[T*] — |a|? +|aw?+- -+ |ain|?,
CyMMa KBaADPaTOB MOAYAEH 3AEMEHTOB IEPBOY CTPOKU MATpUIE! [T]. Ho 9TH BBIpaXKEHUST AOAIKHEL
6LITH PaBHBI, X BCE BXOASIINE B HUX CAaraeMble — HEOTPUIATEABHEIE BEIIIECTBEHHBIE YACAA. [loaToMYy
Qj2 = -+ = Qi = 0. 3HAUUT, B IEPBOI CTPOKe MaTPUIE [T] Ha caMoM AeAe TOABKO OAUH HEHYAEBOM
9AEMEHT: AMATOHAABHBEL. BOODPY’KMBLINCH STUM 3HAHWEM, IPOCAEAUM TENEPH 3a HO3UIUeR (2,2).
[lepeMHOXXasi MATPUIBI B OAHOM IIOPSIAKE, IOAYYaeM |dg|?, a B ADYrOM — CyMMYy KBaApaTOB
3AEMEHTOB BTOPOi CTpoky Marpuusl [T]. VI3 3T0ro caepyer, 9T0 U BO BTOPOiL CTpoke Marpuia [T ]
HE OTAXYAETCSI OT AMArOHAABHON. [IpOAOAIKAsT 3TOT IIPOIECC, HOAyYaeM, 9TO [T]e AMaroHaAbHa,
4TO ¥ TPeboBaNAOCH. O

Teneps 06paTUMCS K CAYYal0 3BKAKAOBOTO IIPOCTpaHCcTBa. Kak MBI 3HaeM, >KOpAaHoBa dopma
AAS OIIEpaTopa Ha BEIEeCTBEHHOM IIPOCTPAHCTBE yiKe He 00sg3aHa OBITH BepXHETPEYTOABHOM, II03TOMY
AASI TIEPEeHOCa CIEeKTPaAbHOM TeOpeEMBI Ha 3BKAUAOB CAydUall NPUAETCH AEHCTBOBATH OOXOAHBIM
nyteMm. CHaganaa MBI pa3bepeMcst C CaMOCOIPSIKEHHBIMY OIlepaTopaMu. AAS 3TOr0 HaM IIOHaA0OUTCS
CAEAYIOUIAsT AEMMaA, B OCHOBE KOTOPOM NAEKUT HECAOKHOE BEIYUCAEHUE, U3BECTHOE BaM CO ITKOABIL:

b\ b2
2 _ _ _
x+bx+c-(x+2) +<c 4).

Nemma 9.12.2. ITycms T: V — V — camoconpastcenHuili AUHEUHBITY ONnepamop Ha 38KAUO080M
uAU YHUMAaPHoM mpocmparncmee V, u wucaa b,c € R maxosv, wmo b2 — 4c < 0. Toz0a
onepamop T2 + bT + cidy o6pamum.

Aoxazameavcmeo. Ilycts v € V. Toraa

B((T? + bT + cidy)(v),v) = B(T?*(v),v) + bB(T(v),v) + cB(v,V)
T(W), T(v)) +bB(T(W),v) + c|[v|]?
|

VIF = [0l - ([T - [Vl + <llv][®

—~~

WV
=
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B cuay HepasencTBa Komu-Byuskosckoro—LlIsapma: —||T(V)|| - [|[v]| < B(T(v),v) < |[TWV)|| - [|V]-
[ToAyY€eHHOe BHIPAKEHWE MOYKHO IIEPENUCATH TaK:

(1oL (-2 e,

¥ BUAHO, 9TO OHO (IIpY HaIlleM YCAOBUY Ha b u ¢) HeoTpuaTeabHO. [loaromy omeparop T2+bT +cid
VHBEKTUBEH, 3HAYUT, U OMEKTUBEH. O

Samevarue 9.12.3. MuI 3HaeM, 9TO y AOOOTO omepaTopa Ha KOMIIAEKCHOM IIPOCTPAHCTBE €CTh
cobCTBEHHOE YUCAO. [[09TOMY CAEAYIOUIYIO AEMMY AOCTATOYHO AOKA3aTh TOABKO AASI CAYyUas
3BKAUAOBO IIPOCTPAHCTB.

Nemma 9.12.4. ITycmw V # {0} — ssxaudoso npocmparcmeo, T: V — V — camoconpastcernwitl
auretHvll onepamop. Toeda y T ecmvd cobcmeerHnoe “ucao.

Aokazameavcmeo. Ilycts dim(V) = n. PaccMoTpuM MUHEMAaAbHBEIN MHOTOYAEH OIepaTopa I :
f=ap+ ax+- -+ apx™ € k[x]

(cMm. ompeaenerue 8.5.7). ITo Teopeme 4.4.4 ero MO>KHO Pa3sAOKUATh Ha MHOXKUATEAHN BHAA

f=c(x*+bix+c1)... (x> +buxem)(x — A1) ... (x — An),
rae ¢ # 0, bj, ¢j,\j — BeIIeCcTBEHHbIE YMCAA, TPHIEM b)? —4c¢; < 0. [Toaromy
0=Ff(T)(v) =c(T? + by T+ cid)... (T> + b T + cpm id)(T — Arid) ... (T — A id)(v).

ITo nemme 9.12.2 MHO>RUTeAR BEAA T2 + b;T + ¢;id obpaTumer. [TosTomy

0= (T—Agid).. (T = A id)(v).

3Ha4IUT, XOTsT 6Bl OAMH M3 OepaTopoB | — Ajid HEMHBEKTHBEH. DTO M O3HA4YaeT, 9TO y | eCcTb
COOCTBEHHOE YUCAO. [

Samenarue 9.12.5. ITosxxe Mbl yBuAUM (cM. 9.12.9), YTO B CAEAYIOIIEM IPEANOKEHUY MOKHO
3aMEHUTH YCAOBHE CAMOCOIIPSIXEHHOCTHU OllepaTopa Ha YCAOBHE HOPMAABLHOCTH.

Mpepnoxenune 9.12.6. ITycmvs T: V — V — camoconpastcerHuvill onepamop Ha 38KAUOO8OM UAU
yrHumapHom npocmparcmee, u nycmsv U <V — T-unsapuarnmnoe noonpocmparcmeo. Tozoa

1. nodnpocmparcmeo Ut maxowce T-ursapuarmmo;
2. onepamop T|y camoconpsaorcer;

3. onepamop T|y. camoconpsorcen.
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Aoxasamenvcmeo. 1. Ilycts v € Ut. Ham xouercs moxasarh, uro T(v) € U'. BosbMem atoboit
BekTop U € U u mocmorpuM Ha B(T(v), u). U3 camoconpsiskerrocTu T caeayer, aro B(T(v),u) =
B(v, T(u)). Ho mo ycaoBuio T(u) € U, 3HauuT, Mel moAyguan O.

2. Ecam u,v e U, To B((T|u)(u),v) = B(T(u),v) = B(u, T(v)) = B(u, (T|u)(v)).

3. IIlpuMeHUM pe3yAbTaT BTOporo myHKTa K U BMecTo U.
O

Teopema 9.12.7 (CrexTpanbHasi TeOpeMa AASI CAMOCOIIPSIKEHHEBIX OLIEPATOPOB B 3BKAMAOBEBIX IIPO-
crparcTBax). ITycms (V,B) — ssxaudoso npocmparcmeo, T: V — V — aurnetinui onepamop.
Caedyrowjue Ycaosua pasHOCUALHDL:

1. onepamop T camoconpsocer;

2. yV ecmvb opmoropmuposarHuill basduc, cocmoauul ud cobcmeerHvlr 8€eKmMoOpos onepa-
mopa T,

3. mampuya onepamopa T 8 HEKOMOPOM OPMOHOPMUPOBAHHOM basuce V duazoHasbHQ.

Aoxasameavcmeo. Mel yxxe 3HaeM, 910 (2) <> (3). [IpeAIOAOKUM, YTO BEIIOAHSETCS (3): MaTpHUIA
omeparopa | B HEKOTOpoM basuce pAmaroHaabHa. Ho AraroHaAbHAsi MaTpPUIlA COBIAAAET CO CBOEH
TPAHCIOHXPOBaHHOM, moaToMy T = T*, oTkyaa caeayer (1).

Terneps MBI AOKaXKeM, 9TO U3 (1) crepyeT (2) MHAYKIMEHR IO pa3MepHOCTH IpocTpaHcTBa V. Ecan
dim(V) = 1, yrBep>xaerue ogeBupHO. [IycTs Teneps dim(V) > 1, u oneparopa T camocompsixxeH. [1o
aemme 9.12.4 y T ecTb cOBCTBEHHOE YUCAO U, CTAAO OBITH, COOCTBEHHBIN BEKTOP U. [loaeAnB ero Ha
||u||, MoxxrO cumTaTh, uTO ||U|| = 1. [ToampocTparcTBo U = (u) Torpa siBAsSeTCS |-MHBapHaHTHBIM,
u 1o mpeanokeHuio 9.12.6 moampocTparcTso Ul Toxke T-MHBapMaHTHO, ¥ omepaTop T |y caMo-
compsieH. [lo mpeamoaoyKeHnI0 MHAYKIuE ¥ Ul ecTh OpTOHOpPMaAbHBIM 6a3MC, COCTOSITHH 13
CODCTBEHHBIX BEKTOPOB omeparopa I |y .. [IpucoeAvHUB K HEMY U, ITOAYyYaeM OPTOHOPMAABHBIH
6a3uc V, cocTosmuit n3 coObCTBEHHBIX BEKTOPOB oepaTopa . O

Tenepb MBI I'OTOBEL OIIMCAaTh HOPMAABHBIE OII€EPATOPHI Ha ABYMEPHBIX 9BKAXAOBLBIX IIPOCTPAH-
CTBax.

Mpennoxenue 9.12.8. ITycmv V — s8kaudoso npocmparcmeo pasmepHocmu 2, T:V — V —
auretlHvl onepamop. Caedyrowue Ycao8us pasHOCUNBHDL!

1. T HopmaneH, HO HE CAMOCONDAIHCEH,

2. mampuua T 8 arobom opmoHopmasbHoMm basuce V umeem sud

x =P
p o)’

20e 3 # 0y
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3. mampuuya T 8 HEXOMOPOM 0PMOHOPMAALHOM ba3uce V umeem euld

x —p
B o)’

20e 3 > 0.

Aoxazameavcmeo. (1) = (2). IlycThb e, €, — OPTOHOPMAABHEIN 6a3UC IPOCTPAHCTBA V, U IIYCTh
MaTpuiia | B 3ToM 6a3mce MMEET BUA,

x vy

B o
Toraa |[T(ey)||?> = o + B2, ||T*(e1)||* = o +v2. 1o upeanrosxermio 9.11.4 5T YUCAA PABHEL, OTKYAQ
Y = tB. Ecam vy = 3, To T camoconpsi>KeH (€ro MaTpuIla CHMMETPHYHA), IOSTOMY Y = —[3, IpX

sToM 3 # 0. [lepeMHOXUM Temeps MaTpuiel 1 1 T* = T B OAHOM I B APYTOM IIOPSIAKe. Pe3yAbTaTe
MOAYKHEL COBIIACTD, HO B IIPABOM BEPXHEM YTAY Y OAHON MaTpHITLI CTOUT 30, a y Apyro# «f3. 3Havur,
& = 0, ¥ MBI IOAYYUAY MATPUILY HYKHOTO BHAQ.

(2) = (3). Ecam B Hamem ba3uce y>xe § > 0, To Bce AOKa3aHO, & ECAYM HET — [IOMEHSIEM 3HAK ¥
BTOpPOro 6a3MCHOr0 BEKTOPA.

(3) = (1). Ecau T mmeeT ykasaHHBIN BUA, TO BUAHO, YTO | He caMOCOLpshKeH. [IlepeMHOXKasT
Matpuubl | u T* BupuM, uTo T HOpManeH. [

Mpeanoxenne 9.12.9. ITycmv (V,B) — ssxaudoso uau yrumaproe npocmparcmeso, T: V -V —
HopMaavHul onepamop, U <V — T-unsapuarm+oe nodnpocmparcmeo. Toz0a

1. modnpocmparcmeo UL moorce T-uneapuarmmo,
2. noonpocmparcmeo U T*-unsapuarmmo;

8. (Tlw)* = (T9)[u;

4. onepamopwt T|y u T|1 HopmasvHeL.

Aoxazameavcmseo. Ilycts ey, ..., e, — KaKo#-HUOYADL OPTOHOPMUPOBaHHEIA 6a3suc U. AomoarHEM
€ro A0 OPTOHOPMEPOBaHHOrO Ha3zmca B mpocrparcTBa V BekTopamu fy, ..., f,,. Marpuia omepaTopa
T mmMeeT B 9TOM 6asuce CAEAYIOIIUYA BHA;

A B
Tlw =
[Tl o c/’

2
rae A — 6aok pasmepa m x m, a C — 6a0k pasmepa n x n. Herpyaro momsars, uro ||T(e;)||
PABHSIETCSI CyMMeE KBaAPATOB MOAYAEH SAEMEHTOB j-r0 cToAbIa MaTpumsl A. CKAAABIBAS IO BCEM
. 2 [}

j, IOAYYaEM, UTO Zj ||T(e;)||* paBHa cymMe KBappaTOB MOAYA€il Bcex aneMeHTOB MaTpumsl A. C
Apyroit cTopoHsl, ||T*(e;)||> paBHa cyMMe KBaApaTOB MOAYAEH SAEMEHTOB j-Ii CTPOKM MAaTPHILEL

s : * 2
A u j-# cTpoxu Marpunsl B. CraaapiBast o BCeM j, moaydaeM, 4To Y [|T*(ej)|[* pasHa cymume
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KBaAPaTOB MOAYAEH BCEX 3AEMEHTOB MATPHUULI A M BCEX 3AEMEHTOB MaTpuusl B. /13 paBencTsa
|T(e;)|| = ||T*(e;)|| (mpeanrosxerme 9.11.4) Teneps caepyer, ¥To B — HyaeBas Marpuna. Temeps
U3 BUAA MaTDHIEL OIepaTopa | MOXKHO 3aKAKYUTh, uro U’ T-maBapumanTHO. Hammcas mMaTpuiy
omepaTopa T*, MO>XHO 3aMeTuTh, 4To U eme u T*-MHBapMaHTHO.

Aoxraxxkem (3). Ilycte S = T|y: U — U. Bosemem v € U. Torpa B(u,S*(v)) = B(S(u),v) =
B(T(uw),v) = B(u, T*(v) anst Bcex u € U. MuI yxe 3HaeM, uro T*(v) € U, mosToMy U3 IpUBEAEHHOTO
PaBeHCTBa CA€AYeT, uTo S*(v) = T*(v). STo BrImoAHEHO AAs Beex v € U, moTomy (T|y)* = (T)|u.

Haxowerr, aAnst AOKa3aTEABCTBA (4) MOXKHO 3aMeTUTb, YTO | KoMMyTupyeT ¢ T*, u moromy T|y
xommyTupyet ¢ (T|y)* = (T*)|y; noacraBasis U+ Bmecto U, Buawm, uro u T| 1 HOpManreH. O

Teopema 9.12.10 (CrekTpaabHast TeopeMa AAS HOPMAAbHBIX OIIEPATOPOB B 9BKAMAOBOM IIPOCTPAH-
crBe). ITycmo (V,B) — ssxaudoso npocmparcmeo, u nycms T: V — V — aunetinoil onepamop.
Caedyroujue Ycao8us pasHOCUNLHDL!

1. onepamop T HopmaneH;

2. cyuecmsyem OpmoHOPMUPO8aHHBIT basuc npocmparHcmea V, 8 KOmopom MmMampuya
onepamopa T 6404H0-0UA20HANDHA, NPUMEM KAHCOBT ba0K umeem aubo pasmep 1 X 1,
aubo pasmep 2 x 2 u euod

x =P
B o)’
20e 3 > 0.

Aokazameavcmeo. (2) = (1): HECAOXKHO IPOBEPUTH, YTO MATPUIA TAKOIO BUAA KOMMYTHUPYET CO
CBOEY COIIPSI>KEHHOMU.

AokaxeMm (1) = (2) urAyKIMe# mo pasmepHocTu V. Cayuait dim(V) = 1 TpuBmaneH, a caydait
dim(V) = 2 caepyeT u3 cieKTpaAbHOM TeopeMsl 9.12.7 AAST CAMOCOIPSIKEHHOT'O OIIEPATOPA, U U3
upeproxeHus 9.12.8 AN OCTAaABHBIX.

ITycts Teneps dim(V) > 2. Ecam y omepatopa T ecThb OpAHOMEPHOE MHBAPMAHTHOE IIOAIPO-
CTPaHCTBO (MHBIMHU CAOBaMU, ECTH CODCTBEHHOE YHCAO), obo3HauuM ero depes U. Ecam xe Her,
TO IIO IPEANOKEHNIO 8.8.6 Y HETO eCTh ABYMEPHOE MHBAPUAHTHOE IIOATIPOCTPAHCTBO, U TOTAA MEL
obozrauum ero uepes U. Ecam dim(U) = 1, Beibepem B U BekTOp HOpMEI 1 — 3TO ByA€T OpTO-
HOPMUPOBaHHBIM 6asucoM moampocrpancTBa U; ecam >xe dim(U) = 2, To oneparop T|y HopMareH
(mo mpeanosxenuio 9.12.9), Ho He camoconpsikeH (uHade y T|y 6BIAO 6Bl COBCTBEHHOE YUCAO IIO
AemMe 9.12.4), u B 3TOM CAydYae MOXKHO IPUMEHUTH IpepnroskeHue 9.12.8.

B AroboMm caydae, MBI HAllIAX OPTOHOPMUPOBAHHEIM 6a3MC B MHBAPUAHTHOM IIOATIPOoCTpPancTBe U,
npwdem noampocrparcTBo UL T-wHBapumarnTHO, 1 omepaTop T | HopMaAeH (1o mpeaoxkenmto 9.12.9).
ITo mpeaAmoAOKeHNIO MHAYKINKE ¥ UL ecTh opTOHOPMUpPOBaHHLI! 6a3UC C HY>XHEIME CBORCTBaMIU;
IIPUINCEHIBasi K HeMy BbIOpaHHBIR 6asuc U, moaygaeMm Hy>XKHBIZ 6asuc Bcero mpoctpanctsa V. [
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9.13 CamoconpsikeHHble, KOCOCUMMETPUYECKNE, YHUTAPHbIE, OPTOrOHA/LHLIE ONEPATOPbI

AUTEPATVPA: [F], ra. XIII, § 5; [K2], ra. 3, § 3, . 3, 6; [KM], w. 2, § 7, . 1-2, 4; § 8, mm. 2-6.
Ceituac MBI IIPMIMEHNM 3HAHUS, IIOAYYCHHDBIC IIPY M3YYCHNY HOPMAABHBIX OII€EPATOPOB, K HEKOTO-
PEIM 9aCTHBIM CAYyYasiM.

Onpepenenne 9.13.1. IIycts (V,B) — 9BKAKAOBO MAU YHATAPHOE IPOCTPAHCTBO, a: V — V — AuHel-
HEBIA omepaTop. OmepaTop a HA3BIBAETCSI CAMOCONPSKEHHbLIM, ECAY OH COBIIAAAET CO CBOMM COIIPSi-
JKeHHBIM: a = a*. OmepaTop a Ha3BEIBAETCSI KOCOCUMMETPUYECKUM, ECAY OH IIPOTUBOIOAOXKEH CBOEMY
CONpPsIKEHHOMY: a = —a*. EcAuM BBIIOAHSIETCST paBEHCTBO a o a* = a* o a = idy, To omepaTop a
Ha3BIBAETCSI YHUTAPHLIM B CAyYae YHUTAPHOTO IIPOCTPAHCTBA X OPTOrOHAJIbHLIM B CAYYae SBKAUAOBOLO
IIPOCTPAHCTBA.

Samevarue 9.13.2. HeTpyaHO BHAETDH, YTO CAaMOCOIPSI’KEHHEBIE, KOCOCUMMETPUUECKE, YHUTAPHEIE,
OPTOT'OHAABHBIE OIIEPATOPEI SIBASIIOTCSI HOPMAABHBIMU.

Teopema 9.13.3. ITycmo (V,B) — xonewHomepHoe yHumapHoe mpocmparcmso, a:V — V. —
AUHETUHDBLT onepamop.

1. Onepamop a ABAAEMCA CAMOCONPAHCEHHBLM M020a U MOALKO moz0a, Koz0a cywecmsyem
OPMOHOPMUPOBAHHBLU ba3uc mpocmparcmea V, 8 KOmMOPOM Mmampuua onepamopa a
JuazoHanbHa, U 6Ce ee OUA2OHANDHDBLE FINEMEHMDBL BEULECTNEBEHHDL.

2. Onepamop a A8AAEMCA KOCOCUMMEMPUMECKUM MO020a U MOAbKO mozda, Koz20a cyue-
cmeyem 0pmoHOPMUPOB8AHHBLU basuc npocmparcmea V, 8 KOMOPoOM MAMPUYUA ONEPamo-
pa a 0ua2oHaavHa, U 6ce ee OUAZOHANDBHDBLE SIAEMEHMBL — YUCTMO MHUMDBLE KOMNAEKCHBLE
wuUcAQ.

3. Onepamop a ABAAEMCA YHUMAPHbIM M020a U MOAbKO mozda, Koz20a cyuiecmeyem
OPMOHOPMUPOBAHHBILT ba3uc mpocmparcmea V, 8 KOmMoOpoM MAMPUYa Onepamopa a
JuazoHanvHa, U 8ce ee OUAZOHANDHDBLE INEMEHMBL — KOMNAEKCHDBLE YUCAA, PABHBLE TO
Mmo0yaro 1.

Aoxazamenvcmeo. Ecau onepaTop caMOCONPSIXXEHHBIN, KOCOCUMMETPUYECKUYA, YHUTAPHLIN, TO IIO
Teopeme 9.12.1 cymecTByeT 6a3uc, B KOTOPOM €ro MaTpPHIla AMAaroHaAbHA. KCAM OH CaMOCOIPSIKEH,
TO Ka>XABI# AMArOHAABHBIM OA0K 1 X 1 CaMOCOIPSI’KEH, IIO3TOMY B HEM CTOUT KOMIIAEKCHOE YKCAO
A Takoe, 9TO A = A, TO eCTb, A € R. AHaAOTMYHO, I3 KOCOCHMMETPUIHOCTH CAEAYET, ITO A YHCTO
MHEMOE, a U3 YHUTapHOCTE — TO, 9To |A|? = AN = 1.

O6patHo, ecAu BCe AMATOHAABHBIE SAEMEHTHI MATPHUIILI UMEIOT YKa3aHHBIN BUA, TO IpsSMasi
IIPOBEPKA IIOKA3EIBAET, YTO OIIEPATOP A 0OA3AAET COOTBETCTBYIOUIUM CBOMCTBOM. O

Teopema 9.13.4. [Tycmov (V,B) — xoneuwHomepHoe sskaudoso mpocmparcmeo, a:V — V. —
AuretdHbU onepamop.

1. Onepamop a ABAAEMCA CAMOCONPANHCEHHBIM M020a U MOABKO moada, Kozda cywecmeyem
OPMOHOPMUPOBAHHDBIT ba3uc mpocmparcmea V, 8 KOMOpoM Mampuya onepamopa a
ouazoHaAbHA.
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2. Onepamop a ABAAEMCA KOCOCUMMEMPUHECKUM MO020a U MOALKO moada, Ko20a cywe-
cmeyem 0pMmMoOHOPMUPOSAHHBIU basuc npocmparcmea V, 6 KOmopom mMampuya onepa-
mopa a umeem 6A0UHO-0UAZOHANDHBIU 8UOD, U KadHcOl baok evizasdum kax (0) uau

0 —p
B O

3. Onepamop a ABAAEMCA 0PMO20HANBHBIM M020a U MOoABKO mozda, ko20a cyu,ecmsyem

onn peR, B>0.

OPMOHOPMUPOBAHHBIL baduc mpocmparcmea V, 8 KOMOpoOM MAMPUYa onepamopa a
umeem 6A04HO-0UA2OHANBHBLY 8UOD, U KadHcOul baox evizasdum xax (1), (—1) wau

x —p
8

Aoxazamenvcmeo. Ecau omnmepaTop caMOCOIPSIXXEHHEBIM, KOCOCUMMETPUUECKUY, HOPMAaABHBIN, TO

ona o, peR, p>0, o>+ p2=1.

o TeopeMe 9.12.10 cymecTByeT 6a3uc, B KOTOPOM €r0 MaTpHuIa BAOYHO-AMAaroHaAbHA, ¢ baoOKamMu
BHAQ

x —B

B o)’
rae b > 0. Ecau oH caMOCOIPSIKEH, TO Ka*KABIM AMATOHAABHEBIAN OAOK CaMOCOIPSIKEH, YTO AAST OAOKA
2 X 2 yKa3aHHOTI'O BHAQ O3HAYAET, UYTO 3 = —[3, YTO HEBO3MOXKHO. [[03TOMY OCTalOTCH TOABKO OAOKH
pasMepa 1 X 1, 9TO O3HAYAET AMATOHAABHOCTDL MATPUIILI. AHAAOTMYHO, U3 KOCOCUMMETPUIHOCTH
AAsT 6AOKa 2 x 2 caepyer, 94To « = 0, a AAst 6a0Ka (A) pasmepa 1 x 1 — gro A = 0. Hakosers, us
OPTOrOHAABHOCTE AASE 6AOKa 2 X 2 CAeayeT, 9To o + B2 = 1, a AAst 6aoka (A) — gto A2 = 1, oTKyaa
CAEAYeT, 9To A = +1.

ObpaTHO, eCAM MaTPHUIA OIIEPATOPA COCTOUT X3 OAOKOB YKa3aHHOTO BUAQ, HETPYAHO IIPOBEPUTE,

YTO OllepaTop 0bAaAAET COOTBETCTBYIOIIM CBOMCTBOM. [

Onpepenenne 9.13.5. Ilycts (V,B) — 3BKAMAOBO MAM YHUTAapHOE IIPOCTPAHCTBO, a:V — V —
AVHEHBIN omepaTop. ByaeM roBOpPHTH, YTO ONEPATOP ( COXPAHSIET CKalsipHOE NPOU3BEAEHUE, €C-
Az B(a(u),a(v)) = B(u,v) aast aobeix u,v € V. OnepaTop a Ha3bIBAE€TCS U3OMETPUEN, eCAU
lla(v)|| = [|[v|| Ars Bcex v e V.

Nemma 9.13.6. ITycmv a: V — V — aunelHviti onepamop Ha 38KAUC080M UAU YHUMADPHOM
npocmparcmee (V,B). Caedyrowue ycaosua pasHOCUAbHYL:

1. a opmozoHaner (8 cayuae 36KAUO08G MPOCMPAHCMEA) UAU YHUMADEH (8 cayHuae YHU-
MAPHO20 NPOCMPAHCMEA);

2. a coxpaHAem CKAAAPHOE NpoussedeHue;
3. a asaaemcsa udomempued.

Aoxasameavcmeo.l = 2 Ilycts a opToroHaaes/yuurapes. Toraa B(a(u), a(v)) = B(u, a*(a(v)))
II0 OIIPEAEAEHNUIO CONPSIKEHHOTO OIlepaTopa; U3 PaBeHCTBa a* o a = id Temepsb CAeAyeT, ITO
B(a(w), a(v)) = B(u,v).
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2 = 1 Ilycts B(a(u), a(v)) = B(u,v) anst Bcex u,v € V. 1o OIpeAEAEHUIO COIPSIKEHHOTO OIIEPATOPA
B(a(u),a(v)) = B(u,a*(a(v))). Craro 6wire, B(u,v) = B(u,a*(a(v))) arst Bcex u,v € V.
SHauwuT, BeKTOp vV — a*(a(v)) OpTOroHaA€H BCeM BEKTOpaM U € V, OTKYAA CAEAYET, UTO
v = a*(a(v)) pas Bcex v € V. TTosTomy a* o a = id.

2 = 3 EcAm a coxpaHsieT CKaAsIpHOE IPOU3BEAEHUE, TO, B dacTHOCTH, B(a(v), a(v)) = B(v,v) aas
Bcex v € V. AeBast yacTb pasHa ||a(Vv)||?, a npaBast pasHa ||[v||?. I3BA€Kas [TOAOKUTEABHEIE]
KBAAPATHBIE KOPHY, IIOAYYa€EM, YTO O SIBASIETCSI U30METPHEN.

3 = 2 Ecauz a sBasieTcst msoMeTpueit, To B(a(u + Av), a(u + Av)) = B(u + Av,u + Av). Packpoem
CKODOKHU:
B(a(uw), a(w)) + AB(a(v), a(w)) + AB(a(u), a(v)) + AAB(a(v), a(v))
= B(u, 1) + AB(v,u) + AB(1,v) + AAB(v, V).

Bocnoasayemcst pasercTamu B(a(x), a(x)) = B(x,x) u B(x,y) = B(y, x):

AB(a(u), a(v)) + AB(a(u), a(v)) = AB(u,v) + AB(u,v).
IToacTaBasii A = 1 u A = 1, HOAyYaeM paBEHCTBA
2Re(B(a(u),a(v)) = 2Re(B(u,v)), 2Im(B(a(u),a(v))=2Im(B(u,v)).

Otciopa caepyet, uro B(a(u), a(v)) = B(u,Vv), 910 u TpeboBarocs.
O

Cneacteue 9.13.7 (Teopema Diiaepa 0 BPAIIEHUSIX TPEXMEPHOrO IPOCTpaHcTBa). [Tycms V = R3 —
mpermepHoe 8eULECMBEHHOE NPOCMPAHCMEO CO CMAHOADMHBIM I8KAUOOEBIM CKAAADHBIM
npouseederuem, a: R® — R3 — usomempus Ha R3. Tozda 6 HexOMOPOM OPMOHOPMUPOEAHHOM
baszuce mampuuya onepamopa a umeem uod

+1 0 0

0 cos(¢p) sin(@)
0 —sin(¢) cos(¢)

ons Hexkomopozo yeaa ¢©. Ecau, kpome mozo, onpedeaumensv onepamopa a paser 1, mo
SNEMEHM 8 NEBOM 8EPTHEM Y2AY MAKOU MAMPUYUDL paseH 1.

Aoxazameavcmeo. Ilo nemme 9.13.6 omepaTop a oproroHaneH. Ilo Teopeme 9.13.4 HavipeTcs
OPTOHOPMUPOBAHHLIN Ha3uc V, B KOTOPOM MaTpHlla OIEpPaTOpa a MMEET OAOYHO-AMATOHAABHBIN
cos(p) sin(p)
—sin(¢) cos(p)
TO TeopeMa AOKasaHa. Eicam >ke Bce OAOKK MMEIOT pasMmep 1, To cpear 3HAKOB +1 HaWAETCsT ABa
cos(¢) sin(¢p)
—sin(¢) cos(@)

BUA, X OAOKE mMeIOT BuA (+1) uam ( . BEcam Tam umeercs 610k pasmepa 2,

OAMHAKOBEIX, I X MOXXHO 3aMC€HUTH Ha 6.A0K pa3Mepa 2 BUAA ) AAST ©Q = 0 uam

p = T HOCAGAHGG YTBEP>XKACHNE TEOPEMEBL O9IEBHAHO.
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Cneacreue 9.13.8 (IIpuBeaeHVE BEIIECTBEHHON KBAAPATUYIHON (DOPMEL K AMArOHAABHOMY BHAY IPU
IIOMOIII OPTOT'OHAABHOTO IpeobpasoBarusi). [Tycemes (V,B) — ssxaudoso npocmparcmeo, u
nycms q: VxV — R — cummempuneckaa buasuretiran popma. Cyuwecmesyem opmo2oHasbHbil
baszuc npocmparcmea V, 8 komopom mampuya I'pama gopmv. q umeem 0ua2oHarbHbil 8UO.

Aoxazamenvcmeo. BribepeM HEKOTOPBIZ OPTOHOPMUPOBAHHBIZA 6a3uc B mpocTpaHcTBa V) IyCThb
Q — marpuna ['pama dopmer q B 3ToM basuce. [lockoabKy dopMa ( cuMMeTpuUdHa, MaTpuiia Q
ABAsieTCS cuMMeTpraeckoit MaTpureit: Q7 = Q. Paccmorpum Q Kak MaTpHIy HEKOTOPOTO OEPaTOpa
a Ha IPOCTPAHCTBE V; IO IpearokeHuUIo 9.9.4 omepaTop a camocompsikeH. [Io Teopeme 9.13.4
CYILIeCTBYET OPTOHOPMUPOBAHHLIZ Hasuc C mpocTpaHcTBa V, B KOTOPOM MAaTpHIla OIepaTopa a
AMaroHaabHa. D10 oszHawaeT, uro C!QC = D — amaroHaabHas marpuia, rae C — Marpuna
mepexopa oT Hasmca B k 6asucy C (cMm. Teopemy 7.9.5). Kpome Toro, nockoabky C — MaTpuia
IIepexoAa MEKAY OPTOHOPMUPOBaHHBIME 6asucamu, To C oproroHaabHa (Aemma 9.6.3): CT = C7L.
Ho Toraa D = CTQC, u no Teopeme 9.4.2 310 o3HauaeT, ¥To D — MmaTpuia ['pamMa KBappaTUIHOM
dopMbl q B opTOHOPMUPOBaHHOM Hasuce C. 0

Samenvarue 9.13.9. [lepedopMyArrpyeM YTBEPKAEHKE IIEPBOTO IIYHKTA TeopeMbl 9.13.4 Ha reoMeT-
PUUECKOM SI3BIKE. HCAM a4 — CaMOCOIPSIPKEHHEBIN OIIEPATOP Ha 3BKAWAOBOM IIPOCTPAHCTBE V, MEI
IIOKa3aAH, YTO B HEKOTOPOM OPTOHOPMUPOBAHHOM Hasuce ero MaTpuiia A XMEET AMATOHAABHBIN
BUA. IIycTb Ag, ..., A, — BCE Pa3AMYHLIE COOCTBEHHBIE YUCAA (; TOTAA YV MAaTPUILI A Ha AXArOHAAU
CTOSIT 9HUCAR Af, ..., Ay (BO3MOXXHO, HEKOTOPBIE BCTPEYAIOTCS II0 HECKOABKO pa3). OueBUAHO, UTO
COBCTBEHHOE IIOAIIPOCTPAHCTBO, COOTBETCTBYIOIIEE A; — 9TO B TOYHOCTH AMHENHAas oborouka basuc-
HEIX BEKTOPOB, COOTBETCTBYIOIIXX IIO3UIUSIM, B KOTOPBIX Ha AMATOHAAM CTOUT A;. [loCKOABKY 6asuc
OPTOHOPMEUPOBAH, COOBCTBEHHBIE IIOAIPOCTPAHCTBA, COOTBETCTBYIONINE PABANYHLIM COOCTBEHHBIM
YKCAAM, IIOIIAPHO OPTOrOHAABHEBI, KPOME TOT'0, X IIPsIMasi CyMMa COBIIaAAET CO BCEM IIPOCTPAHCTBOM
V (cM. Tak>Ke pasaen 8.3).

Taxum obpasoM, Ka’KAOMY CaMOCOIIPSIPKEHHOMY OIIEPATOPY Ha V MBI COIIOCTABUAY PA3AOKEHUE
IIPOCTPAHCTBAa V B OPTOTOHAABHYIO IPSIMYIO CYMMY COOCTBEHHBIX IIOAIIPOCTPAHCTB, COOTBETCTBY-
IOIIIUX Pa3sAMYHBIM COOCTBEHHBIM YKCAAM 3TOro omeparopa. ObpaTHO, ECAM UMEETCS Pa3A0KEHUE
IIPOCTPaHCTBa V B OPTOrOHAABHYIO IPSIMYIO CyMMYy HOAnIpocTpaHcTB V = P.", V,, ¥ 3apaHbl
Pa3AMYHBIE YUCAA Ag, . . ., Ay, TO IMEETCS EAMHCTBEHHLIN CAMOCOIPSI>KEHHEIY OIIEPaTOp A, KOTOPHIiA
Ha BEKTOpe V = »." Vi (AAsT v; € V;) peficTByeT caeayomuym obpasoM: a(v) = >0 Aivi. Ecan B
Ka’>KAOM IIOAITPOCTPAHCTBE V; BHIOpPATh OPTOHOPMUPOBAHHLINM Oa3uc, To oObepuHEHNE STUX 6a3u-
COB SIBASIETCS OPTOHOPMUPOBAHHLEIM 0a3MCOM IIPOCTPAHCTBa V, X MaTpHUIa OIEpaTopa d B 3TOM
6asuce pAMaroHaAbHA; Ha AMATOHAAM CTOSAT UMCAQ Ag, ..., An, X KPATHOCTH A; paBHA PasMEPHOCTH
TIOAIIPOCTPAHCTBA V.

Mgl TOAYYMAK B3aUMHO OAHO3HAYHOE COOTBETCTBUE MEKAY CAMOCOIPSIKEHHBIMY OIIEPATOPaMHU
u pasaoxeruamu V = @, Vi ¢ 3aAaHHEIMYZ IONAPHO PA3ANYHBIME GUCAAMIE Aj, . . ., Ay
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9.14 TMonoxutenbHO onpeaeneHHble onepaTopsbl

AUTEPATVPA: [F], ra. XIII, § 4, . 4; [K2], ra. 3, § 3, mm. &, 9.

Ilycte (V,B) — 3BKAMAOBO MAM YHWTAapHOE IPOCTPAHCTBO, a: V — V — caMOCOIPsI>KEHHBIN
oIlepaTop Ha HeM. Torpa B cuay camoconpspkeHHOCTH B(a(v),v) = B(v, a(v)) aast atoboro v e V; ¢
Apyro# croporsl, B(a(v),v) = B(v, a(v)). Ilosromy Bripakerue B(a(v), V) Bceraa BeleCcTBEHHO.

Onpepenenne 9.14.1. CamoconpsiKeHHBIN omepaTop a: V — V Ha 3BKAMAOBOM MAUM YHUTAPHOM
IIPOCTPAHCTBE V HA3BIBAETCSI HEOTPULLATENLHO onpeaeneHtbiM, ecaz B(a(v),v) = 0 aasg aroboro v € V.
OmnepaTop a Ha3LIBAETCS MOMOXKUTENBHO ONPEAENEHHbIM, ECAY OH HEOTPULATEABHO OIPEAEAEH U U3
B(a(v),v) = 0 caeayer, aTo v = 0.

Mpeanoxenue 9.14.2. Onepamop a: V — V Ha 38KAUO080M UAU YHUMADPHOM npocmparcmee V
HeompuyamenvHo onpedener moz20a U Mmoavko moaoa, K020a 8 HEKOMOPOM OPMOHOPMUPO-
8AHHOM ba3uce MAMPUYA 3MO020 ONepPamopa OuUa2oHANDHA, NPUHEM HA OUA2ZOHAAU CMOAM
HEOMpPuUYUAMenvHoule seuecmeerrsie wucaa. Onepamop a nosoxcumenvHo onpedeser mozoa U
monvko moaoda, K020a 8 HEKOTMOPOM OPTMOHOPMUPOBAHHOM 6A3UCE MAMPULA 3MO20 ONEPAMODA
0ua20HaNbHA, NPUYEM HA OUAZOHAAU CTOAM NMOAOHCUMEALHDLE BEULECTNBEHHDBIE YUCAQ.

Aokazamenvcmeo. Ecau a HEOTPUIIATEABHO OIPEAEAEH, TO OH (IO OLIPEAEAEHHUIO) CAMOCOIPSIKEH,
u 1o TeopeMam 9.13.3 u 9.13.4 cymuiecTByeT OpTOHOPMUPOBAHHELH 6asuc B = (e, ..., e, ), B KOTOPOM
a UMeeT AMAaroHaABHYIO MaTPUILY

A, O 0

0 A 0
la]s =

0 0 An

[TpeamonosxkuMm, uro A; < 0. Toraa a(e;) = Aie; u B(a(ei),ei) = AiB(ei,ei) = Ay < 0, 4ro
IPOTUBOPEYUT HEOTPHUIIATEABHON ONIPEAEAEHHOCTH d. ECAM Ke a IOAOXKUTEABHO OIPEAEAEH, TO U
caydait A\; = 0 HeBo3MOXkeH: ecar A; = 0, To B(a(e;),ei) = Ay = 0, B To BpeMs Kak e; # 0.

O6paTHO, IyCTh 4 B HEKOTOPOM OPTOHOPMUPOBaHHOM basuce B = {e,...,e,} uMeeT auaro-
HAABHYIO MAaTPUIy C HEOTPUIATEABHBIMU YUCAAMHU A4, ..., A, Ha AMaroHaAu. [lo Teopemam 9.13.3
7 9.13.4 MBI y>XKe 3HaeM, 9TO A CaMOCOIPSKeH. PasnoykKuM IPOU3BOABHEIA BEKTOP V IO Ha3ucy B:
v =) ec;i. Toraa a(v) = ) ; a(ei)ci = D ; eiciAi. [ToaTomy

B((l(\)),\/) = B(E eiCi}\i,Z ejci) = Zc_i?\ich(ei, ej) = Z)\ic_iciB(ei, ei) = Z)\i’CiP > 0.
i j i,j i i

Ecau >xe Bce A\; > 0 1 0Ka3anoCh, 9TO ) . Ailci|?> =0, To u ¢; = 0 AAsT Beex 1, oTkyaa v = 0. ]

Samenarue 9.14.3. Takum obpas3oM, TOAOKUTEABHO OIIPEAEAECHHBINA OIIEPATOP BCETAA SIBASIETCSI
0OpaTUMBIM: €ET'0 MATPHIlAa B HEKOTOPOM basmce MMeeT HEHYAEBOH! ONpeAeAuTeEAb. KpoMe Toro, ecam
HEOTPUIIATEABHO OIIPEAEAEHHBIN OIIEPATOP 0OpaTUM, TO OH IIOAOKUTEABHO OIIPEAEAEH: ¥ 0bpaTuMOoi
AMaroHAABHOY MaTPUILI HE MOXXET BCTPeTUThCA 0 Ha AMaroHaAH.

194



Teopema 9.14.4 (V3BAedueHMEe KBAAPATHOI'O KOPHS B KAACCE IIOAOKUATEABHO ONPEAECAEHHBIX OIepa-
TopoB). ITycmv a: V — V — noaoorcumensHo onpedeserHHsitl onepamop Ha 36KAUCOBOM UAU
yrHumaprom npocmparcmee V. Cywecmsyem eOUHCMEEHHBIT NOAOHCUMEABHO OnpedeneHHbill
onepamop b: V — V maxot, wmo b? = a.

Aoxasameavcmeso. Ilo npepnrosxeruio 9.14.2 Hatinercs: 6asuc B = (ey, ..., €y, ), TaKo#, ITO
At 0 ... O
0O A ... O
[a]B - : S .
0 0 ... A,

IpUYeM A; — IMOAOKUTEABHO BEIECTBEHHEBIE YMCAA. PacCMOTPUM OIEpATOp b, MaTpHila KOTOPOro B
6asuce B paBHa

VA, 0 ... 0
0 VA, ... O
0 0 ... VA,
BameruM, uTO \/A; > 0 AAS BCEX i, TO3TOMY (croBa mo mpepaosKeHUIO 9.14.2) omepaTop b mOAOKHZ-
TeABHO oIpeAeAeH. KpoMe Toro, oueBUAHO, 4TO b? =

Hawm ocTanock moxasaTh, 9TO Tako# omepaTop b epAwHCTBEHHLIN. [1ycTh b— APYTOii oIIepaTop C
TEMH >Ke CBORCTBAME: b IIOAOKATEABHO OIIPEAEAEH U b2 = a. Bocnoabsyemcst 3ameganmem 9.13.9
AASL oIlepaTopa b. A UMEHHO, IIyCTb Ii,..., Ly — COOCTBEHHEBIE YKCAA OIlepaTopa bc ydeToM
KpaTHOCTH. Toraa b IIPXBOAKTCSI B HEKOTOPOM bHasmce K AMAarOHAABHOMY BUAY, ¥ Ha AMATOHAAU
CTOSIT IIONAOKUATEABHEIE YUCAA Ly, .. ., L. HO TorAa a = b2 B aTOM XKe 6asHCe UMeeT AMaTOHAABHBIHR
BUA, ¥ Ha AVaTOHAAM CTOSIT YUCAA W2, ..., u2. 3HaunT, cCOBCTBEHHEIE YUCAQ omepaTopa a (C yIeToM
KpaTHOCTY) paBHEL U2, ..., u2. C APyroi CTOPOHBI, MBI 3HAEM, YTO OHU PABHEL Aj, . .., A,. MEI 3HaewM,
9To Wy > 0 AASI BCex i, moaTOoMy HaboOp Wi, ..., [ty COBIAAAET (C TOYHOCTBHIO AO IIEPECTAHOBKHU) C
HabopoM /A1, ..., VAn.

Mgz1 noayumam, 94TO HabOpEI COOCTBEHHBIX YUCEA ONEPATOPOB b 1 b coBmaparoT. OcTanroch IoKa-
3aTh, YTO COOCTBEHHBIE IOAIIPOCTPAHCTBA AAS STUX OIIEPATOPOB, COOTBETCTBYIOIIVE OAMHAKOBBLIM
COOCTBEHHEBEIM YKMCAAM, COBIAAAIOT, ¥ BOCIOAB30BATHCS COOTBETCTBUEM 13 3aMevdanus 9.13.9.

[IycTe Temeps V; — cOBCTBEHHOE IIOAIIPOCTPAHCTBO AAS OIIEPATOPA b, COOTBETCTBYIOIIEE COb-
CTBEHHOMY UHCAY +/A;. OHO HaTSHYTO Ha Te BEKTOPHI 6asmca B, KOTOPEIM COOTBETCTBYIOT HOMEpPaA
CTOABMKOB, B KOTOPEIX B MaTpuile b croaT umcaa +/A;. [locae BO3BeAeHUS B KBaApaT MaTpHIa
OCTaEeTCS AMAT'OHAABHOM, IIO3TOMY Vi SIBASIETCS COOCTBEHHBIM IIOAIIPOCTPAHCTBOM OIlepaTopa d,
COOTBETCTBYIOMUM CObCTBeHHOMY dUCAY A;. Ho TO >ke camoe paccy>kpeHVe IPUMEHUMO U K OIlepa-
TOPY b. [TosToMy cobCcTBEHHEBIE IIOAIIPOCTPAHCTBA AASI OIIEPATOPOB b 1 IN), COOTBETCTBYIOMIME /A{,
COBITAAAIOT. ]

Caepyromiast TeopeMa SIBASIETCS IPSIMBIM 060b1IeHreM Toro dakTa, 4To AloHoe HEHYAEBOE KOM-
IIAEKCHOE YUCAO Z MOXXKHO (€AMHCTBEHHBIM 006pa30M) 3alKcaTh B TPUTOHOMETPUYIECKOH dhopMe (cM.
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onpepeaerue 3.3.1): z = |z| - (cos(¢) + isin(@)). 3aech |z| — MOAOKUTEABHOE BEIECTBEHHOE YUCAO,
a (cos(¢) + isin(@)) — KOMIIAEKCHOE YUCAO, KOTOPOE IO MOAYAIO paBHO 1. [ToasipHOE pasaorkeHue
06001IaeT 3Ty TEOpEMy Ha MHOTOMEPHBIA CAydYall: CAOBA «HEHYAEBOE YUCAO» HY’KHO 3aMEHUTH HA
«OOpPaTVMEIA OIEPATOP», CAOBA «IIOAOKUTEABHOE BEIIECTBEHHOE YUCAOY HA IIOAOKUTEABHO OIIPE-
AEAEHHBIN OIlepaTopy», & «KOMIIAEKCHOE YUCAO, PABHOE II0 MOAYAIO 1y — Ha «yHUTApPHBINA OIIepaTOp.
ObpaTuTe BHEMAHUE, YTO MaTpUIa 1 X 1 3aAaeTCsT pOBHO OAHUM YHCAOM, IIO3TOMY IIPY IOACTAHOBKE
B CAEAYIOIIYIO TEOPEMY OAHOMEPHOI'O BEKTOPHOro IpocTparcTBa V = C AeACTBUTEABHO IOAYYIAETCS
YTBEPKAECHIE O TPUTOHOMETPUIECKOM POPME KOMIIAEKCHOT'O YMCAA. BeIecTBEeHHEIN CAyYall ele
nporne: ecau z € R\{0}, To z = |z| - (£1); OPTOrOHaABHEIN OIEpATOP Ha OAHOMEPHOM IPOCTPAHCTBE
MO>XKET OBITH PaBeH AUIIL 1 UAKX —1.

Teopema 9.14.5 (IloasipHoe pasaoxenue). [Tycme a: V — V. — obpamumsil, onepamop Ha 38KAU-
0080M uAU YHUMADPHOM npocmparcmee. Tozda cywecmeyrom onepamops. p,u: V — V maxue,
Ymo a = PU, NPUHEM P — NOAOHCUMEALHO OnpedeseHHvit, ONepamop, a L — 0Pmo20HANb-
HoLU UAU YHUMAPHBIU. Boaee mozo, makue onepamops, eOuUHCmMmeEeHH b ecau a = p'u’ das
NONOHCUMENLHO ONPEDEAEHHO20 P U OPMO20HANBHO20/YyHUMapHozo u, mo p =p’ uu =u'.

Aoxaszameavcmeo. PaccmoTpuMm omepaTop ¢ = a o a*. 3aMeTuM, YTO C CAaMOCOIPSIKEH: AeACTBU-
TeABHO, ¢* = (ao a*)* = a*™ oa* = aoa* = c. Kpome Toro, ¢ HEOTPUIATEABHO OIPEAEAEH:
B(c(v),v) = B((ac a*)(v),v) = B(a(a*(v)),v) = B(a*(v), a*(v)) > 0. HakoHel, TOCKOABKY a obpa-
TEM, TO ¥ a* 06paTuM (MX MaTPHIEI B OPTOHOPMUPOBAHHOM ba3uce TPaHCIOHUPOBAHHBI, II03TOMY

*%k

73 06paTUMOCTH OAHOM CAEAyeT 0OPATHMOCTL APYTOi), 3HAUUT, ¥ C 0OPATUM; IIO3TOMY C IOAOXKH-
TEeABHO OoIpeAeneH (cM. 3aMmedanue 9.14.3). ITo Teopeme 9.14.4 U3 ¢ MO>KHO U3BA€YL KBaAPATHBIN
KOPEHb: HaAETCs IOAOKUTEABHO OIPEAEAEHHBIA OIepaTop P Takoi, uro p? = ¢ = ao a*. B
CHAY TIIOAOKUTEABHOM OIPEAEAEHHOCTH omepaTop p obparum. ObosHauuM Temeps W = pta. To-
rAd, OYEBUAHO, A = PU, X OCTAAOCh IIPOBEPUTH, YTO U — OPTOTOHAABLHBIHM/YHUTAPHBIH OIEpPaTop.
3ameTuM cHadaaa, 9To pp ' = id, mosTomy (pp !)* = id* = id, orryaa (p~!)* = p~!. ITosTomy
uou* =pla(pta)* =ptaa*(pH)* = pp?p ! =id, uTo U TpeHoBANOCE.

Haxomer, ecaz pu = a = p'u/, ro (pu)* = (p'u’)*, orryaa u*p = (u')*p’. s sToro caeayer, aro
(pu)(w*p) = (p'u)((W)*p’), otkyaa p? = (p’)?, 4 B CUAY €AUHCTBEHHOCTY H3BAEIEHNSI KBAADATHOTO
KOpHsI (Teopema 9.14.4), moay<aeM, 4To p = p’, ¥, CTAAO OBITH, U = 1. ]

Samevarue 9.14.6. Aa>ke p0Ka3aTeAbCTBO TeopeMbl 9.14.5 HamTOMUHAET AOKa3aTeABCTBO aKTa IIPo
TPUTOHOMETPUAYECKYIO (POPMY 3alUCU KOMIIAEKCHOI'O YUCAA: HAIIOMHUM, YTO MOAYAb KOMIIAEKCHOI'O
YMCAA Z OIPEAEASIACT KaK \/Z - Z (cM. onpepenenue 3.2.3); u3BAeUEHNE KOPHS BO3SMOXKHO B CHAY
HEOTPUIIATEABHOCTH Z - Z.
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10 Teopus rpynn

10.1 Onpenenexnns n npumepsl

AUTEPATVPA: [F], ra. [, § 3, m. 1, ra. X, § 1, . 1-2, § 5, m. 1; [K1], ra. 4, § 2, m. 1; [vdW], ra. 2, § 6; [Bog],
ra. 1, § 1.
Ms1 y>Ke BCTpedaAl OIpeAeAeHre IPYIIEL (CM. onpeaeAeHue 5.6.1):

Onpepenenne 10.1.1. MuoxxecTBo G ¢ buHapHO# oneparnueit o: G x G — G Ha3BEIBAETCs FPYNNoW, eCAX
BBIIIOAHSIFOTCSI CAEAYIOIIIE CBOMCTBA:

e ao(boc)=(aob)oc anrs Bcex a,b, c € G; (accoumaTmBHoOCTb);

® CYINECTBYeT 3AeMeHT e € G (eANHNYHbIN 3NEMEHT) TaKoM, YTO AAS AI06OTO a € G BBITOAHEHO
aoce=eoa=aq,

e AAst Atoboro a € G Hadipercss saeMmeHT a ! € G (HasbiBaeMbIf 06paTHBIM K () TaKOi, 4TO

aoaflzafloaze.

I'pynma G Ha3BIBaeTCsT KOMMYTATUBHON, LAK abeneBoit, ecar aob = b o a ans Bcex a,b € G.

B npomaoM ceMecTpe MBI HEKOTOPOE BpEMSI U3ydaAu zpynny nepecmarosox S(X) MHOKecTBa
X (cM. onpepenerue 5.6.2):

Onpepenenne 10.1.2. Muo>XecTBO BCcex buekuit u3 X B X obosHadaercs depe3 S(X) u Ha3bIBaeTCs
rpynnoi nepectaHoBOK MHO>XecTBa X. ToxxaecTBeHHOe oTobparkeHme idy: X — X Ha3BIBAETCsI TOX[e-
cTBeHHol nepectaHoBkoi. Ecam X = {1,...,n}, Mel obo3Hawaem rpynny S(X) gepes S, u HasbIBaeM
ee CUMMETPUYECKON Fpynnoii Ha N 3NeMEeHTax.

B paspene 5.6 MBI BUAEAH, UTO TPYINa S, He ABAsIETCS abeaeBoit mpu n > 3.
Ha camom aAene MBI BCTpeYaAW ¥ APYTHUE TPYIIIHL.

ITpumepw, 10.1.3.

1. ITyctes R — KoabIo (cM.ompeaenenue 2.8.1). B wacTHOCTH, 3TO O3HaYaeT 4To Ha R 3apaHa
omepanusi CAOXKeHUs. 3 onpepeNeHUsT KOABIIA CPa3y CAEAYET, YTO R OTHOCHTEABHO STOMH
OIIEPAIINU CAOXKEHUS SIBAsSIETCH abeneBoil rpyumoi. OHa Ha3bIBAaeTCT afAWTUBHOW Fpynnoii
konbua. B wacTHOCTH, MHOXKecTBa Z, QQ, R, C aABAsIIOTCS abeA€BEIMU TPYIIIaMU OTHOCATEABHO
CAOPKEHUS.

2. IlycTb V — BEKTOpPHOE IIPOCTPAHCTBO Hap moaeM K (cM. ompepenenue 6.1.1). B gacTHOCTH,
Ha V 3apaHa omnepanus CAOKeHUsI. OTHOCUTEABHO STOM OIepanuy MHOXKECTBO V SBASIETCSI
abeneBOii TPYIIIION.

3. Ilycte k — mone. Torpa yMHOXEHUE SIBASIETCH aCCOIIMATUBHON, KOMMYTATUBHOR OIl€palluen,
€AVHUIIA TIOASI IBASIETCSI HERTPAABHBIM SIAEMEHTOM OTHOCUTEABHO 3TOH OLEpaly, ¥ ¥ Ka*KAOI'0
HEHYAEBOT'O 9AEMEHTa UMEETCsI OOpaTHBIA. DTo o3HaudaeT, uTo k* = k\{0} sgBAseTcs abeneBoit
Ipynmnoi. OTa Irpynia Ha3bIBaeTCsI MylbTUNAUKATUBHON rpynnoii nons k. B wacTHOCTH, MHOXKeCTBa
Q*, R*, C saBasIOTCS abeAeBBIMU IPYIIaMU OTHOCUTEABHO YMHOXXEHUS.
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Boaee 06110, ycTh R — acconmaTuBHOE KOABIO C eAUHUIEY (He 00513aTEABHO KOMMYTAaTHUB-
Hoe). Obo3HauuM depe3 R* MHOKeCTBO 08YcmopoHHe 06pamumbslL SAEMEHTOB R, TO eCTs,
MHOXXECTBO 3AEMEHTOB X € R TaKuX, 4TO CYIIECTBYeT Yy € R, aAnst KoToporo xy = yx = 1.
Herpyaso mpoBepuThb (caenaiiTe sTo!), 9T0 MHOXKECTBO R* 06pasyeT IpymIly OTHOCHTEABHO
YMHO>KEHUSI. DTa I'PYIIIIa HA3LIBAETCSI FPYNnoi obpaTuMbIXx 31emMeHToB Kosibua R. B wacTHOCTH,
ecar R — monae, TO BCe HEHYAEBLIE 9AEMEHTHI R [AByCTOpOHHE| 0OpATUMBI, ¥ MBI IOAyYa-
€M MYABTUNIAUKATUBHYIO IPYINY IOAS U3 IPeABIAyIIero mpuMepa. [Ipocreitmuit mpumep:
7*F ={1,—1}.

[Iycts k — HekoTOpoe moae, 1 > 1. MEI 3HaeM, 4YTO MHOXECTBO KBaAPATHBLIX MaTPUIl pa3Mepa
N X N 0bpa3yeT KOABIIO OTHOCUTEABHO OIEPAIUil CAOKEHUS U YMHOXKEHUsS MaTpuI] (CM.
3amedanue 5.3.5). ['pynna obpaTUMbIX 9A€MEHTOB 9TOr0 KOAbIA obo3Hagaercs vepes GL(n, k)
¥ Ha3bIBAETCSI NOSIHOW NuHelHol rpynnoii. Taxum obpasom, GL(n, k) cocTouT u3 obpaTUMEIX
MaTpuIl pa3Mepa N X N, ¥ 3TO IPYIIIa OTHOCUTEABHO OIlepaluy YMHOXeHus. B wacTHOCTH,
mpu n = 1 moaygaem rpynny k* obpaTHMBIX 3AeMeHTOB HoAsS kK (cM. mpumep 3).

B npopoasKeHUE IPEABIAYIIErO IPIMEPA, PACCMOTPUM IoAMHOXeCTBO SL(n, k) € GL(n, k),
COCTOsIIlee U3 MaTpPUl ¢ oupepesuTeneM 1. HamoMHMM, 9TO OIPEAEAUTEAD ITPOU3BEAEHUS
MaTpUI] paBeH NPOU3BEACHUIO UX ONpeAeAUuTeAelt, u (cM. TeopeMy 5.8.5). Boaee Toro, ecan
x € SL(n, k) — MaTpuIa c onpeaeAnTeAeM 1, TO 1 0O6paTHasi MATPUIA X AMEET OIPEAEAUTEAD
1. ITosromy MHOXecTBO SL(N, k) caMo sSIBAsIETCSI TPYIIIOH OTHOCKTEABHO OIEPAlAY YMHOMKEHNS.
OTa rpymia Ha3bIBAETCS CNEUMUaNbHON NMHERHOW rpynnoii.

IIyctes T = {z € C| |z] = 1} — MHO>XeCTBO KOMIIAEKCHBIX YHCEA C MOAYAEM 1. DTo rpymma mo
YMHOXKEHUIO (IIOCKOABKY MOAYAD KOMIIAEKCHOTO YHCAA MYABTUIAUKATHABEH, CM. IPEANOIKE-
uue 3.2.6). OHa 9acTo HasbIBaeTcs: rpynnoii yrnoB. Huske (cM. mpumep 10.5.2 (4)) MBI IpuBepeM
ADYTOE €€ OIINCAaHUE, He UCIOAB3YIONEe KOMIIAEKCHEIX IUCEA.

Haubonee apXeTUHIWYHEBINA IPIMEP TPYIIILI BEICASIAUT TaK: PACCMOTPHUM BCe O6paTUMBIE IIpe-
obpazoBanus (a8MOMOPPHUIMDBL) HEKOTOPOTO 0OBEKTA B Cebst (M/MAM COXPAHSIONIUX HEYMO).
STO rpyIla OTHOCUTEABHO KOMIIO3UIIAA: AEACTBUTEABHO, KOMIIO3UIS Tpeobpa3oBaHuil 06beK-
Ta B cebst (COXPAHSIIONUINK HEYMO) SIBASIETCST Ipeobpa3oBaHueM 06beKTa B Cebst (COXpaHsIOIIIM
Hewmo); KOMIIO3UIIKsI IIpeobpa3oBaHuU BCETAA acCOLMATUBHA; TOXKAECTBEHHOE IIpeobpaso-
BaHUE AOAKHO COXPAHSITh HEYMO U IIOTOMY SIBASIETCSI HEMTPaAbLHBIM DAEMEHTOM; HaKOHEII,
MEI TOTpeboBaAr 06PATHMOCTE, IIOTOMY ¥ C O6paTHBIME dAEMEHTaMU HeT mpobaemel. Pac-
CMOTpEHHBIE BBIIIE IIPUMEPHI BCE CBOASATCS K 9ToMy. CHUMMeTprdYecKasi TPyIIla — 3TO IIPOCTO
rpymmna obpaTUMBIX ITpeobpa3oBaHuil MHOXCECTNEa 63 BCSIKOM AOIIOAHUTEABHOM CTPYKTYPHL.
GL(n, k) — rpynmna npeobpa3oBaHu BEKTOPHOTO IIPOCTPAHCTBA (COXPAHSIONINX CTPYKTYDPY
BEKTOPHOr'O IIPOCTPAHCTBA — CAOKEHUE ¥ YMHOXKEHUE Ha CKAaASIPEL — TO €CTb, AUHEUHDLT).
SL(n, k) — rpynmna AMHERHBIX IIpeobpa30BaHUN ONPEAEAUTEAS 1, TO €CTh, COLPAHANOULUL
opuenmuposarHwil 063em (MBI y3HAEM, ITO 3TO TAKOE, B TAaBe 11). Aaske IPyNIy IIEABIX
YUCEA IO CAOKEHUIO MOYKHO MHTEPIIPETUPOBATE CXOXKUM 06pPa30M: PACCMOTPUM IIEAOE UUCAO X
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KaK CABUT BELIECTBEHHOM IPsIMOi (C OTMEYEHHEIMY [IEABIMY TOYKAaMU) Ha X BIPABO (€CAM X OT-
PUIIATEABHO, TOAYIaeM CABUT BA€BO). KOMIOSHINS TaKUX CABUATOB B TOYHOCTH COOTBETCTBYET
CAOXKEHUIO IIEABIX duceA. Takoi ceomempureckutl 832,440 Ha TEOPHUIO IPYII YPE3BBIYARHO
IPOAYKTUBEH: bonee Toro, AaBup ['mAbOEPT IPOAEMOHCTPUPOBAA, YTO CUHTETUIECKAS I'€OMET-
pust (3BKAMAOBA, reoMeTpHs N0OaueBCKOr0, IPOEKTUBHAST) IIEANKOM BKAAABIBAETCSI B TEOPUIO

TPYIII.

10.2 TMoarpynnbl

AUTEPATVPA: [F], ra. X, § 1, nm. 34, § 3, . 6; [vdW], ra. 2, § 7; [Bog], ra. 1, § 1.
Curyanus, onucarsas B npumepe 10.1.3 (6), BcTpewaeTcss AOCTATOYHO YaCTO:

Onpepenenne 10.2.1. ITycte G — HeKoTOpas rpynna. [loamMuOXecTBo H © G Has3wbIBaeTCs Noarpynnoii
rpynnsl G, eCAM BBIIOAHEHBI CAEAYIOIIUE YCAOBUS:

1. echm h,h'e H, o hoh’ € H.
2. ecamheH, o hteH.
O6o3mauenue: H < G.

SameruM, 4To ecar H — moarpynna rpynnsl G, To MHOXecTBO H caMo sBAsieTcst Ipynmoi
OTHOCUTEABHO TOH >Ke OIlepaluy (TOYHee, OTHOCUTEABHO 02paHUMeHUA 3TOH omeparuu Ha H).

ITpumepw, 10.2.2. 1. B amboit rpynne G mmerorcst moarpynnsl {e} < G u G < G; moarpymnma
{e} HasbIBaeTCs TpMBMANbLHOM 1 JacTo obo3HadaeTcs depes 1 uau 0 (eCAM IPYIIIOBasi OIEPALWST
B G 3aNUCHIBAETCS MYABTUIAVKATABHO UAY AAAUTUBHO, COOTBETCTBEHHO).

2. Kak MeI y>xe BuAeAn Beime, SL(n, k) < GL(n, k).

3. HamoMHUM, 9TO BCe NEPECTAHOBKU U3 S, AEASITCS Ha “emMHMble X HewemHovie (CM. OIpe-
AeneHue 5.6.7), IpuYeM IPOU3BEACHUE UETHBIX IIEPECTAHOBOK 4UeTHO (Teopema 5.6.12), m
obpaTHasi K YeTHOH! IepecTaHOBKe deTHa (CAeAcTBHE 5.6.13). DTo 03HAYaeT, YTO MHOKECTBO
YeTHBIX IIEPECTAHOBOK 0bpasyeT moArpynmy B S,. OHa obo3HadaeTcss yepe3 A,, X Ha3bIBAETCS
3HAKONEPEMEHHON Tpynnon.

4. PaccMOTpUM aAAUTUBHYIO IPYIIY HeAblx ducea Z. [Iycrs m € N. MuoxkecTBo mZ = {mx |
X € Z} sIBAsieTCsI IOATPynnoi B Z. Ae#icTBUTeABHO, mMX + My = m(x +Yy) € mZ u —mx =
m(—x) € mZ. B gacrrocty, 0Z = 0, 17Z = Z. Hu>ke MBI yBUAUM, ITO Af0Hasi HOATpPyLIIa Z
“MeeT BUA MZ AASI HEKOTOPOT'O HATYPaABHOI'O M.

Teopema 10.2.3. Nrbas nodzpynna G addumusrot 2pynnut 7, UeAbT Hucea umeem eud MZ OnA

HEKOMOpoz20 HamypanrvHozo M.
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Aokazameavcmeo. Ecau G = {0}, moxxHO B3siTb m = 0. B mpoTuBHOM cAydae BeIOepeM Hawu-
MEHBIINH 1T0 MOAYAIO sAeMeHT u3 G\{0}. 3aMeHUB IIpu HEOOXOAMMOCTH 3HAK, MOXKHO CIUTATh, ITO
3TOT 3AeMEHT boabire HyAss. Obo3HaUUM ero depe3 m u IokaxkeM, 4To G = mZ. Bo-nepBeIX, pAAS
HATYyPaAbHOTO X IMeeM MX = M+ ---+m e G u m(—x) = (—m)x = g—m) + -+ (—mz € G;

"

X

nostomy mZ < G. ObpatHo, nycTh g € G. [lopeaum c ocTaTKOM g Ha mM: g = qu+ . [Ipu aTOM
0 <r < |m| =m. Ilockoarky g € G u mq € G, moaydae, aro v = g — mq € G. Ecam r # 0, 3To
IIPOTUBOPEYUT MUHUMAABHOCTE M. 3HAYUT, § = M( X MBI IIOKa3aAK, 9YTO g € MZ. DTO AOKa3bEIBAET
obparHoe BKAIOUeHHE G € MZ. 0

ITone3HO 3HATH, YTO IEPECEYEHNUE IIPOU3BOABHOIO (KOHEYHOrO UAK beCKOHEYHOro) Habopa oA~
rpynn rpynnsl G CHOBA SIBASIETCS MOATPYIION B G.

Nemma 10.2.4. ITycmw {Hi}ier — cemeticmeo nodzpynn epynnu G. Obosnavum H = (), .; Hi.
Toz0a H < G.

Aoxasameavcmseo. Ecam h,h/ € H, To h,h’ € H; w h™! € H; aas Bcex i € [, m mosTomy hh/,h~! ¢
H; aast Bcex i€ I, orkyaa hh/,h~! e H. N

BecbMa Ba>keH CAeAYIOMIUNH CIIOCOD ITOCTPOEHUST IOATPYII: IIYCTh X — IPOMU3BOABHOE NOOMHO-
otcecmeo rpynnsl G. MBI XOTUM «HAaUMEHBITUMY YCUAUSIMEUY PACIIEPUATE X TaK, YTOOBI ITOAYUIUAACD
IOATPYIITIA.

Onpegenenne 10.2.5. ITycts X € G — mopMmHOXXecTBO rpynnsl G. HamMmensimas moarpymnma B G,
copepKatast X, Ha3bIBAeTCsI NOATPYNNOi, NOPOXKAEHHON NoAMHOXecTBOM X, 1 obo3HadaeTcst uepes (X).
Boxaee nmoapobuo, (X) < G — Takas moarpynma rpynusl G, uro X € (X) u Anst AT060# IOATPYIIIEL
H < G, copeprkarmeit X, BeimoaHeHO (X) < H.

Samenarue 10.2.6. Arst KOHeUHOro MHOXKeCTBa X = {X1,...,Xn} MBI 9aCTO IHUIIEM {Xi, ..., Xn)
BMeCTO ({X1,...,Xn})-

Omnpeaenernnme 10.2.5 xopoIro BceM, KpOMe OAHOTO: a Priori COBEPINEHHO HE OYEBUAHO, UTO AAS
paHHOrO mopMHOXecTBa X € G cymectByeT nmoarpymnmna (X) < G ¢ yKasaHHBIMU JAUBATEABHBIMUI
cBoiictBamu. CAeAYIOIIEE IPEANOIKEHNE TIOKA3EIBAET, YTO 3TO AEHCTBUTEABHO TaK.

Mpepnoxenune 10.2.7. ITycmv G — epynna, X < G. Ilepecevenue scex nodzpynn e G, codeporca-
wuzx X, asasemca nodzpynnoti 8 G, nopoorcoerroli mMHoocecmaom X.

Aoxaszamenvcmeo. Ilo nemme 10.2.4 mepecedeHue Bcex MOATPYII B G, copeprxamux X, SBASETCS
noarpynmoi B G. Obosuauum ee gepes (X) u IPOBEPUM, YTO OHA JAOBAETBOPSIET OIpeAeeHuio 10.2.5.
A efCTBATENBHO, MHOKECTBO X COAEP>KUTCS BO BCEX IIEPECEKAEMBIX IIOATPYIIIIaX, IIOSTOMY COAEP-
sxurcsi B (X). C apyroit cropoHsl, eca H < G copepxut X, To H sIBAsieTCsT OAHOY U3 IepeceKaeMbIX
IIOATPYIII, IIO3TOMY IOAy4YeHHOe Iepeceuerue (X) coaepxurcs B H. O

Sameuvarue 10.2.8. ObpaTuTe BEHUMaHUE Ha CXOACTBO IpeANoKeHU 10.2.7 1 onIpepAeNe NI AMHERHON
obonrouru 6.3.1. TIoHSATHE TOATPYIIIIEI, TOPOKAEHHO! MHOKECTBOM SAEMEHTOB G, SIBASIETCSI TOYHBIM
AHAAOTOM IIOHSTHUSI AMHENHON OOONOYKM MHOXKECTBA dAEMEHTOB BEKTOPHOI'O IIPOCTPAHCTBA.
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Nemma 10.2.9. [Tycmv G — 2zpynna, X < G. Ilodzpynna, noporcOeHHAA MHOHCECTEBOM X —
3MO MHOHCECTMBO 8CET NPOU3BEOEHUT dAEMEHMO8 X U OOPAMHBIT K HUM:

X>={y1y2---Yn |yi e X uauy;' € X dna scexi=1,...,n}.

Aokazameavcmeo. Obo3HaYMM IPABYIO 9aCTh PaBEHCTBA depe3 Y. AokarkeM cHadaaa, 4To Y < (X).
IIycte Yy = Y1Ys2 - . . Yn — HEKOTOPHBIN 3AEMEHT Y; MBI 3HaeM, YTO KaKABIHA Y; AUOO TBASETCS dAe-
MeHTOM X, AuDOO sIBAsieTCsT obpaTHBEIM K 3aAaeMeHTY X. Ecaum H < G — mpousBoAbHAsT IOATPYIIIA,
copepkarasi X, To H COAep>KUT U 3AEMEHTEHL Y1, . .., Yn, & IIOTOMY COAEPIKUT U UX IIPOU3BEACHUE
Y. 3HAYUT, Y AEKUT B IIEPECEUEHNUN BCEX TAaKUX HMOATPyIn H, KoTopoe paBHO (X) II0 IpeAAOIKe-
Huio 10.2.7.

AAsT AOKa3aTeABCTBa OOPATHOTO BKAIOYUEHMS 3aMETHM, UTO MHOXKECTBO Y CAMO SIBASIETCSI IIOA-
rpynnoit B G, copepykamieir MHOKeCTBO X. B cuay ompeaenenust 10.2.5 m3 3TOro CAEAYeT, 4TO
X)<Y. ]

Caepyroliee IOHATHE IIPOAOATKAET ITY MBICAB, BBOAS aHAAOT IIOHSITUSI CUCTIEMDL 06DPA3YIOULUT
BEKTOPHOT'O IIPOCTPAHCTBA (CM. ompeaeneHue 6.3.3).

Onpepenenue 10.2.10. ToBopsT, uTo rpynna G nopoxgaercs MHOXecTBOM X € G, u uTo X — cucrema
nopoxaatowmx (LA nopoxpatouiee MHOXecTBo) rpynnsl G, ecam (X) = G.

ITpumepw, 10.2.11. 1. Tlpepnrosxkenue 5.6.4 B TOYHOCTM IIOKA3BIBAET, YTO IPYIIA S,, ITOPOKAAETCS
MHO>XECTBOM BCEX TPAHCIIO3ULIMY, a BMECTE C IPeANOKEeHMEM 5.6.5 OHO O3Ha4aeT, YTO I'PyIIa
S, IOPO>KAAETCS MHOXKECTBOM BCEX IAEMEHTAPHBIX TPAHCIIO3UIIWIA.

2. I'pynna nearx qucen (Z, +) MOPOKAAETCST OAHUAM dAeMEHTOM 1. AeficTBUTEABHO, Af0bOe HATY-

PaABHOE YHUCAO N SABASETCS CyMMON N epAwHHUI: N =1+ 14 --- + 1, a Ar0boe OTpHUIlaTEABHOE
M_\/___/

n
YUCAO —T SIBASIETCS CYMMO# N MuHyC epmHuIl: —M = (—1) + (—1) + -+ + (—1).

(N

~~

10.3 Knaccbl CMEXHOCTM U HOpMaJibHbIE NOArpyNnbl

AUTEPATVPA: [F], ra. X, § 1, om. 5, § 2; [K3|, ra. 1, § 2, m. 1; [vdW], ra. 2, §§ 8-9; [Bog], ra. 1, § 2.

Onpepenenne 10.3.1. IIycts G — rpynna, H < G — ee moarpynma, u g € G. MHOXXecTBO
gH = {gh | h e H}

Ha3BEIBAETCS NPaBbIM CMEXHbIM KNaccoM 3neMeHTa g no noarpynne H. AHaAOTMYHO, MHO>XECTBO
Hg = {hg | h e H}

Ha3bIBAETCSI JIEBbIM CMEXHbIM KJ1aCCOM 3/1EMEHTA g NO noarpynne H.
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Mpeanoxenue 10.3.2. ITycmv G — 2zpynna, H < G. Arwbvie 08a Npasvir CMeEHCHBIT KAACCA
no nodzpynne H aubo He nepecexaromcs, aubo cosnadarom. Taxum obpasom, zpynna G
Da36UBAEMCA HA NPABBLE CMEHCHDBLE KAACCHL. AHAN0ZUNHO, A106ble 080 NEBBLT CMENHCHBIT KAACCA
no nodzpynne H aubo we nepecexaromca, aubo cosnadarom. Taxum obpazom, G paszbusaemcs
HA NEBDBLE CMEHCHDLE KAACCHL.

Aoxazameavcmeso. Ilycts gH, g'H — aABa mpaBBIX CMEXHBIX KAacca. [IPEATIONOXKUM, YTO OHU
nepecekatorcst: x € gH n g’H. Toraa x = gh = g’h’ aas #Hekoropeix h, h/ € H, orkyaa g = g’h'h .
Ecau y — eme opus saemerT gH, y = gh”, Toy = g¢'h’'h"*h”, nostomy y € g’H. AHarorwaso, ecan
y € g'H, To y € gH. TTosatomy gH = g’H. OcTanroch 3aMeTUTH, YTO KaXXABIH 3AeMEHT g € G AEKUT
B HEKOTOPOM IIPaBOM CMEXKHOM KAacce, XOTst 65, g € gH. AoKa3aTeAbCTBO AAST AEBBIX CMEXXHBIX
KAACCOB COBEPIIEHHO aHAAOTUIHO. N

[Ipeanosxernue 10.3.2 upe3BBIYa#HO IIOXOXKe Ha TeopeMy 1.5.4 o pa3bueHnu Ha KAaCCHI 9KBUBa-
AEHTHOCTH. OTO He CAydYallHO: 38 CMEeXXHBIMY KAACCAMYU CTOSIT AOCTATOYHO ECTECTBEHHbIE OTHOIIEHUS
3KBUBaAECHTHOCTH.

Onpegenenne 10.3.3. IIycte G — rpynma, H < G. BBepaeMm Ha G oTHOWIEHUS ~y ¥ y~. ByaeM
rOBOPHUTE, 94T0 g ~1 ¢’, ecam g 'g’ € H. Byaem rosopurs, uro gy~g’, ecau g'g~! € H.

Nemma 10.3.4. OmroweHUA ~H U H~ ABAANOMCA OMHOUEHUAMU IKEUBANAEHMHOCTNU, KAACC
anemerma g € G no omHOUWEHUI ~1 — IMO 8 MOYHOCMU NPasvlt cmexrcHut xaacc gH, a no
OMHOWEHUI {~ — N8Bl cmedxHrcHull Kaacc Hg.

Aoxasamensvbcmeo. MBI AOKa’)KEM AEMMY TOABKO AASL ~} ¥ IIPABBIX CMEXKHBIX KAACCOB; OCTAABHOE
COBEPIIEHHO aHAAOIMYHO. [IpoBepuM pPedAEKCHBHOCTD, CUMMETPAIHOCTD ¥ TPAH3UTUBHOCTL OTHO-
menust ~: AASE g € G umeem g~ 'g = e € H, mostomy g ~y ¢. Ecau g ~y g/, T0o g7'g’ € H, mosTomy
mglg=(g'g’)' € H, orkyaa g’ ~y ¢g. Harorern, ecau g ~y g'u g’ ~ g”, To g 'g’ e Hm
g’~'g” € H, nosromy u ux npoussepenue g 1g” = (g 'g’)(g'g”) € H, orkyaa g ~1 g”.
BamernM, 9T0 Yy € G AEKUT B KAacCe dIAeMeHTa g € G TOrAA ¥ TOABKO TOTARQ, KOTAA ¢ ~H Y (CM.
onpeaeaenuze 1.5.3). DTo paBHOCUABHO ToMy, 4To g 'y € H, To ecTb, uT0 g~ 'y = h AAS HEKOTOPOroO
h € H. 910, B cBOIO 0OYepeEAb, PABHOCUABHO TOMY, 9TO y = gh, To ecTh, 4T0 Y € gH. O

Onpegenenne 10.3.5. Tlycts G — rpynmna, H < G. MHO>XeCTBO IpaBBIX CMEXHEIX KAaccoB G mo H
(oHO >ke paKTOP-MHOKECTBO G IO OTHOLIEHWIO SKBUBAAEHTHOCTH ~ ) obo3HadaeTcs depe3 G/H.
MHO>XeCTBO AEBBIX CMEXHBIX KAacCoB G mo H (oHO >xe dakTOp-MHOXKECTBO G IIO OTHOLIEHWIO
SKBUBAAEHTHOCTH 14~ ) obo3HauaeTcs gepe3 H\G.

Samevarue 10.3.6. OTHOIIEHUS ~ X 1~ SBASIOTCS IPIMBIMU aHAAOTAMU CPABHEHUS II0 MOAYAIO
IIOAIIPOCTPAHCTBA (CM. OIpeAeAeHue 7.7.1); OAHAKO, OTCYTCTBUE KOMMYTATUBHOCTY IIPUBOAUT K TOMY,
YTO HEOOXOAMMO pacCMaTpPUBATh ABA BapraHTa 0000IeHs: yCAOBHE V1 —Vy € U u3 onpepenenus 7.7.1
MBI 3aMeHsIeM Ha V;V, - € U B oAHOM BapuanTe  Ha v, vy € U B aApyroM. Ecau rpynma G abenesa,
To gH = Hg anst Bcex g € G, 1 OTHOINEHUS ~}y, 4~ COBIAAAIOT.
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[TpOpOAKEIM aHAAOTHIO C AMHEWHON aAredpoil: CAEAYIOIIMM IIaTOM B IIOCTPOEHUX (PaKTOpP-
IIPOCTPAHCTBA OBIAO BBEAEHUE CTPYKTYPHI BEKTOPHOI'O IIPOCTPAHCTBA HAa MHOXECTBE KAACCOB K-
BUBAaAEHTHOCTH 10 MOAYAIO IOAIPOCTPAHCTBA (IpearokeHue 7.7.2). B caydae rpynm oTcyTCTBHE
KOMMYTATUBHOCTY IIPUBOAUT K (PATAABHBIM IIOCAEACTBUSIM: OKA3BEIBAETCSI, YTO AASI IIPOU3BOABHON
moarpynnsl H < G daxTop-MHO)ecTBo G/H He 06s13aHO CHAG>XaThCsT €CTECTBEHHON CTPYKTYPOM
rpynnsl. Aast Toro, 4Tobsl G/H okasanoch rpynmoi, HEOOXOAUMO HAAOKUTE Ha H AOIOAHUTEABHOE
YCAOBUE HOPMAALHOCMNU.

Onpepenenne 10.3.7. ITyctes G — rpynma. [Toarpynna H < G HasbBaeTcst HOpManbHoil (0bo3HaYeHUE:
H < G), ecau anst AT060TO AeMeHTa g € G €ro AeBBIM U IPaBBIf CMEXHBIN KAACCHI COBIAAAIOT:
Hg = gH.

[Toae3HBI CAEAYIOIIVE IEPEPOPMYAUPOBKY HOPMAABHOCTH.
Nemma 10.3.8. ITycmv G — epynna, H < G. Caedyrowue ycro8us pasHOCUNDHDL:
1. H nopmanvHa 6 G;
2. gHg™! = H 0das scex g€ G;
3. gHg™ ' < H dan ecex g € G.
(30ecv gHg™* = {ghg™ | h e H}).

Aoxasameavcmeo.l = 2 Ilycts Hg = gH u h € H. Paccmorpum saement ghg !, Ilo mpeato-
AOKEHUIO 3AeMeHT gh MO’XHO 3ammcarTh B BuAe h'g aast HekoToporo h' € H. IlosTomy
ghg™ = (gh)g~! = (Wg)g™* = h' € H. 910 3mauur, yro gHg * = H. ObpaTHo, panst h € H
samumem h = hgg™!; mo mpeAmoAOKeHMIO 3AeMeHT hg MOXKHO 3almcaTh B BUAe gh’ AAST HEKO-
toporo h’ € H. 3uauur, h = (hg)g™* = gh/g~! € gHg™*. Orciopna H < gHg ™!, u Heobxopumoe
PaBeHCTBO AOKAa3aHOo.

2 = 3 OueBUAHO.

3 =1 Ilyctb gHg ! < H. Bosbmem h € H u paccmorpum saemenT gh. Mer 3HaeM, uto ghg ™t = h' €
H, orkyaa gh = h'g; mosromy gH < Hg. ObpaTtro, paccmoTrpuM saeMeHT hg € Hg. IIpumenss
IIPEATIONOKEHNE K ¢~ !, moaydaeM, uro g~ *Hg & H. 3mauwr, saemerT g *hg = h” aexxur B H.

Orciopa hg = gh”, u MBI mokasaaun, uTo Hg < gH.
O

Onpepenenve 10.3.9. Ilycts G — rpymnma, g,h € G. DaemeHT ghg ™' Ha3bIBAETCST CONPSKEHHBIM K h
Npn NOMOLWM g; TOBOPST, 4TO dAeMeHTHI h 1 ghg™! conpsixenbl. O6osnauenue: ghg™* = 9h.

Samenarue 10.3.10. VI3 3amevanus 10.3.6 caeayeT, YTO BCe IOATPYINILI abeAeBO# I'PYIIBI HOP-
MaABHEL.
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ITpumepw, 10.3.11.

1. SL(n, k) < GL(n, k). Aeiicreureanso, ecau h € SL(n,k) u g € GL(n, k), To det(ghg™) =
det(g) - det(h) - det(g~?) = det(h) = 1, mosromy 9h € SL(n, k).

2. A, < S,,. DTO AOKA3BEIBAETCS COBEPIINEHHO aHAAOTUYHO IIPEABIAYIIEMY IIPUMEPY, C 3aMEHOMR
OIIPEAEAUTEAS HA 3HAK II€PECTAHOBKY. HOpMaAbHOCTE B 060MX 3TUX IPUMEPAX TAK)KE CAEAYET
u3 aeMMmbl 10.4.5.

3. Amobas moarpynna mHAeKca 2 HopMaAbHa. MBI AOKa*keM 3TO UyTh IIO37KE.

10.4 Tomomopcu3mbl rpynn
AUTEPATVPA: [F], ra. X, § 3, m. 1; [K1], ra. 4, § 2, . 3—4; [vdW], ra. 2, § 10; [Bog|, ra. 1, § 3.

Onpepenenne 10.4.1. IIycts G, H — rpynner. OTtobpakenue @: G — H HasbiBaeTcss romomopcuamom
rpynn, ecar @(xy) = @(x)@(y) Anst Bcex x,y € G.

Nemma 10.4.2. ITycms @: G — H — zomomoppusm zpynn. Tozda ¢(eg) = ey u @(x 1) = @(x)™*
Oonsa ecex x € G.

Aoxasameavcmeo. 3ameTum, 9TO eg - eg = eg. lloaToMy @(eg) = @(eg - eg) = @(eg) - ©(eg)-
AoMHOXUM 0be YacTK IOAYIEHHOIO PAaBEHCTBA CIIpaBa Ha @(eg) :

e(ec) - @(ec)™ = olec) olec) - @(ec)™ = @(eq).

C Apyroi CTOPOHEL, A€Bast YaCTh OUEBMAHBIM 06pa3oM paBHA eyy. [loaToMy ey = @(eg).
I[Tycts Temeps x € G. Toraa ey = @(eg) = @(x-x71) = @(x) - @(x!). Aomuoxast obe dacTu Ha
@(x)"! caesa, BuamM, uTo @(x) ! = @(x71). O

ITpumepw, 10.4.3. 1. [Iycts G, H — mpom3BoabHble rpynnbl. OTobpakenue const.: G — H,
g — e, IePeBOASIIIee BCe IAEMEHTHI I'PyNnel G B HERTPaABHBIN 3AeMEHT I'Pynnel H, SBAseTCS
roMoMOpP(U3MOM I'PyHI. Takoil ToMOMOP@U3M HA3LIBAETCS TPUBMANbHbIM. TOXXKAECTBEHHOE
oTobparkenue idg: G — G Tak>Xe SIBASETCS TOMOMOPGMU3IMOM I'PYIII II0 TPUBAAADHBIM IPUYH-
HaM.

2. Ilycrs G = (R, +) — apauTHBHAsA rpynna moast R, u H = R* — MyABTUNAMKATHBHAS PyIIa
moast R. Onpeaeaum orobpaskerue exp: (R, +) — R* mocpeacTBoM dopMmyAas! exp(x) = X,
T'A€ € — OCHOBAaHUE HATYPAABHBEIX AOTAPU(MMOB. DTO TOMOMOP(U3M I'PYIII, IIOCKOABKY XY =
e* - eY AAST BCeX BEIIECTBEHHEIX X, Y.

3. ITyctb Teneps G = (R.y, ) — rpynna IOAOKATEABHBIX BEIECTBEHHBIX YHCEA C ONeparuei
ymuoxerus, H = (R, +) — apauTzBHas rpynna moast R. PaccmMoTpuM orobpaskeHue Aorapud-
Ma In: (R.o,-) — (R, +). OT0 romoMopdu3M Irpymi, IOCKOABKY In(xy) = In(x) + In(y) ans
BCEX BEIIECTBEHHBIX X,Y > 0.
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4. Tlycts G = Su, H = {£1} = Z* — rpynna obpaTUMBIX 3AEMEHTOB KOABIA IIEABIX YHUCEA.
OTobparkeHue 3HakKa sgn: S, — {+1} sABAsteTcs roMmoMopduaMoM rpynm (Teopema 5.6.12).

5. Ilycte G = H = Z — apAWTUBHAS I'PYyIIa LIEABIX YUCeA, 1 M € Z. OupeperuM oTobparkenue
¢: 7 — 7 yMHOXXeHUS Ha M POPMYAOH @(X) = MX AASI BCeX IEABIX X. HeTpyAHO BUAETH,
YTO (p SIBASIETCSI TOMOMOPGU3MOM Ipymi: m(x + y) = mx + my. Boaee obmmo, ecar R — mpo-
U3BOABHOE KOABIIO, I M € R, To orobpaxkenue @: R — R, X — mMX sIBASIETCsT ToMOMOPU3IMOM
aAAUTUBHOM Ipynnbl R B cebs mo nmpmyumHe AUCTPUOYTUBHOCTH.

6. Ilyctes G = GL(n, k) — rpynma o6paTUMBIX MaTPHI, pa3Mepa N X N HaA HEKOTOPHIM IIOAEM
k, a H = k* — MyABTUNAUKATHBHAS IPyIOa 3TOro MoAst. ONPEAEAUTEAD SIBASIETCS TOMOMOP-
dusmom det: GL(n,k) — k*, mockoabky det(xy) = det(x) det(y) aast Bcex x,y € GL(n, k)
(Teopema 5.8.5).

Onpepenenne 10.4.4. ITycts ¢@: G — H — romomMopdusM rpynm. Aapom romMoMopdmsMa @ Ha-
3bIBaeTCst MHOXKecTBO Ker(¢@) = {x € G | ¢(x) = ey} (moaHBIH mpoobpas epumuuis:). Obpasom
roMoMopdu3Ma (P HA3LIBAETCS €r0 TEOPETUKO-MHOXKECTBEHHBIN obpas: Im(¢) = {y e H |y =
@ (x) pnst HEkoToporo x € G}.

Mpeanoxenue 10.4.5. Obpas zomomoppusma @: G — H asasemca nodzpynnoti 8 H, a ezo adpo —
HopMmaavHol nodzpynnot 6 G: Im(p) < H, Ker(p) < G.

Aokazameavcmeo. Ilycte h,h' € Im(@). OTo o3HawaeT, yTo HalpyTcs ¢,g’ € G Takme, 4TO
@(g) = huz o(g') =h'" Toraa ©(gg’) = ©(g)@(g’) = hh'/, orkyaa caepyer, uro z hh' € Im(¢).
Kpowme Toro, o(g!) = ¢(g)~! = h™!, orryaa h™! € Im(o).

ITycts Temepsb g,g’ € Ker(@). 9ro o3mavaer, uTo @(g) = e u @(g’)
©(g9)@(g’) = e-e = e, mosromy gg’ € Ker(¢). Kpome Toro, @(g~*
u g ' e Ker(o).

Haxomen, ecan x € Ker(@), To ¢(gxg™") = ¢(g)e(x)0(97") = ¢(g)e(97") = ¢(gg™") = ¢, T0
ecTb, gxg ! Toxe aexxur B Ker(¢). Mer mokasaau, uro g Ker(¢@)g! < Ker(@) ars awoboro g € G;
o AemMe 10.3.8 3TOr0 AOCTATOYHO AASI AOKa3aTeAbCTBa HopMaabHOCTE Ker(¢@) < G. []

= e. Torpa @(gg’) =
= @(g)7! = e ! = e, mosTomy

Sameuvarue 10.4.6. CpaBuuTe C npeprokeHusME 7.3.4 u 7.3.7. 3p0eCh HY’KHO OBITH aKKypaTHee:
omlepalusi B TPYIIE, B OTAUYME OT CAOXKEHWUS B BEKTOPHOM IIPOCTPAHCTBE, He obsi3aHa OBITH
KOMMYyTaTuBHOM. TeM He MeHee, AOKA3aTEABCTBO IIEPEHOCUTCS AOCAOBHO.

Samewarue 10.4.7. Ilycrs @: G — H — romomopdusm rpymn. Obpas Im(@) usMepsieT OTKAOHEHYE
roMoMopdu3Ma OT CIOPBEKTUBHOCTH: (p CIOPBHEKTUBHO TOTAA ¥ TOABKO TOTAQ, Koraa Im(¢) = H.
AHaNOTWYHO, CAEAYIONIAsT A€MMa IIOKa3bIBaeT, 4TO sIAPO Ker(¢) m3MepsieT OTKAOHEHWE ¢ OT
MHBEKTUBHOCTH.

Nemma 10.4.8. ITycmv @: G - H — 2omomoppusm epynn. On unsekmugeHr moaoa u moavKo
mozda, xoz0a Ker(@) = {e}.
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Aokazamenavcmeo. Ecau @ IHBEKTUBEH, TO €CTb TOABKO OAMH 3AeMEHT g € G Takoit, 9410 @(g) =
U MEI 3HaeM, 4T0 @(e) = e. ObparHo, ecau Ker(¢) = {e} u g, g’ € G TaxoBel, uTo @(g) = @(g’), TO

©(g7'g’") = 9(g9) 'e(g’) = e, mosTomy g~ 'g’ € Ker(p) = {e}, orkyaa g = g’ O

Onpepenenne 10.4.9. Tlyctes G, H — rpyumner. Otobparkenue f: G — H HaseiBaeTcss msomopdusmom
rpynn, ecau f — romomMopdu3M T'PYIII, U CYIIeCTByeT romoMmopdusM rpynn f': H — G Takoit, uTo
f'of =idg u fof’' =idy.

Nemma 10.4.10. I'omomopdpusm zpynn f: G — H asasemca usomoppusmom mozoda U MoavKo
moezda, xoz20a f buexmusen.

Aoxaszameavcmeo. Ecau f usomopdusM, To y Hero uMeeTcsi obpaTHoe oTobpaskenue ', 1 mosToMy
f 6bmexTuBen. ObpatHo, ecau f: G — H — romoMmopdusM, SBASIONMIUNCT breKIue, pacCMOTPUAM
obpaTHOoe oTobpaskenue f 1: H — G. ITokaykeM, 9TO 3TO Toke roMoMopdusM rpymn. HaM HyXHO
IIPOBEPUTE, 4TO AAsi A06BIX h, h' € H Brmmoarero ! (h)-f~1(h’) = f~!(hh'). O6osmaunm f~*(h) = g,
f~1(h') = ¢g’; Toraa no mpeanoaoxxenuio f(gg’) = f(g)f(g’) = hh/, orryaa gg’ = f~*(hh’), uro u
TpeboBanOCh. [

10.5 ®akTop-rpynnbi

AUTEPATVPA: [F], ra. X, § 1, . 5, § 2, § 3, m. 2; [K3], ra. 1, § 4, . 1-2; [vdW], ra. 2, §§ 8, 10; [Bog], ra. 1,
§ 2.

ITycts G — rpymma, # H < G — ee HOpMaabHast noarpynna. Paccmorpum MuHOKecTBo G/H
IIPaBBIX KAACCOB cMesxHOCTH G mo H u BBeaeM Ha HeM bunapHyio omeparnuio: aast gH, g'H € G/H
noaoxuM (gH) - (g'H) = (gg’)H.

Teopema 10.5.1. Oma onepayus koppexmno onpedenera u npespawiaem HaKmMop-MHOHCECTNEO
G/H 8 zpynny. Karnonuweckas npoexuyua G — G/H Ha daxmop-mrootcecmeo Asasemca
20MOMOPPUIMOM 2PYNN.

A orasamenbcmeo. KoppeKTHast ONPEACAEHHOCTb O3HAYAET, YTO ECAN MBI PaCCMOTPUM ADYTHX
mpeacTaBuTener g € gHu g’ € g'H, To O PE3YABTAT X [EPEMHOMKEHIUST 6yaer Tor xe: (Jg/)H = (gg’)H.
AeiicTBrTeABHO, 3amumeM § = gh, ¢’ = g’h’; Toraa §g’ = ghg’h’ = g(hg’)h’. Tlo ompeaeAeHuIO
HOPMAABHOCTH 3AEMEHT hg’ Mo>xHO 3ammcaTe B BUAE g'h” anrst mHekoToporo h” € H; mostomy
Jg’ = gg’h”h’ € gg’H. DTo u osHAUaeT, YTO §g' AEIKUT B TOM K€ KAACCE, ITO gg’.

Terepb HECAOXKHO IIPOBEPUTH accommarusrocTs: (gH - g'H) - g"H = (gg’)H - ¢"H = (gg’)g"H =
g(g’g”)H =gH-(g'g”")H = gH-(g'H - ¢g"H). HefirparpubiM sneMeHTOM AAST G/H CAYRUT CMEKHBIH
kaacc eH, mockoasky eH - gH = (eg)H = gH = (ge)H = gH - eH. Haxomer, y xaxxaoro kaacca gH
umMeeTcst obpaTHEIR Kaacc g 'H: gH - g 'H = eH = g7'H - gH.

HaxoHer, yTBep>XA€HUE O TOM, YTO KaHOHWYIECKasl Ipoekius 7: G — G/H siBAsieTcss roMoMop-
bu3MOM, HAIPSIMYIO CAEAYET U3 OIpeAeAeHus onepanuu B G/H. AeiicTBurensHo, 7t(x)m(y) = xH-yH,

B TO BpeMs Kak 7(xy) = (xy)H. O]
ITpumepwv, 10.5.2. 1. G/G =~ {e}. AefCTBUTEABHO, IMEETCST TOABKO OAUH KAACC CMEXXHOCTH G
mo G.
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2. G/{e} = G: Bce Kracce cMe>XXHOCTH G IO MOATPYMIIE {€} OAHOIAEMEHTHBI ¥ II03TOMY OTOXK-
AECTBASIIOTCSI C aaeMeHTaMu G. PopMyaa AASI oeparuy B PaKTOP-TPYNIE IPEBPALIAETCS B
g{e} - g’{e} = gg’{e}, uTo mOCAE OTOXRAECTBAEHUSI O3HAYAET, YTO ¢ - §’ IOAATAETCS PABHLIM
gg’; mosromy omepanus B G/{e} Ta ke, uTo 6plna B G.

3. MEI y>Xe BCTpedYaAd IPynny 7Z/m7Z: 3To aAAUTUBHAS I'PYIIIa KOABIA BBIYETOB II0 MOAYAI M.

4. PaccMOTpUM apAUTHUBHYIO IPYNIY IIOASI BEIMIECTBEHHBIX YuceA R 1 moarpynny 277 = {27 |
n € Z} B ueit. PakTop-rpynmny R/277Z ecTeCTBEHHO NPEACTABASITH KaK MHOKECTBO BEIIECTBEH-
HBIX UMCEA «C TOYHOCTBIO AO IIEABIX KPaTHBIX 271». Hampumep, B 3Toit IpyIIe eCTb 3AEMEHT
37m/2 (TouHee, obpa3 aaeMeHTa 37T/2 € R OTHOCHUTEABHO KaHOHUYECKOH IIPOEKIUN) U IAEMEHT
7. Ix cymMma paBHa 37/2 + 71 = 571/2 = 71/2 € R /217, TOCKOABKY CAOXKEHUE IIPOUCXOAUT «IIO
MoayAto 271». HeTpyaHO MOHSITH, YTO 3Ta rpynna u3oMopdHa rpynne T KOMIAEKCHBIX YUCEA
MopyAast 1 (cm. mpumep 10.1.3 (7)) — m3oMopdu3M yCTaHABAWBAETCS B3SITHEM apryMeEHTA.
[TosTomy rpynna R/2nZ, kak u rpynna T, gacTo Ha3bIBaeTCs FPYNnoii yrios.

Temepb MBI MOXXe€M AOKa3aTh aHAAOT TEOPEMEL O ToMoMoOpdu3Me 7.7.3.

Teopema 10.5.3 (Teopema o romomopdusme). [Tycms G,H — epynnw, @: G —> H — 2omomoppusm
epynn. Tozda G/ Ker(@) = Im(p).

Aokazameavcmeo. Onpepeaum orobpakenue ¢: G/ Ker(p) — Im(¢) mpaBurom ¢(gKer(g)) =
¢ (g). 3aMeTuM, Ipe>KAE BCETO, 9TO @ (g) AeHCTBUTEABHO AKHUT B Im (). Aanee, 3TOT roMoMopdu3M
KOPPeKTHO onpepeaeH: ecar g Ker(¢) = g’ Ker(¢), To g = g'x pnst HekoToporo x € Ker(), mosTomy
9(9) = 0(g") = 9(9"0(x) = 9(g")e = B(g).

[TpoBepuM, 9TO ¢ — m3oMOpdu3aM rpyun. Aast 3Toro no aemme 10.4.10 AOCTATOYHO IIPOBE-
PUTB, 9YTO (@ — buekTUBHLIN romoMopdusM rpyui. Ilycrs g Ker(o), g’ Ker(¢@) € G/ Ker(¢). Toraa
P(gKer(¢))p(g' Ker(e)) = 9(9)9(9') u ®(gKer(p) - g'Ker(e)) = $((g9’) Ker(p)) = ¢(gg').
[ToAyuuAm 0AHO Z TO Ke (IIOCKOABKY (9 — FOMOMOPMU3M I'PYIII).

AAST pAOKa3aTeAbCTBa OMEKTUBHOCTH IIPOBEPUM MHBEKTUBHOCTD U CIOPBEKTUBHOCTD. /HBHEKTUB-
HOCTb: II0 AeMMe 10.4.8 AOCTaTOYHO IIOKa3aTh, ITO SAPO ¢ TpuBuanbHO. Ecam g Ker(@) aexxut
B aToM siape, To @(gKer(p)) = @(g) = e, mosromy g € Ker(¢@) u gKer(p) = eKer(p), uro u
TpeboBarock. CIOpBHEKTUBHOCTL: ecAr h € Im(¢), To HaliaeTcss g € G Takoit, uto @(g) = h. Ho

Toraa ¢ (g Ker(¢)) = ¢(g) = h. O

10.6 Uwnknuyeckue rpynnbi

AUTEPATVPA: [F], ra. X, § 1, om. 6-7; [K1], ra. 4, § 2, m. 2; [K3], ra. 1, § 2, . 2; [vdW], ra. 2, § 7.

ITycte G — mpowsBoabHas rpynma, g € G. Onpeaeaum oTobpaskerue pow,: Z — G CAeAyOmUM
obpasoM: Ieaoe gucA0 N oTIpaBuM B g™ € G. VIHBIMEU cAoBaMU, AAST HATYPAABHOTO N IOAOKUM g™ =
g----- gug =gl ... g '. \erKo BUAETBH, UTO IpH 3ToM ¢g™+™ = g™ . g™ Ans Bcex M, N € Z

n n
IIo3TOMy OoTobpa>keHue POW ; SIBASIETCST romoMopdusmoMm rpyui. Ero obpas mo mpeasosxeruio 10.4.5

SIBASIETCSI IOATPYIION B G.
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Jlemma 10.6.1. O6pas omobpasicerus pow, cosnadaem c (g) (nodzpynnot, nopostciernas g).

Aoxasamenvcmeo. Ilpexae Beero, Im(pow,) coaepxut g, mostoMy u (g) < Im(pow,). C apyroit
CTOPOHBI, AtoOO# daeMeHT Im(pow,) mmeeT BuA g" AAS HEKOTOPOTO T, M COAEPXUTCT B (g),
IIOCKOABKY (@) — moarpymnma B G. O

Onpepenenne 10.6.2. T'pynma G Ha3BIBAETCS LUKAUYECKOW, ECAK OHA IIOPOKAAETCS OAHUM 3AEMEHTOM,
TO eCTb, HaliAeTCs aAeMeHT g € G Takoi, uro G = (g).

Harmra 6amskaiimas 3aaa9a — OIKCATh BCE IMUKAUYECKUE TPYIIIEL.

Teopema 10.6.3 (Kraccudukaius nmurandeckux rpynn). Awbas yukauveckas epynna usomoppra
Z/MmZ Oas Hexomopozo HamMypaabHozo M. B cayuae m = 0 noayxaem 6eCKOHEUHYI0 UUKAUYE-
cKYro 2pynny Z, 8 0OCMAABHBIT CAYHAAT NOAYHAEM UUKAUHECKYIO 2PYNNY U3 M SAEMEHMOS.

Aoxasameavcmeo. Ilycte G — ImUKAWYeCKasi I'PyNIa, IOPO>KAEHHAS saeMeHToM g € G. Paccmot-
puM oTobpaxkenue pow,: Z — G. [To aemme 10.6.1 ero obpas coenapaer c (g) = G. ITo Teopeme o
romomopdusme 10.5.3 umeem Z/ Ker(pow,, ) = G. ITo Teopeme 10.2.3 Ker(pow ), 6yayau noarpymmoi
B 7, AM€EeT BUA MZ AAS HEKOTOPOTO HATYPAABHOT'O M, YTO U TPeOOBAAOCH AOKA3aTh. O

Cneactsue 10.6.4. I[Tycmv G — npoussoavras zpynna, g € G. Mnoowcecmso {g™ | n € Z}
asasaemcs nodepynnot 8 G, usomopprot epynne Z/mZ oana nexomopozo m € N.

Aokazamenbcmeo. DTO MHOMKECTBO — IIUKAWYECKAS IOArPYIIa (g); OCTAAOCH IPUMEHUTE K HER
Teopemy 10.6.3. 0

Onpepenenne 10.6.5. Ecau rpynna {g" | n € Z} usomopdra Z/mZ u m > 0, TOBOPSIT, YTO SIAEMEHT
g uMeeT nopapok m. Ecam >xe sTa rpymnna usoMopdHa Z, TO FOBOPST, YTO g UMeET OeCKOHEeUHbIil
nopsigok. TakuMm 06pa3oM, IOPSIAOK 3AEMEHTa § PaBeH YUCAY 3AEMEHTOB B IIMKAMYECKOH IOATDYIIIIE
{g), mopoxxaerHo# g. Obo3HaueHUE AAST TOPsiAKA: ordg(g) = M HAM 0.

VHBIME cAOBaMU, IIOPSIAOK dAeMeHTa g € G — 9TO HauMeHbIllee HaTyPaAbHOE YUCAO M TaKOE,
9ro g™ = 1. AeHACTBUTEABHO, IPX FOMOMOPdU3ME POW 1 Z — G B €AUHHUILY NIEPEXOAST B TOUHOCTH
SAEMEHTHI U3 HOATPYIIIE MZ.

Samewarue 10.6.6. SaMeTuM, YTO MOPSIAOK HEATPAABHOTO 39AEMEHTA PaBeH 1, X 3TO €AMHCTBEHHBIN
SAEMEHT IIOpsiAKa 1 B AI0DO# TrpyImIe.

10.7 Teopema Jlarpanxa

AUTEPATVPA: [F|, ra. X, § 1, om. 5, 7; [K3], ra. 1, § 2, m. 1; [Bog], ra. 1, § 2.

Onpepenenne 10.7.1. IIycts G — rpynna, H < G. KoargecTBo IIpaBBIX CMEXXHBIX KAaccoB G mo H
Ha3BIBAETCSI MHAEKCOM IOATPYInEl H u obosxavaercs uepes |G : HJ.

HOK&?KGM, YTO B 3TOM OIIPEACACHUN MOXXHO 3aMCHHUTH IIPABBIE CMEXXHBIE KAACCBI Ha AEBBIE
CME>XXHBIE KAACCHIL.
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Nemma 10.7.2. ITycmv G — 2zpynna, H < G. Toz0a mHootcecmsea ne8biT cMeHcHBT Kaaccos8 G
no H u npasvix cmesrchuir xaaccoe G no H pasromowHot.

Aokxaszamenvcmeo. Ilycto {aiH}iGI — MHOJKECTBO BCEX IIPaBbIX CMEXXHBIX KAACCOB (I/IHBIMI/I CANO-
BaMM, MBI BBIOpaAM B Ka’KAOM IIPABOM CMEXKHOM KAACCE II0 IPEACTABUTEAIO ¥ 3aHYMEPOBAAU
7X SAE€MEHTaMU HEKOTOPOI'O MHOXXECTBA I, BO3MO>KHO, beckoneuHnoro). ITo mpearosxernuto 10.3.2
Ka>KABIA 9AeMeHT Ipyninbl G COAEP’KUTCS POBHO B OAHOM MHOXXecTBe Buaa aiH. Ilokaskem, gTo
Habop {Ha; 1}ic] COCTOWT U3 BCEX AEBBIX CMEXHBEIX KAACCOB, B3SITHIX POBHO IO OAHOMY pasy (To
€CThb, UTO a; ! — IpeacTaBUTEAW BCeX AEBHIX CMEXHBIX KaaccoB G mo H).

AeiictBuTenrHO, mycTh g € G. Torpa g € Hay ! paBHOCHABHO TOMY, UTO g = ha; ! AAST HEKOTOPOTO
H, otkypa g~! = (ha{l)_l = a;h™! € a;H. Ho 3To paBeHCTBO BEIIOAHEHO POBHO AASI OAHOTO MHAEKCA
1€ [, moaToMy g NAEKUT POBHO B OAHOM MHOJKECTBE BHAA Ha{l, uTO U TpeboBarOCh pOKasaTh. [

Samenarue 10.7.3. Ilo ompepereHmo dakTOp-MHOKECTBO G/H COCTOUT M3 IPaBBIX CMEXKHBIX
KaaccoB G mo H, tak urto |G : H| = |G/H]|.

Teopema 10.7.4 (Teopema Narpamxa). [Tyeme G — xkoneurnas zpynna, H < G. Tozda |G| =
H| - |G : H|.

Aoxazamenvcmeo. NOKa>keM, ITO BO BCEX IIPABBEIX CMEKHEIX Kaaccax G mo H mopoBHY 3AeMEHTOB.
SaMeTuM, 9TO AAST KaXkporo g € G orobpaskerue H — gH, h — gh, 3apaer buekmuio mexay H
z gH. AeiictBuTennbHO, ecam gh = gh/, To h = h/, u B cuAy ompeAeAeHUsT CMEXXHOTO KAacca
3TO OTOOpa’>keHrEe CIOPBLEKTUBHO. [103TOMYy B Ka’KAOM CMEKHOM KAACCE CTOABKO K€ SAEMEHTOB,
CKOABKO B moarpymnne H. Takum obpasom, saemenTs! G pasbusatorcs Ha |G : H| cMe>xHBIX KAaccoB,
B KaXXp0M 110 |H| snemenToB. OTCIopa Cpa3y CAEAYET TpebyeMoe PaBEHCTBO. O

Cnepcteue 10.7.5. ITopadox xoneunol epynnv. G deaumcsa Ha nopadox arwbotl ee nodzpynnv.. B
wacmHocmu, nopadok xonewHoU zpynnsvt G deaumcsa Ha nopadox arw0bozo ee snemeHma.

Aoxaszameavcmeo. [lepBoe yTBEP/KACHUE OUEBUAHO; BTOPOE CAEAYET U3 IIEPBOTO, ECAM PACCMOT-
peTb moATpynny {g), MOPSIAOK KOTOPOH (IO OIIPEAEAEHNIO) PAaBEH IOPSIAKY (. [

Cnenctaue 10.7.6. [Tycms G — xonewnas 2pynna. Tozda g!¢! = e das arobozo g € G.

B xadecTBe mpuMepa IPUAOKEHUS TEOPEeMEI J\arpaHrka BEIBEAEM U3 Hee TeopeMy Ditaepa 2.12.1
(u, KaK cAeACTBHE, MaAyio TeopeMy Pepma 2.12.2).

Teopema 10.7.7. I[Tycms m — namypaavHoe “ucao, a€ Z u a L m. Tozda a®™ =1 (mod m).

Aoxasamensvcmeo. PaccMoTpuM Koablo Z/mZ. MHuoxkecTBo (Z/mMZ)* ero o6paTUMBIX 3AEMEHTOB
obpasyer rpynny mo ymuOXeH#io (mpumep 10.1.3 (4)). Ilopsiaok aToi rpynmel paBeH @(m) (Ipea-
roxerme 2.11.3). Kaacc @ aaemenTa a B Z/mZ obpaTuM, IOCKOABKY a L m (mpepnoskenue 2.8.12).
[Ipumenenme caepctBus 10.7.6 paeT aem — 1, 4TO B IIEpPEBOAE Ha SI3BIK IIEABIX YHMCEA U AAET

HY>KHOE PaBEHCTBO. [

Eme OAHO IIPHUANAOXKEHNE TEOPEMEBI ]\_arpaH>Ka — OIIXCaHHKE BCEX I'DYIIII IIPOCTOI'O IIOPsIAKA.
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Teopema 10.7.8. ITycmv G — xonewHas zpynna nopadxa p, 20e p — npocmoe “ucao. Tozda G
usomoppra yukauveckotl epynne Z/pZ.

Aoxazamenvcmeo. Ilo Teopeme Jarpan>xa IOPSIAOK AIOOOrO aneMeHTa IPynnbl G AOAYKEH OBITH
AEAUTEAEM P, ¥ B CUAY IIPOCTOTHI P OH paBeH Aubo 1 ambo p. [To 3amedanuro 10.6.6 B G AuIIb OAMH
9AEMEHT MMEET IIOPSIAOK 1; mosTOMy HalaeTcs saeMeHT g € G mopsiaka p. Ho Toraa moarpymma
{g) COCTOUT U3 P SAEMEHTOB U, CTAAO OBITH, cOBIapaeT ¢ G. 3HauuT, G IUKAKYECKAsT, TIOPOXKAEHA
aneMmerToM g u (o Teopeme 10.6.3) m3omopdHa Z/pZ. O

10.8 Tpsimoe npousseaeHune

AUTEPATVPA: [F], ra. X, § 4, nm. 1-2, [K3], ra. 1, § 4, . 4.

[Tyctes G, H — aABe rpynnel. PaccmoTpuM AeKapTOBO Ipou3BepeHKe MHOKeCTB G x H u BBepeM
Ha HeM omepanuio: moaoxxuM (g, h)-(g’,h') = (gg’,hh’') aast g, g’ € G, h,h/ € H. HerpyaHo BuaeTs,
uro G X H ¢ Taxoii oneparueil SIBASIETCS TPYIIION: aCCOUMATABHOCTD BBIIOAHSIETCS, IIOCKOABKY
OHa BEHINIOAHSIETCSI B rpynnax G u H, HeATpaAbHEIM 3AEMEHTOM CAYXUT Iapa (e,e), 06paTHLIM
9AeMeHTOM K mmape (g, h) siBasteTcst anement (g~ h1).

Onpepenenne 10.8.1. MuoxxectBo G x H ¢ Takoi#l omeparueii Ha3bIBAETCS NPSIMbIM NPOU3BEAEHNEM
rpyna G u H.

Mpennoxenune 10.8.2. ITycmv G,H — epynnw.. Paccmompum omobpascerus

11:G—>GxH, g—(g,e),
i,:H— G xH, he (e,h),
m:GxH-—-G, (g,h) — g,
m: GxH—->H, (g,h)—h.

1. i1,1y — uHBEKXMUBHDBLE, Q T(1, Tl — CIOPBEKMUBHDBLE 20MOMOPPHUIMDBL 2DYNT;

2. Im(i;) = Ker(my) = G x {e}, Im(iy) = Ker(m) = {e} x H — nopmaavrweie nodzpynne e
G x H,;

3. m Oi]_ = idg, Ty Oig = j.dH,' 1 01,2 =€, T Oi]_ =€,
Aoxasameavcmeo. 1. OueBupHO.

2. Im(i;) cocTOUT B TOYHOCTH W3 IAEMEHTOB BHAA (g,e), a Ker(7m,) cocTOHT M3 3AE€MEHTOB
(g,h) makux, uTo h = e; u To, u Apyroe coBuapaeT ¢ G x {e} = {(g,e) € G x H | g € G}.
HopmanbHOCTE caepyeT u3 mpepnroskerusi 10.4.5. OcraBieecs aHAAOTHIHO.

3. m(i1(g)) = m((g,e)) = g, m2(i1(g)) = m2((g, e)) = e. OcraBieecss aHAAOTUYHO.
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Taxkum 06paszoM, oTobpa>keHus iy, i, ycranaBauBaroT w3oMopdusMel G =~ G x {e} u H =~ {e} x H
MexxAy rpynnamu G, H u moarpynmamu B G x H. EcTecTBEeHHO MOMHTEPECOBATHCSA, KOTAA BEPHO
obpaTHOe: KOTAA B AQHHOU rpymnne F Moxxmo HaltTu ABe HmoArpynnsl G, H takue, uto F m3omopdHO
npssMoMmy mpom3BepeHUO G X H, u moarpynnel G, H mOAy4YaioTCS ITOCPEACTBOM BAOKEHUH 11, is
AASI 3TOTO IPsIMOTO Ipou3BepeHUsi? OTBET AAET CAEAYIONIAsT TEOPeEMa.

Teopema 10.8.3. ITycmv F — epynna. ITycmv G < F, H < F — dse nodzpynne. 6 F. Obosravum
vyepes ji1: G — F, jo: H— F coomeemcmeyroujue snoorcerun. IIpednososcum, ¥mo 6vlnoaHeHdl
caedyrousue Ycaosus!

1. GnH = {e} (mepeceuenue smuzx nodzpynn mpusuaisbHo);

2. GH = F (w0601 saemernm x epynnv. F moorcno 3anucams 6 eude x = gh 0aa HeXOMopu
geG, heH);

3. gh =hg oOas ecex g€ G, he H (nodepynne. G u H xommymupyrom).

Tozda zpynna F usomopgpra npamomy npousdsederuro G u H; bosnee mozo, cyuecmsyem
maxolt usomoppusm @: F — G x H, wmo xomnosuyusa

mo@oj;:G—->F->GxH->G
ABAAEMCA MoHcOecmeeHHbIM omobpastcerHuem Ha G, a KOMNO3UUUA

mo@ojo:H—-F—->GxH-—->H
ABAAEMCA ModrcoecmeeHHbM omobpasceHuem Ha H.

Aokazameavcmeo. IlocTpoum usomopdusm @. BosemeMm x € F u 3anumrem ero (IOAb3YsICh CBOM-
crBoM 2) B Bupe X = gh, rae g € G # h € H. 3ameruM, 4TO Takoe IPeACTABAEHUE EAMHCTBEHHO:
ecam x = g'h/ aast ¢’ € G, h/ € H, To gh = g’h/, otkyaa g'~'g = h'h™!; B AeBolt wacTu crouT
aaemeHT G, a B mpaBoit — aaeMeHT H, 3HauuT (o coiictBy 1) g’ 'g = e = h'h™!, otkypa g = g’ u
h = h'. TlosToMy MBI MO>KeM ITOAOXKZTE @(X) = (g, h).

[TpoBepuM, 4TO (@ — romoMopdusM rpyun. Bossmem Yy € F u 3anuimem ero B Bupe y = g'h/,
rae g’,h' € H. Toraa xy = (gh)(g’h’) = g(hg’)h/ = (gg’)(hh’) (mo cBoiicTBy 3). Ilo ompeaenenuUIO
¢ Tenepb @(xy) = (gg’,hh’), B To Bpems xak @(x) = (g,h), ¢(y) = (g’,h’), u, craro 6bITH,
e(x)e(y) = (9,h)(g",h') = (99’, hh).

AAsT AOKA3aTEABCTBA MHBLEKTUBHOCTH () AOCTATOYHO IIPOBEPUTH TPUBMAABHOCTH €r0 SIAPA
(nemma 10.4.8). Ho ecam @(x) = (e, e), To x = ee = e. Aast Bcex map (g, h) € G x H maiiaercs x =
gh € F Takoit, aTo @(x) = (g, h), mosTomy ¢ ciopbekTuBeH. Hakonern, 7;(¢(j1(g))) = m(@(g)) =

m((g,e)) = g m m2(@(j2(h))) = m2(@(h)) = m2((e, h)) = h. D
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10.9 Cummertpuyeckas rpynna

AUTEPATVPA: [F], ra. X, § 5, m. 4; [K1], ra. 1, § 8, mm. 2, ra. 4, § 2, . 3; [Bog], ra. 1, § 4.
Ceifyac MBI BEPHEMCSI K U3YYEHUIO TPYIIIEL Sy,.

Onpepenenne 10.9.1. ITepecTanoBka 7T € S,, HA3BIBAETCA LUKAOM AAUHbI K, €CAM AAST HEKOTOPBIX

PasAMYHBIX 1f,...,1x € {1,...,n} BemmoaHeHo 71(1;) = iz, 7(i2) =13, ..., 7W(ix_1) = ik, (i) = 11, 7
AAst Beex j € {1,...,n}\{iy,..., ik} BeImOAHeHO 71(j) = j. Takoit IuKA MBI OyaeM 0bO3HAYATH TaK:
(i iz ...1ik). Ilpm sTom MHOXecTBO {iy,...,1} € {1,...,n} Ha3EIBaeTCS HOCMTENEM IUKAA 7. ABa

IWKAQ TT, P € Sn Ha3bIBAIOTCs HE3ABUCUMbBIMU, €CAM UX HOCUTEAU HE IIEPECEKAIOTCHA. SaMeTI/IM, qTo
IOUKABLI ANAMHBL 1 He OoYeHb IONAE3HO PaCcCMaTPUBATE: 9TO TOXKACCTBCHHAS IIEPECTAHOBKA.

Samenarue 10.9.2. 3ameTuM, YTO IUKA AAUHBI K MOKHO 3aIKCaTh K PasAMYHBIMU CIocobamu:
(g g vvn kg ) =02 13 ... 1l L) ==k 11 ... k2 k1)

Nemma 10.9.3. Hesasucumsvie 4ukab, KOMMYMUPYOM: €CAU T, P € S;, — HE3ABUCUMDLE UUKADL,
mo TIip = PTI.

Aonaaameﬂbcmso. HeHOCpeACTBeHHOG BBEIYNCAECHHUE. ]

Onpepenenune 10.9.4. Ilycts 7 € S,,. MuoxectBo Fix(7m) = {i € {1,...,n} | (1) = i} Ha3bIBaeTcs
MHOXXECTBOM HEMOABUXKHbIX TOYEK IIEPECTAHOBKY 7, & EFO SAEMEHTEL — HENOABMKHBIMU TOUKAMMU TT.

Teopema 10.9.5. Nr0byro nepecmarosxy T € S,, MoocHO npedcmasumsd 8 sude nNpousdsedeHus
HE3ABUCUMDBIT UUKAOS, HOCUMENU KOMOPHLT He nepecexaromcs ¢ Fix ().

Aoxasameavcmeo. ByaeMm BecTr MHAyKIuIO o 4ucAy i € {1,...,n} Takux, uro 7(i) # i, TO
ecTb, o N — | Fix(m)|. Ecam aTo 4ucno paBHO 0, TO mepecTaHOBKA 71 TOXKAECTBEHHA U, TAKUM
06pa3oM, ECTb IIPOM3BEAEHHUE IIYCTOIO MHOKECTBA IUKAOB. DTO 6a3a MHAYKIMY. A\OKa>KEM IIEPEXOA.
[Tycts Teneps MHOKecTBO | = {i € {1,...,n} | (1) # i} HenycTo; Hanpuwmep, i; € . PaccmoTpum
IIOCA€AOBATEABHOCTS i1, 7t(11), T2(1;), . ... Ilo mpeamoaroskenuio i; # 7t(i;). PaccMoTpum mepBeiit
3AEMEHT 3TOM IMOCAEAOBATEABHOCTH, COBIIAAAIOUINN C KAKUM-TO U3 PaHEe BCTPETUBIIAXCS: TaKOM
HAWAETCSI, IIOCKOABKY BCE SAEMEHTHL 9TOM IIOCAEAOBATEABHOCTH AEKAT B KOHEYHOM MHOKECTBE
{1,...,n}. IIycte 310 7*(i;) = '(1;) mpm k > . Ecam | > 0, THI IPUMEHSIST K STOMY PaBEHCTBY
7.[—1
BuauwT, | = 0 u 7°(i;) = i;. Kpome Toro, onsiTh ke B CUAY MUHUMAABHOCTE K, BCE SAEMEHTEHI
i, (1), M (11), - - ., T (1) pasamunsl. O6osHaunMm iy = 71(i;),13 = 7(11),...,lk = 7°71(1) =
paccMoTpuM IUKA O = (i3 iy ... ix). MbI 3HaeMm, gto 7(i;) = iy, m(iz) = 13, ..., 7(ix_1) = ix

, moaygaem 7 1(i;) = m'7!(i;), 9TO IPOTUBOPEUUT IPEATIOAOKEHUIO O MUHUMAABHOCTH K.

u 7t(iy) = 1;, mosTOMY Ipou3sBeAeHUE TU = 0 0 7T 0BAAAET CAEAYIOIMM cBodicTBOM: 7U'(1;) = 1y,
(i) =1g, ..., (i) = ik, w '(j) = 7(j) pnrst Bcex j € {1,... ,n}\{i1,...,k}-

STO 3HAYUT, YTO K 7T MOXKHO IIPUMEHUTH IPEATIOAOKEHNE UHAYKIMA: AeACTBUTEABHO, Fix (1) =
Fix(m) u {i4, ..., 1k}, mOo3TOMy MomHOCTE MHOXKecTBa {i € {1,...,n} | /(i) # i} Ha k MeHbIIE, YeM
MOIIIHOCTD @HAAOTWYHOTO MHOXKECTBA AAST 7T. [10 IPEATIONO>KEHNIO MHAYKIMK 7T MOXKHO 3aIIMCATh
B BUAE NPOU3BEAEHUS] HE3aBUCUMBIX LIUKAOB, HOCUTEAU KOTOPBIX He Iepecekaiorcs ¢ Fix(7r):
T
IIIKAA O — 9TO MHOXXECTBO {1ii, ..., 1y}, He mepecekaromeecs ¢ Fix(n) = Fix(7')\{iy, ..., i} O

"= 1y...7,. [locaAe aTOro ocTaeTcs 3ammcaTh 7T = 07T = OTy...Ts X 3aMETUTH, YTO HOCUTEAD
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Onpepenenne 10.9.6. 3anuck snemeHTa 7T € S,, B BUAE, YKA3aHHOM B TeOpPEME, HA3BIBAETCS LUKIEHHOM
3annCcbio NEPECTAHOBKM TT.

ITpumep 10.9.7. LIuKAeHHbIE 3aIIUCH HETO>KAECCTBEHHEIX IIEPECTAHOBOK U3 S3 BRIPASIAAT Tak: (1 2),
(1 3),(2 3),(1 2 3), (1 3 2). LlukneHHast 3aIUCh TOXKAECTBEHHON IIEPECTAHOBKY IIycTa. B Sy
MEIOTCSI TPU NIEPECTAHOBKY, B IMKAEHHOM 3amucy KOTOPHIX boaee opHoro mumkaa: (1 2)(3 4),
(1 3)(2 4), (1 4)(2 3).

Sameuarue 10.9.8. Kak Mbl Bupean Boime (3amedanue 10.9.2), 3anuce nukaa B Buae (i iy ... ix)
He BIIOAHE OAHO3HAYHA: HA IIEPBOE MECTO MOXKHO IIOCTAaBUTH AIOOOH SAEMEHT U3 iy, ...,1x. KpoMme
TOr0, B IPOU3BEAEHUN HECKOABKUX HE3aBUCUMBIX IIMKAOB X MOJKHO IIEPECTABASITH MECTAMU IIPOM3-
BOABHBIM 00pa3soM (He3aBUCUMBIE IIUKABI KOMMYTUPYIOT). HECAOKHO HOHSITH, YTO B OCTAABHOM
IUKANYIECKAST 3allCh IIEPECTAHOBKY EAMHCTBEHHA. AEHCTBUTEABHO, Ka’KAO€ YKUCAO OT 1 A0 M AmOO
He BCTPEYaeTCs HU B OAHOM U3 IIUKAOB (M TOTAQ TO HEIOABMIKHASI TOYKA), AMOO BCTPEYAETCSI
POBHO B OAHOM IZKA€ (IIOCKOABKY LIXKABI HE3ABUCHMEI), X TOTAQ €T0 0Opa3 OAHO3HAYHO OIPEAEAEH.
YacTo AnsT yAOOCTBA B KaXXKAOM IWKAe (i; 1y ... 1) Ha II€pBOE MeCTO CTaBSAT MUHUMAABHBIHA
SAEMEHT U3 iy,...,1k, @ BCE IIMKALI B IIMKAECHHOM! 3aIIMCH PACIOAATAIOT B IIOPSIAKE BO3PACTAHUS
IIEPBLIX 9AEMEHTOB 3TUX IIMKAOB.

[TukAeHHAasI 3alUCh IOAE3HA, CPEAU IIPOYETO, AAS BU3YAAU3ALUY COIPSIKEHUS IIEPECTAHOBKHU.

Nemma 10.9.9. ITycme me Sy, iy,..., 1k — pasauvwrsie anemenms {1,...,n}. Tozoa
71(11 12 lk) = (7'((11> ’7'[(12) ﬂ(lk))

Taxum 06PA30OM, CONPAHCEHHBIT IAEMEHM K UUKAY OAUHB. K makotce ABAAEMCA UUKAOM
oauHwt K.

Aoxasameavcmeo. Ilycte ' = ™(1; iy ... ix). IIpumensas n’ k 7(is), moaygaem m'(m(is)) =
(mo(iy 1 ... ix))(is) = 7(isy1) mpu s < k u 7(i;) upu s = k. Ecaum xxe j € {1,...,n} He
COBIIaAA€eT HU C OAHUM 13 71(1y), . .., 7t(1k ), To 71 1(j) He coBIapaeT HU C OAHUM U3 iy, . . ., iy, HOITOMY
mw(G) = (mo(iy 12 ... W) *(§)) = n(nt(j)) = j. 3uauur, snementsr 7(i1),...,7w(ix) moa
AeMCTBUEM 7U' CABUTAIOTCS [0 IUKAY (B yKa3aHHOM IIOPSIAKE), & OCTAAbHBIE OCTAIOTCS HA MecTe. [

Onpepenenne 10.9.10. Ilycts 7w € S,,. Habop AAZH IIMKAOB B IIUKAEHHOW 3amucu 7 (C yIeToM
KPATHOCTEHN) HA3BIBAETCSI LWKAEHHbIM TUNOM IIEPECTAHOBKY 71. TaK, K IPUMEDPY, IIUKAECHHBIH TUII
nepectaHoBkY (1 2 3) pasen {3}, a mepectanosru (1 2)(3 4) — {2,2}.

Teopema 10.9.11. [JukaerHvie munv, 08YT CONPAHCEHHBIT Nepecmarosokr odurakoss,.. Obpamro,
ecau Yy 08YT mepecmarHo8ox YUKAEHHBLE TUNDL COBNA0AOM, MO OHU CONPAHCEHDL.

Aoxaszameavcmeo. BEcau m,p € S, u p = p1ps...Ps — PA3NOKEHUE IIEPECTAHOBKU P B IIPOU3-
BEACHUE HE3aBUCUMEIX IIUKAOB, TO ' = TIPTT 1 = TIP1Pg...PsTT + = TIP7T *TIP7T + .. . TIPTT b =
o1 TPy ps. IIOCKOABKY IIpM COIIPSIKEHUY ITMKAA IIOAYYAETCS IIMKA TOU K& AAMHBI, IIepBasi
JacTh TEOPEMEI AOKAa3aHa.
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[IycTe Temepb p = P1P2...Ps B T = T1Ty ... Ty — PA3AOKEHUS IIEPECTAHOBOK U3 S,, B IIPOU3BEAE-
HUS HE3aBUCUMBIX IIUKAOB C OAMHAKOBBIM IIMKAEHHBIM TUIIOM. DTO O3HAYAET, UTO S = t U IIocae
IIEPECTAaHOBKY COMHOXXUTEAEN MOYKHO CUMUTATh, YTO IIUKABL Pi ¥ T; IMEIOT OAUHAKOBYIO AAUHY AAS
Bcex 1 = 1,...,s. YKa)KeM IIEPECTAHOBKY 7T € S, TaKyio, 4YTO T = "'p. [IyCcTb IIUKA p; MMEET BUA
pr = (i1 i ... ix), a uKA T; uMeeT BUA T1 = (j1 j2 ... jk). [Hoaoxum 7t(i;) = ji, 7(iz) = jo,
..., T(1x) = jx. CoBepmuM TaKyIo >Ke IPOLEAYPY C IIUKAAMYU Pg U Tz, ..., Ps X Ts. 3aMETUM, YTO BCE
SAEMEHTEI, BXOASIINE B 3aIIUCH IIUKAOB P1, P2, - - -, Ps IOIAPHO PA3AUYHEI, TaK YTO IIPOTUBOPEYUUST
He BO3HUKHET. KpoMe TOro, BCe 3AE€MEHTHI, BXOAAINNE B 3aIllUCUA ITUKAOB Ti, Ta,...,Ts IIOIAPHO
PasAMYHEI, TaK YTO IIOKA YTO 7T IPUHUMAET PA3ANYHBLIE 3HAUEHUSI, KOTOPLIX CTOABKO K€, CKOABKO
BCETO SAEMEHTOB B IIUKAAX P1, P2 .-, Ps- AAST 9AeMeHTOB j € {1,...,1}, KOTOpPbIe HE BXOASIT HUI
B OAMH U3 IIUKAOB P, P2, - - -, Ps, TOAOXKUM 71(j) PABHBIM IIPOM3BOABHBIM PA3AUYHEIM 3AEMEHTAM,
HE BXOASIIIUM HU B OAMH U3 IIMKAOB Ty, Ta,...,Ts. DTO MOXXHO CAEAATH, IIOCKOABKY UX IIOPOBHY.
J\eTKO BUAETDH, YTO MBI IIOAYIUAM OmeKInio T € S;, u B cuAy AeMMbL 10.9.9 mmeem "p; = Ty AAS
Bcex i =1,...,n. IloaTromy u "p = T. [

Samevwarue 10.9.12. U3z porazarerbcTBa TeopeMbl 10.9.11 BEAHO, YTO MCKOMAas IIepeCTaHOBKA TT,
KaK IIPaBUAO, AANEKO He €AVHCTBEHHA.

CAGAYIOHI&H TEOpPEMa IIOKA3BbIBAET, 9TO M3YUYCHUEC CUMMETPUIECKUX I'PYIIII MOXKET OLITHL Ba>KHBIM
IOIIaroM B M3YYE€HHUN BCEX KOHEYTHBIX I'DYIIIL.

Teopema 10.9.13 (Teopema Kanum). Arwbas xkonenwnas epynna G usomoppra nexomopotl nodzpynne
2pynnut S, 048 HEKOMOPO20 HAMYPAALHOZ20 M.

Aoxazameavcmeo. IToroxxkum n = |G|. 3aHyMepyeM 3AeMeHTEI Ipynnsl G ducaaMu oT 1 A0 n:
G = {g1,...,9n}. ComocTaBUM Ka>KAOMY 3AEMEHTY g € G IIEPECTAHOBKY Ty € S, CAEAYIOIIUM
obpaszoM: AAsT 1= 1,..., N IIOCMOTPUM Ha AEMEHT (g; B rpymnne G. DTOT IAEMEHT AOAIKEH UMETh
HEKOTODBI# HOMEp; ero 1 BO3bMeM B KaueCTBe 7iy(i). Takum 06pasoM, ggi = Jn (i) AAST BCEX i.
I[Ipe>xae BCero, HYKHO IIOKa3aTh, UTO Ty AHCTBUTEABHO SIBASETCS IEPECTAHOBKON. VHBEKTUBHOCTE
Tty TIOKa3aTh AETKO: €CAM Tig(1) = 74(j), To ggi = ggj, OTKyAa gi = g; ¥ i = j. BuekTUBHOCTH Temeps
CAEAYeT U3 TOTO, UTO Ty ACHCTByeT Ha KOHEUHOM MHOXeCTBE {1,...,n} (mpmunun Aupuxae).
MEI IOCTPOMAM IO Ka’kKAOMY 3AEMEHTY g € G IIEPECTaHOBKY Ty € Sy ; IOKa’keM TeIePb, UTO
COOTBETCTBHE TI: § — Tly SIBASIETCS ToMoMopduaMoM rpyni. HeobxoauMmo mokasarTsb, 9TO Tiggr =

Ty o Ty. Ho anst kaxxporo i = 1,...,n umeem (gg')gi = g, (i)} C APYTOHl CTOPOHEI, g(g’gi) =
99r,.(i) = Grg(m, (i) 1103TOMY Ttgq (1) = T1g(71g/(1)) AN BCex 1, 4TO M TPeGOBANOCE.
Hakownen, roMoMOp@u3M 71 UHBEKTUBEH, IIOCKOABKY U3 Ty = T, CAEAYET gg1 = g (1)

Jn.(1) = hg1 ¥, TOCAE COKpaIleHus Ha gi, g = h. MBI IIOCTPOMAM MHBEKTUBHEIA TOMOMOPOU3M
m: G — Sy; ero obpas Im(7) mo Teopeme o romomopduame 10.5.3 uzomopder dakTopy G mo
SIADY ToMoMopdu3Ma 7T, KOTOpoe TpuBHaAbHO. [losToMy rpynma Im(7) usomopdHa G 7 siBAsIETCS
TIOATPYIIION B S;,. [
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10.10 AdwappanbHas rpynna

AUTEPATVPA: [K3],ra. 1, § 4, . 5.

PaccmoTpuM Ha 3BKAKXAOBOM IIAOCKOCTH IPABUABHBIN N-YTOABHUK C BEPIIMHAMHA Ag,...,A, X
IIEHTPOM B Hadaae KoopauHAT (Touke O). MHOXECTBO BCEX IIOBOPOTOB IIAOCKOCTH, IIEPEBOASIIUX
9TOT N-YTOABHUK B cebsi, obpasyer rpynny (cM. mpumep 10.1.3 (8)). HeTpyaHO HOHSATH, 9TO 3TO
IIUKAWYECKAs IPYIIa: B KaYeCTBe 00pa3yIOIell MOXKHO B3SITh IIOBOPOT ¢ IeHTpoM B O Ha yroa 27/n
B MOAOXKUTeAbHOM HamnpaBaeHuu (whatever this means). O6o3rauum sToT OBOPOT depe3 Xx. Awoboi
IIOBOPOT, IIEPEBOASIININ N-YTOABHUK B CEDSI, AOAKEH IIEPEBOAUTDL BEPIIMHBI B BEPIIWHEBI: IYCTH
OH mepeBoAUT A; B Ay. Torpa A, mIEPeXOAUT B Ay, 1, U TaK panee (ECAU CIUTATH, YTO BEPIINHEI
3aHYMEPOBAHbBI B IIONOKATEABHOM HAIIPABAEHUY, ¥ HOMEPA IOHUMAIOTCS IO MOAYAIO N, TO €CTh,
Ani1=A1, Ania = Ay, ...). Taxum 06pa3soM, STOT IOBOPOT COBIAAAET C XF.

PaccmoTpuM Teneph MHOMKECTBO 8cex 08udceHUl IIAOCKOCTH, IIEPEBOASAIIAX HAIl IIPABUAL-
HBIZ N-YTOABHUK B cebsi. DTO TOXKe rpyima; obosHauuM ee depe3 D,,. OHa COAEP’KUT B Ka4eCTBE
TIOATPYIIIIEL, IIOPOXKAEHHON IAEMEHTOM X, IUKAUYECKYIO I'PYIIY HOopsiaka n. KpoMme Toro, B Hel
COAEPKATCST HEKOTOPHIE OCEBLIE CHMMETPHM: UX ONMCAHME 3aBUCHUT OT YETHOCTH N. AAST HEYETHOTO
N OCh Ka’KAOM CUMMETPUU IIPOXOAUT UEPE3 BEPIIUHY U CEPEAUHY IIPOTUBOIIOAOMKHOMN €l CTOPOHBI
(HampuMep, 4epe3 BEPUINHY A; U CEPEAUHY CTOPOHBI A ni A ngs ): TAKUX CUMMETPUHA N. AAS IETHOTO
T UMEETCSI N /2 CUMMETPUY OTHOCUTEABHO IPSIMBIX, COEAUHSIONINX IIPOTUBOIIOAOKHEIE BEPIITMHEL
(manmpumep, AjAn, 1), 1 N/2 CUMMETPU# OTHOCUTEABHO IPSIMBIX, COEAUHSIONINX CEPEAUHEl IPO-
TUBOIIOAOXKHEIX CTOPOH (HaIPUMep, CEPEAUHY CTOPOHEI AjA; C CEPEARHOR CTOPOHBL An 1An o).
B ArobomMm caydae, BCETO OCEBBIX CHUMMETPUHM POBHO M, M MOXXHO IIOKa3aTh, YTO OHM BMECTE C M
[IOBOPOTAMU KUCYEPIIEIBAIOT BCE dAEMEHTHI rpynnsl D,,. Takum obpasom, |D,| = 2n.

Anst mopapobHOro M3ydeHus: rpynnsl D, MBI 6yAeM IOAB30BATLCSI €6 MAMPUYHBIM Npedcmas-
AeHuem. A IMeHHO, 3aMEeTUM, YTO BCE OIKUCAHHLIE IIOBOPOTHI ¥ CUMMETPUU COXPAHSIIOT Touky O.
ABU>KeHVE 5BKAUAOBOM IIAOCKOCTH, CoxpaHsitomiee ToUKy O, SIBASIETCS, CPEAU IIPOUETO, AMHENHBIM
oTobpa’keHNeEM COOTBETCTBYIOIIETO ABYMEPHOIO BEKTOPHOI'O IIPOCTPaHCcTBa. [loaToMy mocae Beibopa
OPTOTOHAABHOTO 6a3uca MOYKHO OTOXKAECTBUTDL SAEMEHTHI I'PyHnbl D, ¢ MX MaTpUIAMU B 3TOM
6asuce. HeTpyAHO IOHSATD, YTO

cos(2mt/n)  sin(27/n)
—sin(2mt/n) cos(2m/n)

)

U IIO3TOMY
. _ [ cos(2mk/n) sin(27tk/n)
—sin(27tk/n) cos(2mk/n)

VA06HO CYUTATh, YTO BEPUINHLI HAIIETO MHOIOYTOABHUKA — 3TO B TOYHOCTY KOPHU CTEIEHU Tl U3

epuHUIEL (cM. 3amevanue 3.5.3): 1,¢,¢2,...,e" 1. Torpa opHa U3 OCEBBIX CHMMETDUIA, AESKAIIUX B
D,, — 3T0 IPOCTO KOMIIAEKCHOE COIIpsI’KeHUe; 0003HAYUM 3Ty CUMMETPUIO Yepe3 Y:

1 0

Y=1o -1
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I'pynma D,, Takke AOAKHA COAEP)KAaTb 3AEMEHTH Buaa Yyx* aas k =1,...,n — 1:

. _ [cos(2mk/n)  sin(2mk/n)
sin(27tk/n) — cos(2mk/n)

Tereps MOKHO 3ab6BITh IIPO IIKOABHYIO [€OMETPUIO I OMPEASAUTE IPyHIy D, KaK MHOXeCTBO,
cocrosimee u3 mMaTpur x* w yx*, rae k=0,...,n— 1.

Teopema 10.10.1. Mnoorcecmeo D, = {x* |0 <k <n—1} u{yx* |0 <k <n -1} (mampuyw x,
Y YKa3aHbL 8HIUWE) ABAAEMCA 2DYNNOU OMHOCUMENLHO 0O0BIHHO20 YMHOHCEHUA MAMPUY, (U,
maxum obpasom, nodzpynnot ¢ GL(2,R)). I'nynna D,, nopootcderna 08Yymsa snemeHmamu X u

y, ordp, (x) =n, ordp, (y) = 2. ITodepynna (x) < D,, yuxauxecxas nopaoxa n, oHa HOPMALLHA
e D,.

Aoxasameavcmeo. IlpsiMoe BBIYUCAEHUE ITOKA3bIBaeT, uTo X = 1 u y? = 1; 6oaee TOro, IOPSIAOK
X paBeH M. [loKasaTeAb CTEIEHN X Teleph MOKHO BOCIPUHUMATE II0 MOAYAIO N: X™ = x™™dn e D .
Kpowme Toro, yxy = x !, orkyaa xy = yx ! u, uTepupys, moarydaem x*y = yx <. ITosTomy x* - x! =
KL yxk - xt = yxkrt xR oyxt = yx kb = yxtK, yxk - yxt = yyx*x! = x!7*. Hakoren, oTrciopa
caepyer, aTo (x¥)7! = x7* u (yx*)~! = yx*. Mer moayumAm, 9TO yMHOXKEHUE U B3SATHE O6PATHOTO
He BBIBOAUT HAC 3a IPeAEABl MHOXKecTBa D, ; mosromy D, < GL(2,R). B wactrocty, D,, siBAseTcs:
rpynmoii. ITo ONpeAeAeHUI0 KaXKABLA dAeMeHT D, 3ammcad B BHAE IPOU3BEAEHUSI HEKOTOPOIO
KOAWYECTBa 9AEMEHTOB X X Y, HoatoMy D,, = {x,y). 13 Toro, uro ordp, (x) = n, caepyer, aro (x) —
nurAmdeckas mopsaka n. Hakomem, yx'-x*-(yx') =1 = yxt-xkyx! = yxtyxt=* = xt-*t = x7* e (x),
noatoMy (x) < D,, (BmpodueM, HOpMaABHOCTb CA€AYeT ¥ u3 mpuMepa 10.3.11 (3): (x) uMeeT HHAEKC
2B Dy). O

X

Samewarue 10.10.2. ObozrauuMm {y) = G, (x) = H. Toraa D,, = GH: aoboit snemerT D, MOXHO
3anucaTh (U AaKe eAMHCTBEHHEIM obpasoM) B BuAe gh, rae g € G, h € H. Kpowme Toro, G n H = {e}.
Boaxee Toro, rpynna D, /H cocTouT u3 AByX 5A€MEHTOB, IOTOMY OHa IuKAWYecKas (Teopema 10.7.8)
z usomopdua G. Opmakro, D, He sBAsieTcst npsiMbIM Ipom3BepeHueM G u H (mpum n > 2): He
xBaTaeT ycaoBusi 3 u3 TeopeMsl 10.8.3. Eime opus apryMmeHT: moarpynna G = (y) He HOpMaAbHa
B D, (xyx ! =yx?¢(y)) a COMHO)KUTEAN AOAXKHBI OBITH HOPMAABHEL B IIPSIMOM IIPOX3BEACHUN
(npepnosxenve 10.8.2, IyHKT 2).
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11 Nonununeitnas anrebpa

11.1 TMonunuHeiiHbie oTobpaXeHns

AUTEPATVPA: [KM], 4. 2, § 2, m. 1; 4. 4, § 1, mm. 1-2.

IIycts k — moae, Vi,..., Vi, U — BekTOpHBIE IpocTpancTBa Hap k. OTobpaskenue f: Vi x - - X
Vin — U Ha3bIBaeTCsS NOAWINHEWHbLIM, €CAY OHO AMHEWHO IO Ka’XKAOMY apTyYMEHTY IPU (PUKCUPOBAH-
HBIX 3HQYEHUSIX OCTAAbHBIX. HEIMU cAoBaMmu, f afAMTUBHO TIO Ka>KAOMY apTyMEHTY:

flo.o,vi+vl o) =Ff( v )+, v ).

Kpome Toro, orobparxerue f 0AHOPOAHO cTeneHn 1 1o Ka>KAOMY apryMeHTy (TaKikKe IpU (OUKCUPO-

BaHHBIX OCTaAbeIX)I
f(...,}\\)i,...) ZAf(...,Vi,...).

[TpuBepeM IpUMepPHI TOAUAWHERHBIX OTOOPa keHUH, KOTOPhle MBI BCTPEYaAY PaHbIIIE!

e CransipHOe mpom3BepeHUE: bunumHelHass dopMa B: V X V — R gBASeTCHS HOAUAMHERHBIM
oTobpa’keHNeM IO CaMOMY OIIPEAEAEHUIO (CM. ompepeaeHue 9.1.1).

e OmpeaenuTenb: IycTb V = K™ — IpocTpasHCcTBO CTOADIIOB BBICOTEI N. MOYKHO pacCMOTPETH

oTobparkeHuE
det: k™ x -+ x k™ >k, (v1,...,Vn)— det(vy,...,vn),

COIIOCTABASIIOIII HAGOPY CTOABIOB OIPEAEAUTEAD MATPHIIEI, COCTABAEHHOMN 13 3TUX CTOALIIOB.
9To oTobparkeHNe IOAUAMHENHO (CM. pasaea 5.7).

OxasbIBaeTcsi, YTO IOAUAUHERHBIE OTOOpa>keHusT u3 Vi X -+ X Vi, B U B TOYHOCTH COOTBET-
CTBYIOT AUHEUHBLMU OTODPA’KEHUSIM U3 HEKOTOPOr'0 HOBOIO 06BEKTA (TEH30PHOI'O IPOU3BEAEHUS
mpocTpaHcTB Vi, ..., Vy) B UL

11.2 Ten3opHoe npousBeaeHne ABYX NPOCTPAHCTB
AUTEPATVPA: [F], ra. X1V, § 4, oo 1, 2; [K2|, ra. 6, § 1, m. 5; [KM], @. 4, § 1, om. 2-5.

Onpepenenne 11.2.1. ITycts V, W — BeKTOpPHBIE IPOCTPAHCTBA Hap IOAeM K. TeH30pHbIM npou3Befe-
HWeM mpocTpaHcTB V m W Ha3BIBAaE€TCsI BEKTOPHOE IIPOCTPAHCTBO V ® W BMecTe ¢ buAMHETHBIM
oTobparkerueM @: V x W — VR W, yA0BAETBOPSIIOIINE CAEAYIOMIEMY YHUBEPCAALHOMY C80UCMBY:

e AASI ATODOTro BeKTOpHOro mpocTpaHcTBa U u Aroboro buamHeHOro oTobpaskenus p: VW — U
CYIIECTBYET eAMHCTBEHHOE AMHEWHOE 0TObpasKeHUe 1]) V&®W — U Takoe, uTo ) = 1b o Q.

YHUBepCaAbHOE CBOMCTBO MOXXHO U300pa3UTh CAEAYIOUIER AMArpaMMO:

V xW @ s VW



Teopema 11.2.2. TensopHoe npousdsederue a0bblz sexmopHuir npocmparcms V, W nad nosem
k cywecmsyem u eOUHCMBEHHO C MOYHOCMBIO 00 KAHOHUMECK020 U3omoppusma. ITocaedHee
osnauvaem, ¥mo ecau @: VW — VRW — ewe 00Ho mer3opHoe npousdsederue 8 CMbiCae Onpe-
Odeaerus 11.2.1, mo cyuwecmsyem eOuHCMBEHHBIU U3OMOPHUIM BEKMOPHBHLL NPOCTNPAHCMNE
oa: VW — VRW makot, wmo ¢ = xo @:

V xW

@ y VW

VW

Aoxazameavcmeo. CHadanra AOKAKEM €AMHCTBEHHOCTBL. UTak, myctb @: VX W — VRO W u
©: VXxW — VW — aABa TEH30PHBIX IPOU3BEAeHUSI IPOCTPancTB V 1 W. PaccMOTPUM CAEAYIOIIYIO
AMArpaMMYy:
V x W i > VW
S
VW

[Tockoabky V @ W siBAsieTCsT TEH30PHBIM IIpom3BepeHUEM V u W, MOKHO IOACTaBUTH B YHUBED-

caabHOE cBoiicTBO U = VW 1 = @. 3HAYUT, CYIIEeCTBYET EANHCTBEHHOE AMHENHOE OTOOpaKeHKE
ax: VW — VRW, arsg kotoporo @ = xo ¢@. OCTanoch A0Ka3aTh, YTO X SIBASIETCS M30MOP(U3IMOM.
AAsT 3TOro MBI ITIOCTPOUM OTObpa>keHue, obpaTHOoe K . PaccMoTpuM aAmarpaMumy

V x W @ s VW

IS

VeWw

[Tockoabky VR®W Tak>kKe SIBASIETCS TEH30PHBIM Ipom3BepeHMeM V # W, MOXXHO HOACTaBUTDH B
yHuBEpcaabHOEe cBo#icTBO U = V® W u 1\ = @. 3HaAUUT, CYyIIeCTBYET €AUHCTBEHHOE AMHENHOE
orobpaxkenue 3: VW — V® W Takoe, uTo @ = 3 0 ¢. [TokakeM, 4TO [} sIBASIETCSI OOPATHBIM K (X.
PaccMmoTpuM pmarpaMmy

V xW L » VW

y

VoW

W3 yHumBepcanabHOrO CBOHCTBA AASI V ® W caepyeT, UTO CYIIECTBYET E€AMHCTBEHHOE AWHEHHOE
otobpaxxernue V® W — V ® W, KoMIIo3uIzss KOTOPOro C (@ paBHa . Ho MBI 3HaeM ABa TaKUX
OTOOpa’>KeHUsI: OAHO U3 HUX TOKAECTBEHHOE, idygw, a APYyToe PaBHO KOMIO3UIWY [3 o . AelCTBU-
TeABHO, (fox)o@ = o @ = @. I3 eAUHCTBEHHOCTH B YHUBEPCAABHOM CBOMCTBE CAEAYET, UTO
3TU OTOOPa’kKeHUsI AOAXKHEI CoBIaaaTh. [loaTomy 3 o & = idygw. AHaroruyHOe coobpa>keHue AAS
V®W noxaseiBaer, 4To « o 3 = idygw .

AAST AOKa3aTeAbCTBA CYIIECTBOBAHUSI TEH30PHOI'O IIPOM3BEAECHUS MBI IIPUBEAEM SIBHYIO KOH-
CTPYKIIMIO. PaccMOTpUM BCIIOMOTaTEABHOE BEKTOPHOE IIPOCTPAHCTBO L, 6a3uc KOTOPOro COCTOUT U3
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BCEBO3MOYKHEIX BEIPAKEHUH BUAA «V ® W» AAS BCeX BEKTOPOB v € V, w € W. VueiMu caroBamu, L —
3TO MHOJKECTBO BCEX [KOHEUHBIX| (DOPMAABHEIX AMHENHEIX KOMOMHAIMY BEIPAYKEHUN BAAA «V ® W»
(c xoabpunuenTamMy u3 k) ¢ OYEBUAHEIMY ONEPAIMSIMYU CYMMBL ¥ YMHOXKEHUST Ha CKAASIPEL.

Hecnoxuo onpepeants orobpaskerue f: V x W — L: moaoxum f(v,w) = «v® wy. OpHaKo, 3T0
oTobpa’keHNUe He SIBASIETCS OUAUHENHBIM: HanpuMep, f(vy + Vv, W) = «(Vv1 +V2) ®W», B TO BpPeMsI KaKk
f(vi, W) +f(va, W) = «vi@W» + «vo@w» . B HarmeM mpocTpaHCTBe «(Vi+Vy ) QWS # «Vi@Ws + «Vo@Wwy,
IIOCKOABKY PAaBEHCTBO O3HA4YaAO ObI HaAWYMe AMHERHOR KOMOMHAIIAN MEXAY 6a3UCHBIMY SAEMEHTAMMY.
Kpowme Toro, f(Av,w) = «(Av) ® w», Ho Af(V,Ww) = A«v ® W». AAsi TOro, 9TO6HI UCIPABUTH 3TO, MBI
IpodaKTOPU3yeM II0 BCEM TAaKUM COOTHOIIEHUSIM, X B IIOAYYEHHOM (haKTOP-IIPOCTPAHCTBE HY KHEIE
BBEIPa’XEHUSI COBIAAYT. A mMeHHO, obosHauuM 4depe3 R awmmeitnyio oborouky B L caepyromux
BEKTOPOB:

«(Vi +Vv2) @W» — «v; @ Wy — «<vy @ Wy,
«(Av) @ wy — A«v @ Wy,
W® (W +Wy)» — «VRW1» — «<vV® Wy,
W (AW)» — Ay @ Wy

AASI BCEX V1, V2, V, W1, Wa, W€ V 1 A € k. PaccMoTpuM dakTOop-IIpocTpalcTBO L/R 1 moKakeM, ITO
OHO YAOBAETBOPSIET OIPEAEAEHUIO TEH30PHOTO mpom3BepeHus V u W. Hawm ellle Hy’KHO IOCTPOUTH
bununeitHoe oTobpaxkerue @: VX W — L/R; AAsI 3TOTO pacCMOTPUM KOMIIO3UIUIO f ¥ KaHOHUYIEeCKOH
npoeknuu 7t: L — L/R. [IpoBepuM, uTo ¢ 6uamueitno. Haumpumep, @(vi + vo,w) — @ (v, w) —
@ (va, W) = T(«(v1+V2)@W» ) —Tt(«vi@W» ) —TT(«Va@W> ) = TT(«(V1+V2) @W> — <V @W» — «Vo@Ws ) =
0, IIOCKOABKY BEIpa>keHVE B CKODOKax AeXUT B R. AHaANOTMYHO IIPOBEPSIETCSI OAHOPOAHOCTL U
AMHERHOCTD II0 BTOPOMY apryMeHTY.

Haxomner, npoBepumM yHEBepcarbHOe cBo#cTBO. [IycTs : V x W — U — buaruneitnoe oTobparke-
uue. [lo yHUBepcaAbHOMY CBOMCTBY 6asuca (TeopeMa 7.1.9) CylecTByeT eAMHCTBEHHOE AMHERHOE
orobpaxkenue \’: L — U Takoe, uto P = ' o f. AAst TOro, 9T06BI 3TO OTOOPAKEHUE «IIPOIYCTUATHY
gyepes akTop-IpocTparcTBO L /R, AocTaTOYHO IIPOBEPUTH, YTO OTOOparkeHNe 1’ IEPEBOAUT KasKABIN
sneMmeHT R B 0 (B aToM cayvae oTobpaskerue L/R — U, x + R +— 1’(X) KOPPEKTHO OIIPEAEAEHO).
Ho AAst 3TOr0 AOCTATOYHO IPOBEPUTD, YTO ' IIEPEBOAUT Ka>KABINA SAEMEHT U3 HAINEN CHCTEMEI,
IIOPO>KAQIOIIEN TPOCTPAHCTBO R, B 0. DTO 0OYEBUAHO B CUAY OMAMHEHHOCTH 1); HAIPUMED,

P/ («(v1 + Vo) @W» — «vi @ W — «vy @ Wy) = P/ (f(vy + Vo, W) — f(vy, W) — f(va, w))
(v V2, W) — B (F(v, W) — W (FCvz, w)
=P(v1 + v, W) —P(vi,w) — b (va, W)
= 0.

Taxum obpasoM, MBI IOCTPOUAY OTOOpPaAKEHUE 1T): L/R=V®W — U, aArs KoToporo IT) o =1).
AAsT AOKA3aTEABCTBA EAMHCTBEHHOCTH OCTAAOCH 3aMETUTD, YTO SAEMEHTEL BUAA @ (V, W) AASI W E V,
w € W saBastrorcst obpasamu B [ /R 6a3ucHBIX 3AeMeHTOB IpocTpaHcTBa L. ITosToMy Takue sneMeHTED
nopoxxaaoT U ® V. SHauuT, AnHEHOEe 0oTOOparkeHume LT): V&®W — U HOAHOCTBIO OIIPEAENSIETCST
CBOMMN 3HAYEHUSIME Ha TaKuX saeMeHTax: P(@(v, w)) = P (v, w). O
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VTax, MBI IOCTPOUAY BEKTOPHOE IIPOCTPAHCTBO V ® W BMecTe ¢ OBUAMHERHBIM OTOOpasKEHUEM
@:VxW—V®W. CArOBO «yHHBEPCAABHOCTDEY B HA3BaHWM YHUBEPCAABHOI'O CBOMCTBA O3HAYAET,
uTO buAVHeHHOe OTOOpaskeHNe (P YHUBEPCAABHO CPEAU BCeX ODUAMHENHBIX oToOpaskenuit u3 V x W B
CAEAYIOIIEM CMBICAE: Afoboe buauHeliHOe oTobparkeHue U3 V x W mpoIrycKaeTcs depes @ (SIBASETCS
KOMIIO3UITNER (p ¥ HEKOTOPOrO AMHEHHOI'O OTOBparkeHUsI).

SAeMeHTH IpocTpancTBa V ® W HaswiBatoTcst TeHopamu. Obpas mapsl (v, W) HOop AeHCTBHEM @
MBI 6yaeM obosHawaTh uepes VO W € V® W 1 Has3beIBaTH pa3fiokUMbIM TeH30poMm. VI3 ompepeneHUs
HEMEAAEHHO CAEAYET, ITO (V1 + Vo) W = Vi QW+ Vva @ W, V® (W; + W) = VR W1 +V ® Wy,
AV)@w =A(vRW) =u® (Av). 3aMeTuM, OAHAaKO, ITO (KaK IPABUAO) HE AI00OH TEH30D SIBASETCS
Pa3sAoKUMBIM. B TO >ke BpeMsi, MHOKECTBO BCEX PA3AOKUMBIX TE€H30POB SIBASIETCSI CUCTEMOM 06pa3y-
OImMUX IpocTparcTBa V ® W, HOCKOABKY 3T0 06pa3bl Ha3mMCHBIX SAEMEHTOB IPOCTPAHCTBA | B Hameh
KOHCTPYKIuU. B wacTHOCTH, A1060F TEH30P ABASIETCH CYMMOU KOHEUHOTO UUCAA PABAOKUMEIX.
[TosTomy, HampuMeEDp, AAS 33aAAHUS AMHeHHOro oTobpaskeHuss u3 V ® W A0CTaTOYHO 3apaTh €ro
Ha Pa3AOKUMBIX TeH30pax (Ha CaMOM AEAE€, STO €Ille OAHA IepepOPMYAUPOBKA YHUBEPCAABHOTO
cBoiicTBa). TouHee, €CAM MBI COIOCTABUAY Ka’KAOMY PA3AOKUMOMY TEH30PY VR W € V ® W Heko-
TOPBIA 3AeMeHT IIpocTpancTBa U 6usureliHvim 06pa3om, TO OAHOSHAYHO OIPEAEAEHO AMHENHOE
oTobpaxkerue VR W — U.

OTmeTrM, YTO IPUBEAEHHAS B AOKA3aTEABCTBE TEOPEMBI 11.2.2 KOHCTPYKIAS COBEPIIEHHO
YYAOBUIIIHA: AA’KE €CAM IPOCTpPaHcTBa V u W KOHEYHOMEPHHI, IO IyTH K V ® W MBI cTpouM
IIPOCTPAHCTBO L, KOTOpOe, Kak mpaBuAo, beckoHewHOMEPHO: pAaxke ecan dim(V) = dim(W) = 1
u k = R, 6asuc mpoctpasncTBa L mmeeT MOIIHOCTH KOHTMHyyMa. Ha caMoM Aene, TeH30pHOE
IIPOM3BEAEHVE KOHEYHOMEPHEIX IIPOCTPAHCTB KOHEYHOMEPHO; ECAY B IIpoCcTpaHcTBax V u W BBIOpaHEL
6asucer, To 1 B V ® W ecTeCTBEHHBEIM 00pa30M BO3HUKAET ba3uc.

Mpeanoxenue 11.2.3. ITycmv V,W — gexmoprwie npocmparcmsa Hao noaem k, u nycms B =
{e1,...,em} — basuc V, C = {fy,...,f} — 6asuc W. Tozda snemermu. suda e; ®f;, 1 <i<m,
1 <j < n, obpasyrom basuc npocmparcmea VR W.

Aoxazamenvcmeo. PaccmMoTpuM IpPoCTPaHCTBO X PasMEPHOCTH mMn, 6a3smc KOTOPOro COCTOUT
3 3AeMeHTOB BuAa e; ® fj. Ceifgac MBI ompepeauM OmanHeiHOe oTobpaxkerme V @ W — X
U IPOoBEpPHM, UTO X BMECTE C 3TUM OTOOpa>keHUEM YAOBAETBOPSIET YVHUBEPCAABHOMY CBONCTBY
TEH30PHOI'0 IIPOM3BEAEHMUSI.

AAsi OIIpepeneHES @ CHadana HOAOKEM @(eq, fj) = e; ® fj. AAs ABYX IPOM3BOABHEIX BEKTOPOB

=>AegeVurw= Z]. u;f; € W reneps ompeaeauM @ (v, w) Tak, 9TO6EI ¢ 6BLAO OmAmMHEH-
HbIM. PackprIBasi CKOOKHY, IOAyYaeM, 4To @ (v, W) = Zi,j Aiyje; @ fj. OueBEAHO, 9TO IOCTPOEHHOE
oTobpaxkerue @: V x W — X buauHelHO.

IIycty Temepn U — ellle opAHO BEKTOPHOE IPOCTPAHCTBO Hap K, m myctb Pp: V x W — U —
buauneiiHOe oToOpakeHune. Tak Kak BEKTOPHI €; ® f; obpasyror 6asuc mpocTpaHCTBa X, AAS OIPEAE-
AEHUST AMHEHHOTO OTOOpa KeHMsI 1T): X — U MBI MO>XEM 33AATh €r'0 3HAYEHUSI Ha STUX BEKTOPHIX
IIPOU3BOABHEIM 0Opa3oM; TIOAY IEHHOE AMHelHOe oTobpa>keHue OIIPEACASCTCS ITUM OAHOSHAYHO
(reopema 7.1.9). [TosToMy moAOKEM 1|)(el®f ) = P(ey, fj) 1 mpopoAKIM ) A0 AmHeltHOTO 0T06pa>Ke-
Hua X — U. Komnozumus 1]) o ¢ bunuHe#iHa U coBIaapaer ¢ \p Ha mapax (e, fj), HosToMy 1]) o =1).
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BwMecTe ¢ TeM, At0boe oTObpaskeHrEe, KOMIIOSUIIUSI KOTOPOTO C (¢ paBHA 1, AOAKHO Ha Oa3MCHBIX
BeKTOpax ¢(ei, fj) mpurUMaTE 3HaueHU (ey, fj), IO3TOMY TaKoe oTOOpa’keHUMe eAVHCTBEHHO. [

Onpepenenne 11.2.4. Basuc u3 npepnroxeHus 11.2.3 HA3EIBAETCS TEH30PHbIM 6a3UCOM IIpOCTpaHCTBA
V ® W. O6bIYHO MBI YIOPSIAOYMBAEM €T0 CAEAYIOIUM (sexcurozpapuieckum) obpasom: e; ® fi,
€1®f2, ..., €1 ®fn, ey em®f1, €m®f2, ey em®fn-

Cneacteue 11.2.5. Ecau npocmparcmea V,W wHad noaem k xoreunomeprwv, mo VR W koreu-
nomepro u dim(V® W) = dim(V) - dim(W).

Samevarue 11.2.6. CpaBHUTE POPMYAY AASL PA3MEPHOCTH TEH3OPHOT'O IIPOU3BEAEHUS C (POPMYAOH
AAs mpsiModt cymMel: dim(V @ W) = dim(V) + dim(W). OTo cBEAETEABCTBO TOTO, ITO TEHIOPHOE
IIPOM3BEAEHNUE U NIPsIMasi CyMMa — QHAAOTY YMHOMKEHUS U CAOXKEHUS AASI BEKTOPHBIX IIPOCTPAHCTB.

11.3 TeH30pHOe npou3BeaeHNE HECKOJIbKUX NPOCTPAHCTB

AUTEPATVPA: [F], ra. X1V, § 4, n. 3; [KM], 4. 4, § 1, nm. 2-5; § 2, nm. 1-3.

Mgl MO>KeM Telepb IIOIBITATHCS OIPEAEAUTH TEH30PHOE IIPOU3BEAEHVE MpPer IIPOCTPAHCTB
U, V,W dopmyroit U VROW = (URV)®W. Oapraro, Takoe onpeAeAeHEEe HapyIIaeT CUMMETPHIO
Mexpy U, V u W (mouemy e U® (V® W)?). IlosToMy MBI IPOCTO IMOBTOPUM YHUBEPCAABHOE
OIIPEAENEHUE TEH30PHOTO IIPOU3BEAECHUSI, U3MEHUB €TI0 COOTBETCTBYIOMIUM 06pa30M.

IIycte Vi, ..., Vs — BEKTOpPHBIE IPOCTPAHCTBA HaA moaeM k. Toraa ux TEH30pPHLIM NPOM3BESEHMEM
Ha3bIBAETCS BEKTOPHOE IIPOCTPAHCTBO V1 ® - - - ® Vi Haa Kk BMeCTe ¢ MOAUAWHEHHBIM O0TOOpa keHUEM
@: Vi x---xVsg > Vi®---®V, TakuM, 9TO AAST AIOOOTO IOAMAKHERHOTO oTobpa>kerus P: Vi x - - - X
Vs — U B HEKOTOPOE BEKTOPHOE IPOCTPAHCTBO U CYIIeCTByeT eAMHCTBEHHOE AMHENHOE OTOOpa>keH1e
IT): Vi®: - ®V, — U rakoe, aTo :1T)O(p:

Vi % - x Vi @ » VI® - ® Vs

N k/// IT)

u

Teopema 11.3.1. Tensoproe npoussederue 2106020 KOHEUHO20 “HUCAQ BEKMOPHBLL NPOCTPAHCME
Vi, ..., Vs cywecmseyem u eOUHCMBEHHO C MOYHOCMBI0 00 KAHOHUYECKO20 U3OMOPPHUIMA.

Aoxazamenvcmeo. NOKa3aTEABCTBO ITOM TEOPEMEI COBEPIIEHHO TAKOE K€, KaK B CAyYae ABYX
IpocTpaHCcTB (Teopema 11.2.2). A nMeHHO, PaCCMOTPUM BEKTOPHOE IIPOCTPAHCTBO L ¢ basmcom,
COCTOSIIIMM U3 IAEMEHTOB «V1 &) - -®Vs», TAE V1, . . . , Vs IPODETAIOT BCEBO3MOXKHBIE HAOOPEI 9IAEMEHTOB
IIPOCTPAHCTB Vi, ..., Vs, coorBeTcTBeHHO. VMeeTcss ecTecTBEHHOEe OTOOpa>keHME MHOMKECTB Vi X
-+ x Vg — L, mepeBopsiee Habop (v, ..., Vs) B OASUCHEIN 9AEMEHT «V; ® - - - @ V¢». UToOBI caeraTh
3TO OTOOpa KeHVEe IOAMAMHENHBIM, IpodakTopusyeM L mo aummHeltHO# obonrouke R caepyromux
3AEMEHTOB:

CGORAVIFVIR®..»— R ViR..y — RV Ry
CoRQAVIR® ..y ARV R Ly
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Tenepb ckBoO3HOe oTobparkenme @: Vi X -+ X Vg — L — L/R moamnmneitno. [Iposepum, uTO
OHO YHUBEpPCaAbHO: IyCTb \: Vi X -+ x Vg — U — HeKoTOpoe IOAUAMHENHOe OTOOpa>keHUE.
ConocTaBaeHTE «V; ® - - ®Ve» — P(Vy,...,Vs) 3apaeT AuHelHOe oTobparkerue L — U, u 3AeMeHTEH,
nopoxkaaromue R, mepexoasaT B 0 B cuAy moAuamHeHOCTH . [I03TOMY OHO IPOIIyCKaeTCst Yepes
(baKTOP-IIPOCTPAHCTBO X MBI TOAYyYaeM AMHeNHOe oTobparkenue L/R — U. Takum obpasoM, MEI
MOYXKEM TOAOKUTE Vi ® -+ ® Vs = L/R. EAUHCTBEHHOCTE TEH30PHOTO IIPOU3BEAEHUST AOKA3LIBAETCS
6yKBaABHO TaK K€, KaK U B CAy4Yae ABYX IIPOCTPAHCTB. ]

Samevarue 11.3.2. Kak u B cAydae ABYX IIPOCTPAHCTB, obpas Habopa (vi,...,Vs) € Vi X - X Vg B
IpoCcTpPaHCTBe Vi Q- - -QV, 0bo3HaUaeTCst depe3 Vi) - -QVs X Ha3EIBAETCS PA3/IOKUMbIM TEH30POM; AAST
3apaHUS AMHERHOTO oTobpaXkerus u3 Vi ®- - - Q@ V, B U AOCTaTOYHO OIPEAEAUTD €T'0 Ha PA3AOKUMBIX
TeH30pax buamHeHHEIM 0bpasoM. [IpomariocTpupyeM 3TO Ha IpPUMepe AOKAa3aTEABCTBA CAEAYIOIIEi
TEOPEMEI.

Mpepnoxenune 11.3.3. Tensoproe npoussederHue 8eKMOPHBLT NPOCMPAHCME ACCOUUATNUBHO U
KOMMYMAMUBHO C MOYHOCMBI0 00 KAHOHUMECKUT U3OMOPPHUBMOS. A UMEHHO, OAA N100DIT MpPeT
sexmopHuz npocmparcms U, V, W umerom mecmo xaroruueckue udomoppudms, (UQV)QW =
URVRIW=2URQ(VRIW) uURV =V U.

Aoxasameavcmeo. Oupepeanm orobparkerre UQVROW — (UQV)QW Ha pasaoXUMBIX TEH30PaX
dopMyroE URVROW — (LR V) ®W. DTa dopMyAa 3apaeT AUHERHBIE OTOOPA’KEHUsI, U TOH >Ke
dopMyAOH, TPOUYUTAHHON CIIpaBa HAAEBO, 33AaeTCsI oTobpaskeHme B 0bpaTHyIo cTopory. O4eBUAHO,
9TO KOMIO3UIYst 3TuxX 0TobpakeHrI U®VOW — (U® V)W — U® V ® W ToxxaecTBeHHA Ha
Pa3AOKUMBIX TEH30PAX, X IIOTOMY TOXKAECTBEHHA Ha BCEM IIPOCTPAHCTBE. AHANOTUYHO AOKA3LIBAETCS
m3oMopdpz3M UK VROW = UR® (VR W). Ars 3aparus oTobpaxeruss U®V — V ® U ornpaBum
U®V B VE®U; AOKA3aTEABCTBO 3aBEPIIAETCSA TaK KE. O

Mpeanoxenune 11.3.4. ITycmv V4,..., Vs — sexkmopHovie npocmparcmea Hald nosem k pasmepHo-
cmet Ny, ..., ng; By = {el,..., eilj} — basuc Vj Oas kascdozo j = 1,...,s. Toz0a saemermot
suda eil1 ® --®ef, 20e 1 < iy <y Oas scex k =1,...,s, obpasyrom basuc npocmparcmea
Vi@ ®Vs.

Aokxaszamenvcmeo. MBI MOXKeEM IOBTOPUATL AOKA3ATEABCTBO IpeAproskeHUs 11.2.3. A uMeHHO, pac-
CMOTPHM BEKTOPHOE IpocTpaHCcTBO W Hap K, 6a31COM KOTOPOTO SIBASIFOTCS (POPMAABHBIE CUMBOALI

BUAA e%l ® @ efs. OmnpepenuM IOAUMAMHERHOE oTObparkenHue @: Vi X --- X Vg — W caepyromumMm

1

obpazoM: Habop 6a3UCHBIX BEKTOPOB (eil, ..

5 efs) € Vi x -+ x Vs oripaBuM B Oa3MCHBIZ 3AEMEHT

eill®- --®e; , @ AAABIIE IPOAOATKUM [0 IOAUAUHERHOCTH. A IMEHHO, ECAU (Viy ..y Vs) € VX - x Vg —
n

. _ - e -
Habop BEKTOPOB, Pa3AOKUM KaXkARIHA vj 1o basucy B;. [loaydum paBeHCTBa BuAA Vj = Zij=1 €;,ay; ;-
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Tlonoxxum

ng MNs
O(V1,...,Vs) = (p(Z el a1, -, Z el ai ;)

i1=1 is=1
ni

s
1 s
= Z Z Qig1---Qigs@(eq,...,€f)

11:1 iS:].
ni

N
1 s
= Z Z ail’l...ais,seil®...®eis.

i1=1 ig=1

OueBHAHO, YTO 5TO OTOOpa’KeHVE IIOAMAMHENHO; IIOKAa’KEM, YTO IIPOCTPAHCTBO W BMeECTe C @
VAOBAETBOPSIET YHUBEPCAABHOMY CBOMCTBY M3 OIPEAEAEHUSI TEH30PHOI'O IPOM3BEAEHUs. [IyCcThb
U — mpom3BOABbHOE BEKTOPHOE IIPOCTPAHCTBO Haa K, mw P: Vi x -+ x Vg — U — noaununeiHoe
oTobparxerue. [Toka>keM, ITO OHO IIPEACTABASIETCS B BUAE KOMIIO3UIINY (0 ¥ HEKOTOPOI'O AMHENHOI'O
0TObOpa KeHMsT 1T) Ans 3apaHus 1T): W — U A0CTaTOYHO 33AaTh €ro (IIPOM3BOABHBEIM Obpa3oM) Ha
6asuce, TO eCTb, Ha 9AEMEHTAX BUAA eil1 ® - ® e} . OTO MOXKHO CAEAATH EAUHCTBEHHBIM 0OpasoM:
TIOAOKIM LT)(eil1 ® --®e ) =1U(el,..., e ) Kommosuus P o @, pasyMeeTCsi, IBASIETCS TIOALAT-
HEWHBIM OTODpaskeHWeM U COBIaAaeT C 1\ Ha Habopax BuAA (eill, ..., €} ), ¥ IeNOoYKa PaBEHCTB BBINIE
[IOKa3bIBaeT, YTO 3HAUYEHUE TOAUANHERHOr0 OTOOPaskeHUsT Ha IIPOM3BOABHOM Habope (Vi, ..., V)
BBIPA’KAETCsI YEpPe3 ero 3HaUYeHUsT Ha Habopax Takoro Buapa. IlosTomMy 15 O (p COBIAAQAET C . ]

11.4 [1BoiicTBEeHHOE NPOCTPAHCTBO

AUTEPATVYPA: [vdW], ra. IV, § 21; [KM], w. 1, § 1, m. 9.

[TycTs V — BEKTOPHOE IPOCTPAHCTBO HaA moaeM k. Paccmorpum k Kak [0AHOMEDHOE| BEKTOPHOE
mpocTparcTBO Haa K. Toraa muoxxectBo Hom(V, k) Aune#tHbIx oTobpaskeHuit u3 V B k (Aunelinbiz
Ppynryul Ha V) caMo SIBASIETCSI BEKTOPHBIM IIPOCTPAHCTBOM Hap Kk (cM. pasaen 7.2). Oneparun
Ha HEM BIIOAHE €CTECTBEHHBI: CAOKEHME (PYHKIMA 1 yMHOXeHNe (PYHKIMA Ha CKAASIPEL. OTO IIPO-

CTPaHCTBO MHI 6yaeM obosHadars depe3 V* = Hom(V, k) u HasbIBaTH NPOCTPAHCTBOM, ABONCTBEHHBLIM
KV

[TycTb Teneps V — xonewHoMepHOe BEKTOPHOE pocTparcTBo Hap ku B = (eq, ..., e, ) —6asuc V.
[To yHMBepcanrbHOMY CBOUCTBY basuca (Teopema 7.1.9) aast 3apanus sneMmeHTa @ € V* = Hom(V, k)
AOCTaTOYHO 33AaTh (IIPOM3BOABHBIM 0OPa3oM) 3AEMEHTHI @(e1),. .., P(en) € k.
Mpeanoxenue 11.4.1. ITycmv V — sexkmoproe npocmparcmeo Had kK ¢ basucom B = (eq,...,en).

ObosHavum wepes ef pynryuro V — Kk, pasnyro 1 Ha basucHom eexmope e; u 0 Ha scex
ocmasvrelr basucHuir sexmopaz. Taxum obpasom, ei(ei) = 1 u ef(e;) = 0 npu scex j # i.

Toz0a (ef,...,e%) — basuc npocmparcmea V*.

Aoxaszamenvcmeo. Ilyctd @: V — k — IpOoM3BOABHEIN 3AEMEHT IIPOCTpPaHcTBa V*. MbI 3HaeM
(reopema 7.1.9), 4To 3apaTh @ — ITO TO JKEe CaMoe, YTO 33AATh 3HaUeHUs @(e1),..., ¢(en) € k. Pac-
cMoTpuM yHKUIZIO @ (er)el+- - -+ @(e, e’ . [lokarkeM, ITO OHA COBIAAAET C . AeHCTBUTEABHO, AAS
6asMCHOTO BEKTOPA €; moAydaeM (@(ei)ef + -+ @(en)ed)(er) = @(er)ef(ei) +---+ @(er)el(e) =
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p(ei)ef(ei) = ¢@(ei). Bmaunt, byHKIUE @(€1)e] + --- + @(en)el um @ coBmaparoT Ha 6a3MCHEIX

BEKTOPAX, a IOTOMY COBIIAAAIOT Be3Ae. SHAUUT, MBI IPEACTABUAYN (DYHKIWIO () KaK AUHEHHYIO
KoMbuHamuio dyHKnuit ef. OcTaaoch I0Ka3aTh, YTO QYHKINM € AUHEHHO He3aBUCHUMEL.
A\efACTBUTENBHO, IPEATIONOXKIM, ITO Ci1€; + - - - + Cnely = 0 — HeTpuBHaAbHAS AUHEHHAS KOM-
buHaImst. DTO O3HA4YaeT, 94To C; # 0 mpu HekoropoM i. Ho Torpa u (cief + -+ + cneX)(e;) =0, a
JeBasl 9aCThb paBHA Ciej(ei) + --- + cnef(ei) = ¢y # 0 — mpoTuBOpEIHE. O

Taxum obpasoM, B KOHEYHOMEPHOM CAydYae IPOCTpaHcTBa V u V¥ UMEIOT OAMHAKOBYIO pa3Mep-
HOCTb. VI3 aToro caeayer, uTo oHu m3oMopdHE! (TeopeMa 7.5.4). Hampumep, uMeercss usomopdusm
V — V*, ormpaBastomuit e; B @ opu i = 1,...,M, eCAx ey, ...,e, — basuc V. OaHako, 3TOT
“30MOP(U3M HE SIBASIETCS KAaHOHUYECKUM, TO €CThb, CYIIECTBEHHO 3aBUCHUT OT BhIOOpa 6asmca. B To

>Ke BpeMsi, 08aorcob. dsoticmeerroe mpocTparcTBo V** = Hom(V*, k) xanoHuvecku n30MOPDHO
V.

Mpepnoxenune 11.4.2. Paccmompum omobpascenue V. — V** conocmasaarouiee sekmopy v €
V gynryuro v¥*: V¥ — k, s3adannyro pasencmeom V(@) = @(v) oan scex ¢ € V*. Ecau
npocmparcmseo V KOHEWHOMEPHO, MO YKA3AHHOE 0MOOPAHCEHUE ABAAENCA USOMOPPUSMOM.

Aokaszamenvcmeo. HeTpyaHO IPOBEPUTD, UTO V** SIBASIETCS AMHEWHBIM OoTobpaskeHueM V* — K.
AeficrBuTenrHO, ecar @, € V¥, A e k, o v¥* (o +1) = (o+P)(v) = e(v) +(v) = v (@) +Vv*™* ()
1V (AQ) = (AQ)(v) = A @(v) = A- v (@).

Taxum obpasom, v** € V** aast Bcex v € V. [loka>keM, 9TO COIIOCTaBAEHUE V — V** AMHENHO
3aBUCUT OT V. He0bXOAMMO IIPOBEPUTD, ITO (V+W)** = v¥* +w** 1 (Av)** = Av**. UTo6bI IPOBEPUTE
COBIIaAEHME ABYX oTobparkenu#t V* — k, AOCTATOYHO IIPOBEPUTDH, YTO PEIYALTATEI UX IPUMEHEHUS
K IIPOW3BOABHOMY 3AEMEHTY @ € V* coBmapaioT: (v + w)* (@) = (v +w) = @o(v) + o(w) =
V(@) + W (@), (AV)* (@) = @(Av) = A @(v) = AV (@).

Mzl moayuuan AmHeRHOE oTobpaykerue V — V**. [Joka)keM, 9YTO OHO MHBEKTUBHO. AAS 3TOTO
AOCTATOYHO IIPOBEPUTH, UTO €0 SIAPO TPUBUAABHO. IIycTh BeKTOp V € V TakoB, uTo V** = 0. DTO
o3HadaeT, 4To V**(¢@) = 0 aAAst Bcex @ € V*, o ecTb, 4T0 @(v) = 0 pnst Bcex @: V — k. IToraxkem,
YTO M3 3TOTO CAEAYET, 4TO Vv = 0. AeACTBUTEABHO, eCAX V # 0, TO BEKTOP V MO>XHO AOIOAHUTH
Ao basmca (v, ey, ey, ... ) IpocTparcTBa V. Onpeaeaum GyHKIUIO @, € V* paBeHCcTBaMu @, (V) = 1,
@+ (e;) = 0 pnst Beex 1. [lo yHEBEpcaabHOMY CBOMCTBY 6asmca 3TOr0 AOCTATOYHO AASL KOPPEKTHOI'O
OIIPEAEAEHUST AMHENHOTO OTobpaskeHus @, : V — k. Ilo nmpeamnonroxkenuio @, (v) = 0, B To BpeMs
KaK MBI IIOAOKHUAY @, (V) = 1 — mpoTuBOpedwe.

HaxkoHer1, BOCIIOAB3yeMCsT KOHEYHOMEPHOCTBIO: MBI 3HaeM, 4To dim(V**) = dim(V*) = dim(V),
¥ Y HaC €CTb MHBEKTUBHOE oTobOparkenme V — V**. Ilo Teopeme o romomopdpusme 7.3.8 u3 3TOTO
CAEAYET, UTO Hallle 0OTOOPa’KeHUE CIOPBEKTUBHO U, CTAAO OBITE, IBASIETCSI B30MOP(MU3IMOM BEKTOPHEIX
IIPOCTPAHCTB. [

11.5 KanoHuuyeckue nsomopchusmoi

AUTEPATVPA: [KM], 4. 4, § 2, . 4-6.
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Teopema 11.5.1 (Beipaxenue Hom uepe3 ®). Aan 41066l KOHEHHOMEPHBIT SEKMOPHBIT NPO-
cmparcme U,V Had k umeem mecmo KaHoHUeCKUU U3OMODPHUIM

U®YV =~ Hom(U*,V).

Aokazameavcmeo. Ompeperum orobpaxkerue 1: U® V — Hom(U*, V), oTpaBuB pasaoKuMbLR
TeH30p U®V € U® V B orobpaxkerue U* — V, ¢ — @(u)v. Hanucannass dpopmyra buanHeRHO
3aBUCHUT OT W ¥ OT V, IIO3TOMY KOPPEKTHO OIPEAEASIET AMHENHOE OTOOpa>keHUe U3 TEH30PHOTO
npousBeperust U ® V.

[ToxarkeM, 9TO 1| — M30MOpdU3M. Aast aToro BeibepeM bazuc (fy,. .., Ty, ) B U u basuc (e, ..., en)
B V. Ilpu stom {f; ® e;} — 6asuc B U® V (mpeproxenue 11.2.3). BcmomunM, Kak crpouTcs: 6a3uc
npocrparcTBa Hom(U*, V). Bamerum, uto B mpocrparcTBe U* y Hac ecTs 6asuc (@1,...,Om),
ABOMCTBeHHEIN 6asucy (fq,. .., T, ). Kak Mbl 3HaeM u3 TeopeMs! 7.5.6, mocae BebOpa 6asucos B U*
7 V mpocrparcTBo Hom(U*, V) okaswiBaeTcss n30MOpdHO IpocTpancTBy Marpur, M(n, m,k), a B
3TOM IIPOCTPAHCTBE MMEETCSI CTAHAAPTHBIN 6a3MC U3 MATPUYHBEIX EAMHUII. MaTpuyHAs eAMHAIIA
Ei; coorBeTcTByeT oTobpaykermio U* — V, KOTOpoe (; IEPEBOAUT B €, a BCE OCTaAbHEIE Da3MCHEIE
BEKTOPHI @y, h # j, oTnpaBasier B 0. O6o3HaUMM 3TO OTOOpaskeHne Yepe3 dij.

M= yTBepXaaeM, 9TO OTOOpaskeHue T MePEBOAUT fj @ e; B aij. AelCTBUTEABHO, IO HAIIlEMY
ompeaeneruo f; @ e; mepeBopuTcs B oTobparkerue U* — V, ¢ — @(fj)e;. [IpoBepum, 4TO 3TO0 I
ecTb aij. AeficTBUTEABHO, @; — @;(fj)ei = e; ¥ @p — @n(fj)e; = 0 mpum h # j.

Taxum obpasomM, oTobpa>keHre 1 IepeBoAUT Ha3uc npocTparcTBa U ® V B 6asuc mpocTparcTBa
Hom(U*, V), a noroMy 6ueKTUBHO. O

Cneactsue 11.5.2. Ana ar0b6vx KoHewHOMeEPHBIT sexmopHuix npocmparcms U,V wad k umeem
MECTMO KAHOHUYECKUT USOMOPPUIM

U*®V =~ Hom(U, V).

Aoxasameavcmeo. [lpumenum mpepbiaymyro Teopemy Kk U* m V: U* ® V =~ Hom((U*)*,V) x~
Hom(U, V). O

Cneactsue 11.5.3. Aas ar06020 xonHewHomepHo20 eexkmopHozo npocmparcmea U Had k umeem
mecmo Karoruveckul usomoppusm U® k =~ U.

Aoxasameavcmeo. Ilo Teopeme 11.5.1 ectb KaHOoHM4YecKui m3oMmopdmaM U ® k =~ Hom(U*, k);
IIpaBasi 9acTh II0 ompeAeAeHuo paBHa (U*)* ~ U. O

Teopema 11.5.4 (ABoiCcTBEHHOCTD U ®). ANf A1066IT KOHEUHOMEPHBIT BEKTNMOPHBIT NPOCTMPAHCME
U,V nad k umeem mecmo xaroHuveckul u3omopPusm

(UQV)* =~ U* @ V*.

Aoxasameavcmeo. 3apapum orobpaxkerme U* ® V* — (U® V)*. Kax Bceraa, AOCTaTOYHO OIpPEAE-
AUTD €70 Ha Pa3A0KUMBIX TeH30pax @ € U*®@V*. ObpasomM 3TOro TeH30pa AOAKEH OBITH 9IAEMEHT
mpocrparcTea (U ® V)*, To ecTb, AuneliHoe oTobpaxkerue U ® V — k, KOTOpoe AOCTATOYHO 33AATh
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Ha Pa3A0KUMEBIX TeH30pax U®V € U® V. OrnpaBum Takoi Tersop B @(u)p(v) € k. OueBupHO, 4TO
HallXCaHHOe BBIpaKeHUEe OMAMHERHO 3aBUCUT OT (U, V), IOTOMY OIPEAEASIET SIAEMEHT IPOCTPAHCTBA
(U® V)*. C Apyroit CTOPOHBI, 3TOT SAEMEHT OUAMHERHO 3aBUCUT OT (@,1)). VTak, MBI mocTporAR
AmHeltHOE oTobpaxkerue 1: U* ® V* — (U ® V)*: ornpasasitornee @ ® 1\ B AuHelHOE 0TObpa>keHue
W@V - Q).

[TokarkeM, YTO IIOCTPOEHHOE OTODPAXKEHUE SIBASIETCSI X30MOPPU3MOM. AAsT 3TOro BeIbepeM Hasuc
(f1,...,fm) B mpocrparcrBe U u 6a3uc (ey,...,e,) B mpocrparcTBe V. Toraa B nmpocTpancTBax U*
7 V* BO3HUKAIOT ABONCTBeHHBIe basucel: (fj,...,f% ) u (ef,...,e%), coorBeTcTBeHHO. [losTOMY B
npoctparcTBe U* ® V* eCTeCTBEHHO B3SITh TEH30PHOE IIPOU3BEACHUE 3TUX ABOMCTBEHHBIX H6A3MCOB
(f; ®e7). C apyroit croponsl, B mpocrpancTse (LL® V)* ecrecTBenHo BHIOpPaTh 6asuc, ABOHCTBEHHELH]
K TEH30PHOMY IIPOM3BEASHMIO MCXOAHBIX basucos U u V: (fj ® ei)*.

Ilora>keM, YTO IIpY HAIlEM AMHEHHOM OTOOpa’keHUU 1) OasUCHELL sAeMeHT f} ® ef mepexoAuT
B Gasucublll sneMeHT (f; ® e;)*. Ae#cTBUTEABHO, IO ompeaeaeHmo T(f] ® ef) — aTo AmHe#HOE
oTobpaykeHue, oTHpaBAsiomee U ® v B f](u)ef(v). Ecam MbI mopcTaBum B Hero u = fj m v = ey,

1
To noaydum f}(fj)ef

¥(ei) = 1; ecAm >Ke IOACTaBUM AIOOYIO APYTYIO Iapy u = fy, v = e (Tae
k # j mam h # i), To moayum fj(fy)ef(en) = 0, IOCKOABKY XOTs GBI OAMEH COMHOXXHTEAD PaBEH
HYAIO. SHAYUT, n(f;" ® e}) mepeBoaUT HasucHEL saeMeHT f; ® e € U® V B 1, a Bce ocTarbHEIE
6asucuele saeMeHTH B 0. Ho (f; ® e;)* aAeficTByeT poBHO TaK ke Ha DasMCHEIX SAE€MEHTaX, IOITOMY
n(f; ®ef) = (f; ®ei)*, aro u Tpebosaroch. Taxum 0bpasom, 1 nepeBoAnT basuc B 6asuc, u moromy

SIBASIETCST T30MOPU3MOM. [

Cnencteue 11.5.5. Asns arobviz xonewHomepHuz gexmopHuir npocmparcme Uy, ..., Us nad k
UMEEM MECTNO KAHOHUMECKUT U3OMODHUIM

(UL® - eU)" 2U®- - ®UE.
Aoxazamenvcmeo. [lo nEAyKIUYM 13 TeopeMbl 11.5.4 u mpepnrosxerus 11.3.3. [

Teopema 11.5.6 (ConpsixerrocTs ® u Hom). Anas 21066l KOHEHHOMEPHBIT SEKMOPHBIT NPO-
cmparcme U, V,W wao k umeem mecmo xaroHuveckuld usdomoppusm

Hom(U® V,W) ~ Hom(U, Hom(V, W)).

Aokazameavcmeo. 3aMeTUM CHadgaAa, YTO pasMepHOCTH oberx dacTeit paBrel dim(U) - dim(V) -
dim(W). PaccmoTrpum npomsBoabHELR saeMeHT @ € Hom(U, Hom(V, W)). Or conocraBasieT (An-
HeMHBIM 00pa3oM) KaXKAOMY 3AeMeHTY U € U HeKoTopoe AMHelHOe oTobpaskeHmE @, : V — W,
v — @ (v). [locTpouM Temepsb IO 3TOMY AEMEHTY ¢ AuHEHHOe orobpakenue u3 U® V B W caepy-
FOIMUM 06pasoM: pasaoKUMEIR TeH30p U®V E U® V oTupasum B @, (v) € W. D10 comocTaBaeHue
OUMAMHERHO 3aBUCUT OT U X OT V, (IOCKOABKY @ U (0, AUHENHBI), ¥ IOTOMY MBI IIOAYYUAY OAHO3HAY-
HO OIIpeAeAeHHOe AnHeiHOe oTobpaskerue 1(¢@): UQ®V — W, 1o ecTs, snemernT Hom(U ® V, W).
[Tpu sTOM comocTaBAeHEE @ — T(() SIBASIETCSI, OYEBUAHO, AUHEeHHBIM. HaKoHer, moKaXkeM, ITo 1
SIBAsIETCST MHbeKIMeR. [IpeamonroskuM, aTo 1(¢@) = 0, To ecThb, N(@)(L ®V) = 0 aAnst Bcex u € U,
v € V. Ho mo Hamemy omnpeaeaeruio N(@Q)(w®Vv) = @ (v); mosToMmy ¢, (v) = 0 mpuz Bcex u € U,
veV, orkypa @ = 0 npu Bcex u € U, orkypa @ = 0. Teneps U3 UHHEKTUBHOCTH 1| ¥ COBIIAAEHUS
Pa3MepPHOCTEN CAEAYET, UTO 1) ¥ CIOPBHEKTUBHO, a ITIOTOMY SIBASIETCSI M30MOPQU3MOM. O
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Ha camoMm aAene B AOKa3aTEABCTBE 3TOM TEOPEMEBI MOXKHO OBIAO, KaK M PaHbINE, BEIOPATh 6a3KChHI
B U, V,W, noayuuTtb 6a3uChl BO BCeX PUIYPUPYIOIIAX B (POPMYAUPOBKE IIPOCTPAHCTBAX, X IECTHO
IIPOBEPUTH, YTO IIOCTPOEHHOE OTOOpa>keHWE 1] IEPeBOAUT bOasuc B Oasuc. Ermre opvH BapmaHT
MAOKa3aTeABCTBA TeopeMEl 11.5.6 — BOCIIOAB30BaThCS YIKE A0Ka3aHHBIMY m3oMopduamamu: Hom (U®
V, W) = (URQV)*@W = (UI*QV*) W ~ U*®(V*®W) =~ U*®@Hom(V,W) =~ Hom(U, Hom(V, W))

11.6 Ten3opHoe npou3BeaeHne NMMHENRHbIX 0TOOPa>KEeHW

AUTEPATVPA: [K2], ra. 6, § 1, mm. 2, 5; [KM], 4. 4, § 2, 1. 7.

IIycte @: U — V, P: W — Z — aunetinsle oTobpa>keHus. Ceitdac MBI OIIPEAEAUM UX TEH30PHOE
npousseaeHne @ @ 1, KoTropoe 6ypeT AmHeHHBIM oTobparxernueM u3 U® W B V ® Z. ConocTaBuM
pPa3AOKUMOMY TeH30py U@ W € U ® W pasaoxkumelil TeH30p @(U) ® Pp(w) € V® Z. Herpyaro
BUAETD, ITO 3TO COIIOCTABAEHUE BEAET CeOsT OUAMHENHO IO UL ¥ 1IO W, U IIOTOMY 33aAAE€T KOPPEKTHO
OIIpeAENEHHOE AWHEWHOE OTOOpasKeHuEe

eRYP: URW - VR L
[Toxa>xeM, 9TO 3TO onpeAeAeHUE OOAAAAET €CTECTBEHHBEIMY CBOMCTBAMU.

Teopema 11.6.1. Ternsoproe npoussederue AUHEUHBIT omobpastcerul obaadaem caedyroUWUMU
ceolicmeamu:

1. (¢'9) @ (V'D) = (¢’ @VP') (@ @),

2. ldu ®1dv = idu®\/,'

o

(@+0)RV =00+ @V,
49 +Y) =0+ oV
CAP) @Y =AM ®V) = 0 ® (A)).

v

/
Aokasamenvcmeo. MBI IPOBEPEM CaMOe€ CAOMKHOe CBOicTBO — mepsoe. Ilycts U 5 V & V7,

w %z % 7 — umeitmere otobparkenusi. Bribepem BekTOopel U € U, w € W u npumeHuUM
(0'0) ® (W) x pazroxuMoMmy TeH30py U ® W. Ilo oIpepeneHUIO TOAYYaEM

(¢'0) ® (W) (L@W) = (¢'0)(W) ® (W )(W) = ¢'((W) @' (b (W)).

C Apyro# CTOPOHEI,

(@' @V )e@V)(u®W) = (¢’ @V (e(u) ®P(W)) = @' (p(u)) V' (b(W)).

SHa4YUT, ABa yKa3aHHBIX OTOOpa>kKeHWsSI COBIIAAAIOT HA BCEX PABAOKUMEIX TEH30paX, a IOTOMY
PaBHEI. [
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Teopema 11.6.2. Ana ar06vix KoHewHOMEPHBIT 8exmopHblr npocmparcms WU, V,W,Z wad k
UMEEM MECTMO KAHOHUYECKUU U3OMODPHUIM

Hom(U® W,V ®Z) ~ Hom(U, V) ® Hom(W, Z).

Aoxasameavcmeo. Mel moctpouau orobparkerre Hom(U, V) x Hom(W, Z) - Hom(U®W,V®Z),
(@,¥) — @ ®1. ITo Teopeme 11.6.1 3T0 comocTaBAEHUE OGUAMHERHO, IOTOMY OLIPEAEASIET AUHENHOE
orobparxerue Hom(U, V)®Hom(W, Z) - Hom(URQW, VR Z), 1 0bBIYHEBIE PACCY KAEHUS (HAIPUMED,
BBIOOp 6a3MCOB BO BCEX YKA3aHHLIX IPOCTPAHCTBAX) YOEKAAIOT HAC, YTO HIOAYIUACS H30MOPDU3M.
Eime opuH crocob A0Ka3aTeAbCTBA — BOCIOAB30BATHCS YK€ AOKA3AHHBIMU M30MOP(PU3MaMU:

Hom(U®W,V®Z) = (UW)*®(V®Z) =~ (U*®V)® (W*® Z) =~ Hom(U, V) ® Hom(W, Z).
0

BEISICHEM, KaK BBITASIAUT MaTPHIA TEH30PHOI'O IIPOU3BEAEHUST AMHERHEIX OoTOOpaskeHuit. [1ycTs
Boobire x € M(1, m, k), y € M(n,p, k) — ABe IPOU3BOABHBIE MAaTPULEL Hap moaeM k. Ompepernm
KPOHEKEPOBO NPOM3BEAEHNE MATPUIL X ¥ Y KaK MaTpuiy x ®Yy € M(lm, np, k), KoTopy:o mpoIie BCETO
IIPEACTABASITH cebe 6AOUHON MaTpuIei

X1y ... Ximy
X®Y =

Xuy ... Xtmy

ObparuTe BHUMAaHUE, YTO KPOHEKEPOBO IIPOU3BEAEHNE MATPHUIl MBI 0O03HAYAEM TEM K€ 3HAYKOM &),
YTO ¥ TEH30PHOE IIPOM3BEAEHUE. DTO HE CAYYAWHO: 3aMETHUM IIOKA, YTO KPOHEKEPOBO IIPOU3BEAEHUE
obaapaeT MHOTMMY OOBIYHBIMK CBOMCTBAMU TEH30PHOTO IIPOU3BEAEHUSI.

Mpeanoxenue 11.6.3 (CBoiicTBa KPOHEKEPOBA IPOU3BEAEHUSI).
1. AccomuaTtuBHOCTE: (X ®Y)®z =Xx® (YR z) (nocae 3abvi8aHUA BAOUHBIT CTPYKMYD).
2. AuCTPHOYTUBHOCTL OTHOCUTEABHO CAOXKEHUS: (X+Y)®z = X®z+Yy®z, x®(Yy+2z) = xQY+xRz.
3. OAHOPOAHOCTB: (ax) ®Y = x(x®Y) = xQ (ay).

4. BzaumHasi AMCTPUOYTUBHOCTH KPOHEKEPOBA IIPOM3BEACHUS X YMHOXKeHUs: (xy) ® (uv) =

(x@u)(y®v).
Aoxasamenvcmeo. Bce 3T CBOMCTBA AET'KO IIPOBEPAIOTCHA IPSIMBIM BEIYUCAEHUEM. L]

HaxoHell, MbI TOTOBBI IIOKa3aTh, YTO MaTPHUIlA TEH30PHOTO IPOU3BEACHUSI AMHENHEIX 0TOobpa-
JKEHU SIBASIETCSI KPOHEKEPOBBIM ITPOM3BEACHUEM MATPWUIL ITUX OTOOpa>keHmit. AAST IPOCTOTEHI MBI
OrPaHUYIUMCSI CAYYIaeM AMHEHHBIX ONEPATOPOB (TO €CTh, KBAAPATHHIX MAaTpPHIl). PaccMoTpuM Au-
He#tHBIE onepaTopsl @: U — U, P: V — V Ha KoHeuHOMEpPHBIX IpocTpaHcTBax U, V. Kak oberaHo,
mocae BeIbopa 6aswmcos (eq,...,em) B U u (fy,...,f,) B V MBI MO)XeM cumTaTh, uTo U = k™,
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V = k™ — mpocTpascTBa CTOAOIIOB. B 3TOM cayduae BeKTOpPEI U € U, vV € V UCTOAKOBEIBAIOTCSI KakK
CTOABIIBEI BBICOTHI T ¥ N, COOTBETCTBEHHO, & AMHENHEIM OllepaTOp — KaK YMHOYKEHHE Ha KBaAPATHYIO
MaTpPHUIY: ECAY A, b — MaTPHUIILI OIIEPATOPOB @, | B BRIOpPAHHLIX Oa3ucax, MOAyYIaeM AUHEHHEBIE
oTObpa>KeHM!sT

¢o:U— Uu~— au,

rae a € M(m, k),
P:V—>V,v— by,

rae b € M(n, k).

B nmpoctparctee U ® V uMeercs TeH3opHLIH 6asuc (e; ® fj), B koropoMm mn sremerToB. OH
103BOAsIET OTOXAeCTBUTE U ® V ¢ k™™, Ilpu HamreM yIOpsiAOYMBAHUY TEH30pHOro 6asuca (cM.
onpepeneHre 11.2.4) 3TO OTOXKAECTBAEHUE BBITASIAUT CAEAYIOMUM obpasoM. ITycTs u = > . u;ey,
v =2, vjfj. Toraa u®v = (2 uiei) ® (2 vjfj) = 2 ; wivj(ei ® fj). Do osHadaeT, ¥TO

wv
U1Vn
1851 A%1
U2y
® fr—
Um Vn
UmVi
UmVn

Teopema 11.6.4. Ecau mampuya onepamopa @ 6 basuce (e;) pasHa a, a MamMpuya onepamopa
P 8 basuce (fj) pasna b, mo mampuya onepamopa @ ®\ 6 mersoprom basuce (e; ®f;) pasra
KPOHEKEPOBOMY Npoudsederuero a® b.

Aoxaszameavcmeo. Ilycts ue U, v e V — npousBoAbHBIE BEKTOPHI. 110 OmpepereHNIO TEH30PHOE
IIPOU3BEAEHNE OTOOparkeHu p 1 P AEWCTBYET Ha PasAOKUMEIN TeH30p U®V € U QR V caepyromum
obpazoM: (@ @YP)(L®V) = @(u) ®P(v). C pApyro#f CTOPOHEI, KPOHEKEPOBO NIPOM3BEACHUE A R b
YMHOXKA€eTCsT Ha CToADel U ® v caepyiomuM obpasoM: (a ® b)(u®v) = (au ® bv) — 3pech MBI
BOCIIOAB30BAAUCh CBOMCTBOM 4 u3 npeasoskeHus 11.6.3. Ho mpy Hammx OTOKAECTBACHUSIX AU =
@(u), bv = P(v). [TosTromy oTobparkernre @ ® 1\ COBIAAAET C YMHOMKEHIEM Ha MaTpUIy a ® b Ha
Pa3A0KUMBIX T€H30paX, a 3HAYUT U BE3AE. [

11.7 TeHn3o0pHble npocTpaHCTBa

AUTEPATVPA: [F|, ra. X1V, § 4, n. 4; [K2], ra. 6, § 1, m. 1; [vdW], ra. IV, § 24; [KM], 4. 4, § 3, om. 1-2.
ITycts V — KOHEYHOMEPHOE BEKTOPHOE IIPOCTPAHCTBO Hap moaeM k, u V* = Hom(V,k) —
ABOMCTBEHHOE K HeMY. B bamkaiimux maparpadax Mbl 6yAeM W3ydaTh BEKTOPHBIE IPOCTPAHCTBA

TE(V)ZY®...®Y®Y*®...®Vj

g v
p pas q pas
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ITpocTpancrso T§ (V) TpapWIMOHHO Ha3bIBaeTCsA MPOCTPAHCTBOM ( Pas KOBapUAHTHBIX I P pas

KOHTPAaBapUaHTHBIX TEH30POB, HAK IIPOCTO TEH30PHbIM NPOCTPAHCTBOM (ECAY U3 KOHTEKCTA ITOHSITHO, O

KaKUX 3HAYEeHUSX P,  UAET PeUb). DAEMEHTHI TEH30PHEIX IPOCTPAHCTB HA3LIBAIOTCS TEH30pAaMMU Hap,

V. Ecamx € TP (V), To napa (p, q) HasbIBaeTCst TMNOM TEH30PA X, P HASBIBAETCS €T0 KOHTPABAPNAHTHON

BAJIEHTHOCTbIO, &  — €O KOBAPUAHTHOIA BafleHTHOCTbIO. CyMMa P +  Ha3bIBAETCSI NOJHON Ba/IEHTHOCTBIO.

Ecaz p = 0, TeH30p X Ha3BIBAETCSI YNCTO KOBAPUAHTHBLIM, a €CAZ = 0 — YUCTO KOHTPABapUAHTHBIM.
Ha camoMm pene, HaM y>Ke BCTPEYaAUCh TEH30pPhI HEOOABIIOH BaAEHTHOCTH:

e IIpu p = q = 0 yao6HO cuuTars, uro T9(V) = k; Tensops tuna (0,0) — 9TO IPOCTO CKAASIDHL.
e T5(V) = V — BekTOpH;
e T2(V) = V* — KOBEKTODHI,

e T2(V) = V®V = (V*®QV*)* = Hom(V*®V*, k). HanomauM, 9T0 (IO OIPEAEAEHUIO TEH30PHOTO
IIPOU3BEAEHUST) AUHENHbBIE oTobparkeHus u3 V* ® V* B k — 3T0 TO ke camoe, 9TO busuretiHbie
orobparkerust u3 V* x V* B k. ITosTomy Ter3ops! Tuna (2,0) MOXXHO MHTEPIPETIPOBATEL KaK
burmHelEbIe DOPMELI Ha V*.

e T}(V) = V®V* = Hom(V, V) — Aumelirble onepaTopsl Ha V.

e (V) =V*®@V* = (VRV)* = Hom(V®V, k). Kak u B cAy4ae TeH30poB Tuna (2,0), 3ameTum,
4TO AMHENHBIE oTobparkeHus 13 V ® V B K — 3TO B TOYHOCTU ODMAMHENHBIE OTOOPasKEHUST U3

V x V B k. ITosromy Tersops! Tuna (0,2) MOXKHO MHTEPIPETUPOBATEL KakK OUAMHEHHBIE (DOPMEL
Ha V.

e J(V)=VRV*QV*=(VRV)*®V = Hom(V® V, V); To ecth, Tersops! Tuna (1,2) — 310
bunrrHEWHBIE OTOOpaXkeHus U3 V X V B V) Ipu >KeAaHUM MO’KHO 3TO MHTEPIPETUPOBATL KaK
3aAaHNE YMHOXKEHUSI Ha BEKTOPAX, AUCTPUOYTUBHOI'O OTHOCATEABHO CYMMEL.

11.8 TeH30pbl B kKNaccuyecknx 0603HaYeHUSAX

AUTEPATVPA: [F], ra. XIV, § 1; [K2], ra. 6, § 1, . 3, 4; [KM], 4. 4, § 4, . 1-4.

B mpukaapHO# MaTeMaTHKe U MH)XEHEPHBEIX HAayKaX BCe BCTPEYAIOIIWECS TEH3OPHI (TEH30D
AedbopManyy, TEH30P 3AEKTPOMATHUTHOTO [IOASI, TEH30D MHEPIINN, TEH30p ONHIITENHA. . . ) BO3-
HUKAIOT IIOYTY UCKAIOYUTEABHO B KOOPAMHATHOHN 3anucu. HamoMHUM, YTO €CAM B IIPOCTPAHCTBE
V Bwibpan 6a3uc & = (ej,...,€n), TO B ABONCTBEHHOM IIPOCTPAHCTBE BO3HUKAET ABOMCTBEHHBIN
bazuc (ej,...,e"). AAs TOro, 9TOOBl IPUOAMZUTE HAmMK 0DO3HAYEHUS K TPAAUIMOHHLIM, MBI OyAeM
obo3HavaTh ABOMCTBEHHEIN 6asuc depes (e, ..., e"). Kaxxaplil BEKTOp V € V MOXKHO Pa3AOKUTD II0
6azucy E&:

i .
\)Zzei\) :<el en> : )
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a Ka’KABIM KOBEKTOP @ € V* — 1o ABOMCTBEHHOMY Hasucy:

Q=) pie' = (cpl %)

eTL

IIpz sTOM B TEH30PHOM NIPOCTPAHCTBE [} (AAST IPOW3BOABHBIX P, () BOSHUKAET TEH30PHBIN
basuc, cocTosiuil U3 BEKTOPOB BUAA €, ® - ®e;, ®e'® - -®ejq, TaAe 1 < i1,...,1p,j1,---,)q S L.
'TakuM o6pa3oM, KaXKABIA TE€H30pP X € T} (V) MO>KHO eAMHCTBEHHBIM 00Pa30M 3aIlUCcaTh B BUAE

il...i i i
X = Z le...jzeh@"'@eip KR ®e,
i1, ip
jl)"qu

rae x}i_’::ji ’: € k — KoopAMHATEI TEH30pa B 3TOM baswuce.

TPaAUIIMOHHO TEH30D 3aAaBAACS SIBHEIM IIEPEINCAEHIEM CBOMX KOOPAMHAT. [Ipy 3TOM, IOCKOABKY
9TOT Habop 3aBUCUT OT BbIOOpa basmca, IPUXOAUTCS YKA3LIBATh, Kak JKe IIPeobpa3yIoTCsT KOOPAUHATEL
TeH30pa IpU APYroM BbIbope Hasuca.

Anst aToro BribepeM B V apyroit 6asuc F = (fy,...,f,), KOTOPEI# 6YAET HA3BEIBATHCS HOBBLM
(B oTAamume oT cmapozo 6asuca & = (ey,...,e,)). HaloMHUM, 9TO MBI M3y9YaAM, KaK CBSI3aHBI
KOOPAWHATEL BEKTOPOB B 3TUX Hasmcax, ¢ moMoIbio [obpaTumoit| maTpursl mepexopa C = (& v F)

(cM. ompeaenerue 7.9.1):
<f1 Ce fn) = (el Ce €n> - C.

BcroMHEZM, Kak IpeobpasyioTcsi KOOPAMHATEL BEKTOPA V = » . e;V' Ipu 3aMeHe 6asuca:

\)1 Vl v1

v:<el en> : =<€1 en>-C~C71- : =<f1 fn)'Cfl

TakuM o6pa3oM, IIpH IePeXOA€e B HOBHIM 6asuc cToAbel KoopArHAT BeKTopa yMHO)aeTcss Ha C~ 1. 3to
o3HavaeT (CM. 3aMedanue 7.9.4), YTO KOOPAMHATEI BEKTOPA IIPE0OPA3YIOTCS KOHMPABAPUAHMHBIM
06pa3om; IMEHHO [IOSTOMY IHCAO P B ONPEAEAEHUN TEH30PHOrO mpocTparcTsa 1F (V) HaseiBaeTcs
KOHTPAaBapUAHTHOY BAAEHTHOCTBIO. B TO >Xe BpeMs KOOPAMHATHI K08eKMOPa IPeobpasyioTcs
K08ADPUAHMHBIM 06PaA30M. NeACTBUTEABHO, II0 OIIPEAEAEHNIO ABOMcTBeHHOrO Ha3uca

) 1, 1=
e'(e) = .
0, 1#j
OTO O3HAYAET, YTO
el 1 0
<el en> = =E
e 0 1
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1 aHAAOTMYHO AAs 6asmca F. N\oMHOXMM IocAepHee paBeHcTBo Ha C~! caesa u Ha C cmpasa:

e
| (er o en)C=CTEC-E
eTL
el
B aeBoit wactu crour C 1| @ |- <f1 fn>, II03TOMY
eﬂ.
el f
cl]:|=
e fm

STO 1 03HAYaeT, YTO ABOMCTBEHHEIN 6a3uc mpeobpasyercs ¢ momombio MaTpumel C 1, a moTomy
KOODAZHATEI KOBEKTOPOB IIpeobpasytorcsi ¢ momompio Marpunsl (C71)™r = C. DTo HecAOXRHO
IIPOBEPUTD U HETIOCPEACTBEHHO: ECAM @ = Y, @i€', TO
e1 fl
. —1 .
P = <(P1 cpn> N <<p1 cpn)~C-C = (cpl @n)C-
e™ e™ fm
VYV Hac BCe TOTOBO K TOMY, YTODBI BEISICHUTH, KAK MEHSIIOTCSI KOOPAMHATEL IIPOU3BOABHOTO TEH30pa
npu 3ameHe 6asuca. [IycThb
il...i j j
X = Z yjl...jzfil ®"'®fip RNTR---®
il)"'iip

jly~--7jq

— BBIPa’X€HHUE TOI'O K€ TE€H30Pa X B HOBOM TE€H30PHOM baszmce. MBI XO0TUM BBIPA3UTD <y;i;z> qepes

i.d . o -
<xji‘_.52’). B caepyromeit Teopeme yaA0bHO saeMeHT MaTpuisl C, CTOAIUY Ha TepeceYeHny i-i CTPOKY

7 j-ro cTOoADIIa 3alUCBHIBATh KakK C]?, a me Cy;.

~

Teopema 11.8.1. ITycmes C = (C;) — mampuuya nepexroda om cmapozo basuca x Hosomy, C =
(C}) = C* — obpamnaa x nel. Tozda xoopdunamuv, mensopa x € TP (V) 6 Hosom mersoprom
basuce caedyrouLum ob6Pa3oM 8bIPANHCAIOMCA HEPE3 €20 KOOPOUHAMDBL 8 CMAPOM MEHIOPHOM
basuce:
iy =i Nip kg kq_hi..hyp
yir = ), GG el Oy
hi,hp
K1, Kq

Aoxazamenvcmeo. NOCTATOYHO AOKA3aTh 3TY (POPMYAY AAS PA3AOKUMBIX TEH30POB, & B 3TOM
CAydae Hy>KHO IPUMEHUTH (POPMYALL IPeobpa3oBaHmsi KOOPAUHAT BEKTOPOB X KOBEKTOPOB B KaXKAOM
3 COMHOXXUTEAEH. ]

VHBIME CAOBaMU, KOOPAUHATHI TEH30PA IIPe0OPa3yIOTCsT KOHTPABapPUAHTHO (IIPY IIOMOIIX MaT-
punsl C!) mo KOHTpPaBapUaHTHEIM COMHOMKATEASIM, ¥ KOBapUaHTHO (mpy momornu Marpuisl C) mo
KOBapPUAHTHBIM COMHOMKUTEASIM.
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