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1 Bsenenue

1.1 Ilnausr

Pabora ITanumna n IlumenoBa o KBaipaTHIHBIX (pOpMaxX.

Ipocras dopmynuposka. Hyecme K = C(z1,...,2,) u R = {28 | R(0) # 0} C K — peeyanphuvie

Pynruyuu 6 oxpecmmnocmu 0. ITycmo u € R*. Paccmompum ypasrenue

T12+~--+T,?=u.

(IIpednonazaem k > 2.) Ecau ypasuenue umeemn pewenue 6 K, mo ono umeem pewenue u ¢ R.

Nurepecyromas nac 3ama4da: KJIacCUOUIIPOBATH TPOCThIE AJredpandecKrne IPYIIIbI HAJI TPOU3BOIHLHBIM
nosieM (MM JIOKAJIbHBIM PEryJIsipHbIM KOJIbIoM). B KakoM cMbiciie — Mbl 00bsicHrM. HTO Takoe mpocrbie
ayiredpamdecKre IPYNIIbl — 9TO 0OCYXKIAeTCs B 3alMCKaX CIEIKYypCca.

Kax Bce 3HatoT, HaJ[ aJreOpanyecku 3aMKHYTBIMU TIOJISIME KJIACCH(DUKAIMIO ITPOCTHIX AJredpandecKux
rpynn jgator guarpamybl JpiakuHa. Cpenn HUX — YeThIpe OECKOHEYHbIE CEPUH, KOTOPBIM COOTBETCTBYIOT
CJIeIyIONHe IIPUCOEIMHEHHbIE TPYIIIIBL:

o A, — PGL,4;.
e B, —S09;,41.
o C, — PGSp,,.
e D, — SOgy,.
Uckitounrenbuble rpynnst: Fg, E7, Eg, Fy, Gs.
Nmeercst TodHAs TTOCIIEI0BATEILHOCTD
1— u, — SL,, - PGL,, — 1.

«Teopema Tuna Cupunrepas: nyems G u G — epynnv muna Go nad nosem K. Iyemov pacwupenue
[L: K] newemnoe. Toeda ecaw Gp ~ G, mo G ~G'.
C TOYHOCTBIO JI0 KAKUX-TO TOHKOCTEH, MMeeM

H'(K,G2%) ~ {upucoes. mpocTeie ajr. rpymms mag K Toro e tuma, aro 1 Go}.

Do coorBercTBrE (DYHKTOPUAIBHO B TOM CMBICJIE, YTO paciupenue noseii L/ K unnynupyer Mopdusm

HY(K,G*) - HY(L,G).

*KoncnekT jeknmii cemunapa Becubl 2012 roga; npenBapuresnbias Bepcus. Asrop TEX-Bepcun — Asekcanap Jlysrapes.
OcHoBaHo Ha KOHCIleKTe Ajiekcesi BellleHOBa MepPBBIX JABYX JIEKIIUIA.



Harma BbICOKast 11€/1b — TOCTPOUTH (PYHKTOP F', COMOCTABIIAIONINI IOIAM abeieBbl I'PYIIBI C TO-
MOMOPGhU3MOM CJlesia, TaK YTO KOoHeuHoe pacimmpenue [L : K| nasano 61 Mmopdusm F(L) — F(K) u
€CTeCTBEHHOE IIPeodpa3oBaHie

HY(K,G3) - F(K).
Hanpuwmep, qyist Go = PGLg = Aut(Ms) orser Takoii:

F: K~ KM(K)/2,
e KM(K) = I*(K)/I?(K).

1.2 Teopema MepKkypbeBa—CycauHa u rumiore3a Bioxa—Karo

Iycrs A — nenrpaibHas npocras aarebpa mau nosgem K (6osee obmiee nonarue — ajnredbpa Asymaiiu,
Azumaya algebra). Eit coorsercrsyer anement [A] B rpynne Bpayspa Br(K).

e Teopema Mepkypbesa (1981) — usomopdusm 2 Br(K) ~ K21 /2, a Takxe ciencrsue npo [A] €
2 BI‘(K)
[http://www.mathunion.org/ICM/ICM1986.1/Main/icm1986.1.0389.0393.0ocr.pdf]
[http://www.math.ethz.ch/ knus/sridharan/merkurjev84.pdf]

e Teopema Mepkypnesa—Cycauna (1982) — usomopdusm , Br(K) ~ K2 /p.
[L.H. Rowen, Ring theory, Vol. 2, §7.2]

e I'mnoresa Bsioxa-Karo («norm residue isomorphism theorem») — K3 /p(—) ~ HE (—, u$™).
[attp://arxiv.org/abs/0805.4430]

1.3 KoJabno I'porenguka—Burra

HY(K,O,) — 3T0 K/IacChl M30METPUI HEBBIPOXKICHHBIX KBAIPATHIHBIX (bOPM paHra n.
Nneercst pyHKTOP B KOJIBIIO Burra

HY(K,0n) = W(K), [ [f].

Pas6epemcst, uto Takoe Kosibio Burra W (K). Ero ofpasytomue — KIacChl H30METPUN KBaIPATHIHBIX
dopMm Hayr K, a COOTHOIIEHMS BBITJISIIAT TaK:

]+ 1g] =[f Lgl,
[f1- gl =[f®gl
H =0,

rue H — kjacc uzomerpun JByMepHOil kBagparudanoit hopmel f(x,y) = zy, a f L g uMeer ciemyrommit
cmbicn. Eemm f — xBagparuanas dopma vHa V', a g — kBagparuunast popma Ha W, o Ha V & W 3amaercs
kBajgparudaas dopma (f L g)(u @v) = f(u) + g(v).

NmeeTcst KOPPEKTHO OIpPEIEIEHHBIIT TOMOMOP(U3M

tk: W(K) — Z/2,
[f/] — rkf mod 2.

I := ker rk HasbIBaeTcs (pyHOAAMEHTAIbHBIM HIEAJIOM.

Koubio I'porenguka—Burra GW (K) oupenensierca ciepyromumM obpa3oM. B HeM Te ke o6pasy-

orue, HO HeT yeaosus [xy] = 0. CHavana oupezesnsercs CJIoOXKeHUe U yMHOXKeHMe, nesatomee GW (K)
HOJTYKOJIBIIOM:

[fl+ 19l =1[f Lgl,
[f1- g =1f @4l

ITorom MBI Gepem rpyminy ['poreninka u mosy<aemM KOJIbIO.


http://www.mathunion.org/ICM/ICM1986.1/Main/icm1986.1.0389.0393.ocr.pdf
http://www.math.ethz.ch/~knus/sridharan/merkurjev84.pdf
http://arxiv.org/abs/0805.4430

1.4 A'-romoTomnmu u rumore3a MopeJis

[http://mathunion.org/ICM/ICM1998.1/Main/00/Voevodsky.MAN. ocr.pdf]
Al-romoTonmmyeckas KaTeropus IMPOCTPAHCTE ¢ OTMEUEHHBIMHE ToIKaMu HaJ K .
Cdepa S° = {+, e} coctrout 3 ABYX TOUEK, W3 KOTOPHIX ® — OTMEHUEHHAS.
Teopema Mopesst (19997) cocTouT B BBIUUCIEHUN

mtab(8%) ~ GW(K)

Fabien Morel, On The Motivic g of the Sphere Spectrum.
http://dx.doi.org/10.1007/978-94-007-0948-5_7

Kenaempiit bynxrop F wmor 661 nasats H (K, G) — H§l (B*@).

Anmnagor storo B Tononoruu ciemytomuii. [Tycts 3amano rnasaoe G-pacciioenne g — X JIst KI€TOIHOTO

npocrpancrBa X. ComocraBuM eMmy oToOparkeHne B KIaCCH(UIUPYIOIee MPOCTPAHCTBO X f—”> BG.
Cy1ecTByeT COOTBETCTBHE MEXKIY MHOYKECTBOM KJIACCOB M30MOP(HOCTH IJIaBHBIX (G-pacC/IOEHUIT Hal
X u romoronmueckumu kiaaccamu [X, BGJ.
Nmeercst mHBbEKITNS

[X, BG] = mo(Map(X, BG)) — Ho(Map(X, BG)).

I'mnoresa Mopesist 3aK/II09A€TCST B TOM, UTO B aJrebpanvecKkoil CHTYAIMN TOXKe MOJTyIaeTCsl NHbEKIIsI
et _ Al pet Al et
[Spec K, B*G] = ny (B*'G) — H§ (B*'QG).

1.5 ®opwmsbl Ilducrepa

Paccvorpum pumbTpaniuio Ha Kosbiie Butrta

W(E)DIDI*DIPD -
Teopema 1.5.1. (), I" = {0}.

Mpt yzke snaem, uto W(K)/I = Z/2. I/I? xax abesesa rpyliia nopozKiaercst sjementamu suja (a)) :=
2% — ay? ana mexoroporo a € K*. Bomee o6mo, 1™ /1" nopokaaercst TeR30pHBIME TPOU3BEICHEAMI
9JIEMEHTOB

{ar; s an) = (@) © - - @ (an))-

{ai,...,ay)) naspiBaerca n-kpatHoit ¢popmoii Ilducrepa.

IMpumep 1.5.2. Ilpu n = 1 umeem a € K*/(K*)?; K(\/a) — KBajipaTudHoe paciiupenme.

ITpu n = 2 cumsoua ((a, b)) ecrb HOpMa asreGpbl kKBaTepHnoHoB H = (a,b) nan K.

ITpu n = 3 cumson {(a,b, c) ecrb HOpMa aarebpbl OKTOHNOHOB (a,b, ¢) Hajg K (910 cooTBEeTCTBYET
rpyunam tuna Gy vag K).

Teopema 1.5.3 (Apacon). Ecau [g] € I™, mo tkq > 2". Ecau npu smom tkq = 2", mo ¢ ~ « -
{a1,...,an)), 20e a € K*. B wacmuocmu, (1I™ = 0.

e ¢9(q) :=rkq mod 2.

e Eciu eg = 0, o [g] € I. Onpenenum e1(q) = [q] € I/I?. Dromy coorsercrayer ((a)), Tie a —
JUCKPUMUHAHT ¢ (C TOYHOCTBIO JI0 3HAKA?).

e Ecme; =0, 10 ea(q) := [q] € 1?/13. ®opwme g MoxuO conoctasuth Cff (¢), 9eTHYTO TOMOKATETHHYTO
qactb aarebper Kimmddopma, sto 6yter nenrpanbras npoctas amrebpa. Uneem [Cf (¢)] € 2 Br(K).
IIo Teopeme MepKypbeBa, 3TO CyMMa

[(a1,01)} [(az, b2)] - - - [(ax, by)]

{(a1,01)) + ((az, b2)) + - -+ + {ax, by))-

e Ecim es(g) = 0, To MOXKHO onpenenuTh e3(¢) — MHBapUAHT A pacoHa.


http://mathunion.org/ICM/ICM1998.1/Main/00/Voevodsky.MAN.ocr.pdf
http://dx.doi.org/10.1007/978-94-007-0948-5_7

1.6 Topcopsl

IIycte G — mpocras anrebpanveckas rpynna Ha K.
G-TopcopoM HazbIBaercst MHOT0OOpasue X Han K, Takoe 9To

e ompezeseno geiicrBue G X X — X

e naJ anrebGpanmdeckuM 3aMbikanmeM K nmeercs mzomopdusm Xz ~ G (Kax MHOroobpasmii c
G-geficTBrEM).

PanbInie Topcopbl HA3BIBAJINCEH «IJIABHBIME OJJHOPOJIHBIMHI HpocTpaHcTBamMu» (principal homogeneous
space).

ITpumep 1.6.1. [leiictBue G casuramu Ha cebe JaeT TPUBUAJIBHBIN G-TOpPCOP.

ITo ompenenenmo, H!(K;G) ecTh MHOKECTBO KTacCOB M30MOPMHOCTH G-TOPCOPOB ¢ OTMEIeHHOIT
TOUKOH (TpUBMAIBHBIHA (G-TOPCOD).

ITpumep 1.6.2. Baduxcupyem a € K. Ina kaxoit K-anre6per R nonoxkum po(R) = {r € R | 22 = 1},
X(R) :={y € R| y? = a}. llonyuaem cxeMmbl jiz 1 X, IPUYEM fip JeiicTByeT Ha X YMHOKEHHEM: eC/In
y?=a, 22 =1, 10 (vy)? = a.

X — rpusnanbueiii G-topceop iff y Hero ecrb panumonanbuas rouka: X (K) # .

Ecim G — abesieBa rpyTiia, TO Ha Topcopax nmeercs cioxkenne. [Ipu atom HY (K, pg) ~ K*/(K*)?
Kak abesesa rpymma. U soobme H' (K, p,) ~ K*/(K*)".

1.7 CxkpydeHHbie HOPMBI

Hanmomunm, ato Oz, = Aut(gspist), THE Gspiit = T1y1 + -+ + Zn Y — pacimenumas dpopma (0T
HEPEMEHHBIX T1, ...y Ty, Y1y -+ s Yn-

H (K, Og,,) MOXKHO OTOXICCTBATH ¢ MHOZKECTBOM KJTACCOB H30METPUI HEBBIPOXKTIEHHBIX KBa/[PATHIHBIX
dopm pamra 2n. eiicTBuTeNbHO, IyCTh ¢ — KBagpaTudHas ¢opMma, Mol yTBepzkaeM, 910 Iso(gspiit, ¢) ecTh
UCKOMBIil Topcop: Ha HeM jeiictByer Og,. 31ech Iso(p, 1) oboznadaer HyHKTOP M30MOPGMUIMOB MEXKILY
KBagparnaHbiMu opMamu @ u 1; 6osee Touno, Iso(p, ¥)(R) = {f: ¢r = ¥gr | f — m3omopdusm}. Hax
asrebpanvecKy 3aMKHYTBIM L0JIeM ¢ H30MOPMHA ¢split, U NOILYIaeTCst 1S0(@splits Gsplit) = Aut(gsprit) = Oan.

IMycte A — HeKOTOpaga ajrebpanmyeckas CTPYKTypa HaJl mojeM K (HanpuMmep, KBaJIpaTUIHOE IIPO-
CTPAHCTBO, KOHEYHOMEDHAs acCOlMaTUBHAS ajre0pa, KOHeYHOMEpHAs HeacconuaTuBHas anrebpa). Tormga
ckpyuenHasi popma A’ qius A ecth Takas cTpyKTypa Haj K, 9TO IpHM mepexoJie K aarebpandecKoMmy
3aMBIKAHIIO A’? ~ Ag.

Teopema. H'(K, Aut(A)) ecTb MHOXKECTBO KJaccoB M30MOPMHOCTH cKpydeHHBIX dopm A masm K.

Nzomopdusm Taxoit:

A5 Tso(A, A).

Ha Iso(A4, A’) ectb cTpyKTypa ajreGpandeckoro MHOrooGpasusi.

3ameuanmue. [Tycte X — npoekrusaoe muoroobpasue nas K. Teopema (I'porenmuk): ¢gynxmop U —
Auty (X xU) npedcmasum 6 cremax; To ecTh, cyiecTByer cxema R takasi, aro Auty (X x U) ecrecrBeHHO
uzomopduo Hom(U, R).

Konrpupumep: Aut(A™) He KOHEIHOMEDHO.
ITpumep: A := M, (K). Aut(4) = PGL,.
HY(K, M, (K)) — sto ckpyuennbie dbopmbl M, (K), To ecThb IeHTpasibHbIe IIPOCThIE aIre6phl PA3MEPHOCTH

n2, B34ATbIC C TOYHOCTBIO 10 I/I30l\40p(bI/I3l\la.

Aut(P"~!) = PGL,, = GL,, /G,,.
ABTOMOpPDU3MBI COXPAHSIIOT DAHT.
H'(K,PGL,) ectb MHOXKeCTBO cKpyHdeHHBIX hopM P~ 1 nag K = mHOroo6pasus Cesepu—Bpayapa.

A — SB(A) = {nesbie upeansr I 4 A | dimg(I) =n}



ITpumep npu n = 2: kBarepHuonsl A = (a, b).
Bu—+~yv+3uv. IMmeeM BEKTOPHOE IPOCTPAHCTBO U, ¥, uv. Yciosue {HopMa = 0} 3a/aeT IPOEKTUBHOE

nomMHEOroodpasue B P2,

2% —ay? — bz? = 0 — xoHUKa.

PGL2 ~ SO3,

KBaTePHUOHBI ; OPMBI PaHIa 3 ¢ TPUB. JUCKPUMUHAHTOM }.
% P p b p

1.8 Tounble 1OCJIEIOBATEIBHOCTU aJredpandeckKmux rpyIin

TouHOCTD MOCTIEIOBATEIHFHOCTH aJredpandeckux rpyma Hag K

1-C—H-—->G-—1

O3HA4aEeT CJIeJIyIolee:
1. C — anrebpandeckas moarpymmna B H.

2. Tocne pacmupenus ckanspoB H(K) — G(K) asisgercs ciopbekiyeii Had aa2efpauieckum 3a.muika-
nuem noas K.

3. C =ker(H — G), C(R) = ker(H(R) — G(R)).

ITpumep 1.8.1. Cremyromas 10CaIe10BaTEIbHOCTD aJIre0paniecKux IPYII TOYHA B YKA3aHHOM CMBICJIE:

1= pus — Gy — Gy — 1,

rine G, (K) := {(z,y) € K? | xy = 1}, u orobpaxenne G,, — G,, ectb z — 12 (370 CIOpBHEKIHA HaT
ANTeOPATIECKIM 3aMBIKAHTEM ).

ITpumep 1.8.2. Ciemyroimast 110C/Ie10BaTEILHOCTD TOYHA:

pa(K) = K* — K* — HY (K, up) — H'(K,G,,) = H'(K,G,,).
(Orobpaxerne K* — K* ectb x + z2.)
Teopema 1.8.3 (Teopema I'miunbepra 90).
H'(K,Gom) = {s},
H'(K,GL,) = {e}.
13 TOUHOCTH T10C/IEI0BATEILHOCTH BhIle U TeopeMbl 90 mosydaercst
H (K, pz) = K> /(%)

IIpumep 1.8.4. Tounas mocaea0BATETHHOCTD

1 SL, — GL, 2% G,, — 1.

OPpUBOAUT K IIOCJ/ICIOBATEJIbHOCTH

det

GL,(K) =% Gn(K) — HY(K,SL,) — H'(K,GL,).
Bnecy HY(K,SL,) = {¢} u H(K,GL,) = {e}.
ITpumep 1.8.5.
11— u, — SL,, - PGL,, — 1.
pin(K) = SL,(K) = PGL,(K) — K*/(K*)? — {e} — H'(K,PGL,).

1-G,, »GL, —»PGL, — 1.



IIpumep 1.8.6.

SL, — PGL,,
g — (x—=gxg™t) e Aut(M,).

ITO CIOPBEKIHS aJIredpandecKnx Py, HO He CIOPBEKIINsT HA TOIKAX.

1— u, — SL, = PGL,, — 1.

Teopema 1.8.7. Ecau umeemcsa mownas nocaedosamesvnocms 1 — C — H — G — 1, mo so3nuxaem
MOYHAA NOCAEIOBAMENBHOCTND MHONCECTNGE C OMMEYEHHOT MOUKO0T

1—C(K)— HK)— G(K)— H(K,C) - HY(K,H) - H'(K,G).

Cwm. kaury Ceppa «Koromosoruu Lasyas.

1.9 Bropble KOromMmoJioTun

e Hanomnuuwm, uro H!(F,G) — muoxkectBo G-Topcopos. Ecau G kommymamuena, To 310 abdunnas
anrebpandeckas TPyIIa.

(Kak B aroM ciydae ymHOXKatoTcsd TOopcopbl? — Yro-to Tumna Ej x Ey = (Ep X Es)/((e1,e2) =
(ge1,ge2)).)

e H(F,G) — aro dbyukrop F ~ G(F), 1.e. dynkrop Touex. Ecau G vommymamuena, To H'(F, G)
MOKHO OIIPEJIETUTD KakK i-# mpon3Bonublil dyHKTOp. [Ipu ¢ = 1 370 coBIaaeT ¢ MEPBBIM OIPeIeIe-
HUEM.

Teopema 1.9.1. ITycms umeemea mownas nocaedosameavnocms 1 — C'— G — H — 1. IIpednososcum,
ymo C < Cent(G). Tozda mounas nocaedosamessrocms npodosscaemcs 00 6MOPLIT K020MOA02UTL:

1— C(F) = G(F)— H(F) - H(F,C) - H'(F,G) — H'(F,H) — H*(F,C).

Ipumep 1.9.2. H?(F,G,,) = Br(F) — epynna Bpayspa nons F: oHa COCTOUT W3 KJIACCOB SKBUBAJICHT-
HocTH [A] IEHTPAIBHBIX HPOCTHIX ajaredp A naj F'; ymHOXKeHHe BhIIsuT Tak: [A] - [B] = [A ®F B|.

ITycts X — kBasumpoekTusHoe MHOToOOpasme. Toryma H2(X, G )iors = Br(X) (meopema Tab6epa
(Gabber)). (3arajounoe 3aMevanue: noapasymesaercs tornosorus fppf, a juist sTaspHON TOIONOrMN B
OIpe/IeJIeHIH TOPCOPa BMecTo F Hy»KHO B3sATH F' sep)

ITpumep 1.9.3 (Tomosnoruveckuii anamor). ITycts X — xoporee TONOJIOrMIeCKOe IPOCTPAHCTBO (HAIPU-
Mep, obacts B R™, mHOroobpasue min CW-KoMILTekc).

[Tycts G — Tomnosorudeckas rpynma (mampumep, St, S3, SLy(C), O, (C)).

Nmeercs nesoe neiictere G X (G x X) — (G x X), g1 - (92, %) = (91 g2, ).

JleBoe neiicTBrE IOCIOIHO U ¢BOOOAHO Ha CKpydeHHOH (hopme G X G — G.

Hust Bcex « € X Bosuukaer jeiicreue G X G(x) — G(x). 3necs G(x) ~ G, u 310T M30MOPGhU3M 3aBUCAT
oT Z.

(G,G x G — G) B TonOJIOrMN Ha3bIBaeTCs TyIaBHBIM G-pacciaoenueM (principal G-bundle).

g/G=X.

IIpumep 1.9.4. C* = GL;(C) = Aut(C!).

IMycts L — X — KoMILIEKCHOE JinHelHoe paccioenue, z(X ) — HyseBoe cedenue.

Pacemorpum orobpazkenune C* x (L — 2(X)) — (L — z2(X)), (A\,v) — lv. lmeem uzomopdusm
L(z) — 0 ~ C*, zaBucamuii or x.

e Torma H'(X,C*) — kmaccer m3omopduzma C*-topcopos Has X. OHI COOTBETCTBYIOT JTHHEHHLIM
paccJioeHusiM HaJ[ X: pacciaoeHuo L cooTBeTCTByeT onucaHHbIi Bbie Topcop L — z(X), u no
TOpcopy G* MOXKHO TIOCTPOUTH paccyioenue L.

e Takum obpaszom, Mbl BujmM, uto H1 (X, Aut(C!)) — sro ckpydennsie dopmbr paccioenns C x X
Hag X.



e Amnajiormano, H'(X, Aut(C")) — sro (1) ckpydennsie dbopmbr paccioerus C* x X mag X, To ecTh
(2) BekTopHBIe pacciaoenus Hag X co cioem C™ (¢ ToUHOCTBIO 10 H30MOpdu3Ma).

e Ilycts Autc(C?*, Y u; v;) — aBToMOPMU3MBI, COXpaHsTiomue KBapaTudanyio dbopmy. Torma
H'(X, Autc(C*™, Zuz v;))
— 970 (1) ckpyuennsie dopmbr paccioennit Buga (C" x X, > u;,v;) — X, 10 ectb (2) BEKTOPHBIE
pacciioennst F — X co cioem C" u ¢ kBagparudHoi pOPMOIL B CIOSX.

e Paccmorpum Aut(M,(C)) = PGL,(C). Torma H(X, Aut(M,(C))) — 310 ckpydentbie dhoOpMbI
paccaoennii Buga M, (C) x X — X. Hanpumep, no kaxaomy paccaoenuio F — X MOXKHO HOCTPOUTH
paccioenune End(E) — X, u nocnoitno End(E)(x) = End(E(z)). Ho 6sBator n paccioenus, He
uzomopduble Hukakomy End(E) — X — 970 HeTpuBUAJIBHBIE TOLOJIOMHYECKHE ajaredphl A [3yMaiin.

Umeercsa Tounas I10CJIe10BaTEJIbHOCTD

1—C* - GL,(C) —» PGL,(C) — 1.

OTCIO,Z(& IIOJIYYIaeTCA TOYHad IIOC/IeI0BATC/ILHOCTD

1 - T(X,C*) - I'(X,GL,(C)) - I'(X,PGL,(C)) —
— HY(X,C") - H(X,GL,(C)) — H(X,PGL,(C)) — H*(X,C*).
(X,Cx).

Tonosornyeckast rpymnna Bpayspa ects Bry,,(X) := Hfop

IIpumep 1.9.5. MbI yTBepKIaeM, 9TO
H*(X,SY) = H*(X,Z)ors-
Bamernm, ato C* ~ S x R. IMeeM TOYHYIO II0C/IEI0BATEIBHOCTD
0-Z—>R— S —o0,
OTKY/Ia MMOJIyIaeM TOYHYIO MOCTIEI0BATEIBHOCTD
H*(X,Z) — H*(X,R — H*(X,S') = H}(X,Z) — H*(X,R) = H3(X,Z) ® R.

O6oszraunm orobpakenne H3(X,Z) — H3(X,Z) ® R wepes a. Torya cesasbiBaiomuit roMoMopbu3M JaeT
nam orobpaxkenne H2(X,S1) — ker(a) = H*(X, Z)tors-
Ha camowm neite,
BrtOP(X) = H3 (X7 Z)tors-

Heuro takoe Hamucano kak onpejenenue (y Ceppa? I'porenauka?).

A Kakpe HaM U3BeCTHbI HeTpUBHUAJbHBbIE CKpydeHHble dopmbl anrebpsl M, (K)? Tak sro u ecthb
[EHTPAJIbHBIE TIPOCTHIE aJIreOphI.
Nnmeem Tounyto nocaenosarenbuocts 1 — G, — GL, — PGL,, — 1, orkyzna

HY(F,GL),, — H*(F,PGL,) — H*(F,G,,).

IIpu stom H'(F,GL), = {e}, w H'(F,PGL,) — meHTpa/ibHble TPOCThIE ajreOphI CTEeHn 1. JTO
oToOpakeHue JaeT u30Mopdu3M

Br(F) H?(F,Gy,),
A — A
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1= up > G — G, — 1,



rine G,, = G,, — orobpaxkenue r — .
[TostyuaeM TOYHYIO MOCIETOBATEIHLHOCTD

HY(F,G,,) — H*(F,u,) — H?*(F,G,,) — H?*(F,G,,) ,

{o} Br(F) —"— Br(F)

orkyna H?(F, py) = n Br(F).
Eme omuna npumep: mycts char F' # 2. meeTcst TOYHAST TOCJI€I0BATEILHOCTD

1—>SOn—>Ondi>u2—>l.
Torna
On(F) = pua(F) — HY(F,S0,) — HY(F,0,) L% HY(F,py) = F* /(F*).

Orciona HY(F,SO,,) (HeBBIPOKIeHHbIE KBaIpaTHIHbIe (hOPMBI JTUCKPUMEHAHTA, 1) — MO MHOMKECTBO
B HY(F,0,) (HeBbIpozKIeHHbIe KBapATHIHbIe (DOPMBI PAHTa 1 C TOYHOCTBIO 10 H30METPHUH).
D10 maer mam naBapuant disc = eq: [ — [/1? ~ F* /(F*)2.
Eme omua mpumep:
1 — pg — Spin,, — SO,, — 1.

Spin,, (F) — SO, (F) 25 HY(F, u2) > H'(F,Spin,) — H'(F,S0,) 2> H*(F, u2).
31ech
o H?(F,us) = 2 Br(F).

e N — couHOpHas HOpMa. A mMenHo, Kaxkplil asiemenT SO, PACKIIAIBIBACTCS B IPOU3BEICHNE
orpazkentuii g = Sy, -+ Sy, ; Torma N(g) 1= q(v1) -+ q(gar) (mod (F*)?).

Orobpazxkenne Spin,, (F') — SO, (F) yxke He 00g3aTEIBHO SIBISIETCS] CIOPHEKTUBHBIM.

e Mur ne 3maem, uro takoe H'(F,Spin, ). Orobpazxenue H'(F,pus) — H'(F,Spin,) pasuo 0 1o
TeopeMe Diixepa.

Camag TpaBas CTpeJIKa B TOl JJINHHOI TOC/Ie/I0BATEILHOCTH JIaeT HAM WHBADUAHT eg: [2 — [2 /1% =
2 Br(F'). Ero MokHO ommcaTh Tak: 1o dhopMe ¢ MOXKHO mocrpouts anrebpy Kiuddopna C(q) ¢ gerHoit
gacteio Cp(g). Torma es conocrasaster bopme g € I? xmace [Cf (¢)] B Br(F).

IIycts E — neswrit G-topcop, G meticrByer na X crnpasa. Pacemorpum ckpydenuyio dopmy X

X = (X x E)(z,e) ~ (xg ', ge).

Ha meit meiicrsyer gG. HeiictBurensno, Eg = Autg_rope(E) — aBromMopdusmer E kax G-Topcopa.
gG asugerca rpymmoii (tyr G meficrByer conpsizkeHusaMu Ha cede).

IIpumep 1.9.6. Paccmorpum HY(F,0,,).

E € HY(F,0,,) 3amnaercs kBaaparuanoit GopmMoit ¢, 1 ¢ J0KHa 6bITH (hOPMOil paCTenuMoil KBaIpa-
tuanoit dhopmbl qg. IIpu srom E = Isom(qo, q).

O(qo) neiicrByer na kBagpuke Qo := {qo = x1 Y1 + -+ + Tp Yy, = 0} C P21,

IMocne nopkpyTru: gQo = {g = 0} u Ha pQo meiicryer rpynma O(q) = gO(qo)-



1.10 Muoroobpa3us CeBepu—Bpayspa

IIpumep 1.10.1. Pacemorpum H!(F,PGL,).

Topcop E € h!(F,PGL,,) 3a1aercs MeRTpaIbHO TpocToif anrebpoit A crerenn n: E = Isom p. ag (M, A).
Hanomunm, uro PGL,, = Aut(M,,).

Kaxnomy Bekropy v € A" —{0} coorsercrByer npassiii nuean {z | imx < (v)} 8 M,,. MuoxxecTBo Beex
UJICAJIOB, TIOJIyYAIONIMXC TAKAM OOPa30M — 3TO B TOYHOCTU MHOZKECTBO ITPABLIX UJIEAJIOB PA3MEPHOCTH 7.

P! — MHOXKecTBO IPABBLIX HIEATIOB Pa3MepHOCTH n B A — MHoroo6pasue Cesepu—Bpayapa
SB(A).

VYpaBuenust:

SB(A) == {W CA|W-AC A}

Takum obpazom,
SB(A) < Gr(n, A) = Gr(n,n?).

A x SB(A) A x Gr(n,n?)
TlsB(a) '{n VI'
SB(A)“——— Gr(n,n?) {w}

Jlemma 1.10.2. Endgp(a)(Ja) ~ A (andomopdusmo, paccroenus,).
[Tostomy pa ommcannsa H!(F,PGL,) — kak anre6psr Asymaiin n kax dopmbr P! — skBuBageHTHBL.

VrBepxkaeuune 1.10.3. [lodpaccroerue T|SB(A) swvideporcusaem npasoe A-deticmeue na A x SB(A).

JA = T|SB(A)'

IIpumep 1.10.4. Gr(K,n) (nuneiinbe k-MepHble ToAnpocTpancTBa B A™).

Ecin U — k-meproe nognpocrpanctso B A", 1o {z | imaz C U} — upasslii niean 8 M, pasmepHOCTH
kn.

SBj(A) — obobimennoe muoroobpasue Cesepu—bBpayspa — MHOrooGpasue NpaBbIX HIEAJIO0B PA3MEDPHO-
cru k.

Gr(k,n) ~ Gr(n — k,n) (HaOMHHUM, 4TO 3TO He KAHOHMYECKUI n3oMopdusm). Anasor 310il 1BOii-

crBernocTn: SBy(A) ~ SB,,_;(AP).

VYreepxkaenue 1.10.5. SB(A)(F) # @ = A~ M,.
SBi(A)(F) # @ = ind A | k.

(HamomumM, uro takoe ind. st meHTpaiabHOl npoctoit anre6per A umeem A ~ M, (D), tne D —
reso. m - deg D = n. deg D =: ind A, rue deg D := +/dim D.)

Cxpyuennbie hbopmbr P! — s1o ckpydennnie dbopmbr M,,. Umeem Aut(P?~1) = PGL,,.

[Ipenmonoxum char F' # 2.

Aut(go) = O(qo)-

Aut(Qo)™ = PGO(qo), tne Qo — xBagpuka {q = 0}.

HY(F,PGO(q)) — xmaccer (A, o) m30MOPMHOCTH MEHTPaIbHBIX TIPOCTHIX anrebp A ¢ opToroHa bHoi
WHBOJIIOIINEHR O.

{mpasbre uneanst I B (A, o) pasmeproctn deg A | o(I) I =0} = X(4,5) — SB(A).

[Ipu nomusTun 10 F mosydaem:

QJ(%) - PdfegA_l = SB(A) QF F.

Bioxxenne X (4 ,) < SB(A) ecTb anajor B1oyKeHns KBaIPUKN B TPOEKTHBHOE IIPOCTPAHCTBO.



2 IIpoekTmBHBIE OJHOPOJHbIE MHOTOOOpa3Usd

2.1 IlepBble npumepbl

Eme pa3 mpo aHajoruio ¢ Torosorueii:
E — X — topcop Ha TonoJiormdeckoM npocrpanctee X, G neiictByer Ha E. CyiecTByer mOKpBITHE
{U;} upocrpancrsa X Takoe, 9410

U¢XG2E|Ui4>E

|

U—=X

V nac: Bosbmem X = Spec K. Ilycrs E — Spec K — Topcop. CymiecrByer pacrupenue noseii L/ K
Takoe, 9To Topcop Fp — Spec L msomopden topcopy Gy — Spec L.

Mur xotum ontucats H (K, G). Ctparerus: ais Topcopa E u (11aKkoro mpoeKTHBHOT0) G-MHOroobpasns
X wbt onpenenuin X — pG-mHOroo6pasue (CHOBa IVIAJKOE IPOEKTUBHOE), KOTOPOE HA3BIBAETCS CKPY-
yennotl opmoti X, TO eCTh,

o [ ~ G kak G-MHOTOOOpAsNe,
¢ (£G)x ~ G xak anrebpandeckas Py,
o (pX)x ~ X3 xak G-MHOrooGpasue.

IMpumep 2.1.1. Ilycts A € H'(K,PGL,); To ectb, A — HneHTpadbHas MpocTas anrebpa CTEIeHH 7.
Honoxum E = Isom(M,,, A), X =P~ G = PGL,,. Torna pG = Aut(A), X = SB(A) — muoroo6paszue
npaBbIx nieasioB B A pasmepnoctu n. 3amerunm, uro SB(A)(K) HemycTo TOrja U TOJIBKO TOL/IA, KOTJa
A ~ M,,. Boobe, coiictea MHOroo6pasust SB(A) oTpazkaioT CBOWCTBa MCXOJHOIO TOPCOPA.

IIpumep 2.1.2. Ilycts G = O, g € H1(K, O,,) — HeBBIPOXK/IeHHAs] KBaApaTuIHasi (HOPMa PaHTa n.

E = Isom(qo, q), tae qo pacimenuma (o ectb, uMeer suy (1,—1) L -+ L (1,—1) miroc, BO3MOXKHO,
caraemoe (1)).

X = {qo = 0} B npoekrunsroM cmpicsie. Torga @ = g X = {¢ = 0}. Bamernm, uro Q(K) Hemycro Torga
U TOJIBKO TOT/IA, KOra (hopMa ¢ M30TPOIHA, TO ecTh, ¢ =~ (1, —1) 1 ¢'. DroT daxT ocraercst BepHBIM NpH
sro6om pacmupernn L/K: Q(L) HemycTo TOrma u TOJIBKO TOrja, Korga GopMa ¢y, H30TPOIHA.

®axkr 2.1.3. IIycrs ¢ umeer Bun {(ag,...,a;) = (1,—a1) @ --- @ (1, —ay). Torma

Dopma ¢y, ©30TPOIHA TOTJIA U TOJBKO TOTJIA, KOIJA OHA PACIIEnuMa, (TO eCTh,

packiapiBaercst B cymmy dopm Buga (1, —1)).  (¥)

Hao6opor, eciin dim g gerna u (*) BbimosiHeHO 11 JIIOGOrO paciuupeHus 1odieil, To ¢ uducreposa ¢
TOYHOCTBIO 110 cKasisgpa. Eciau xke dim ¢ veyerna, To ¢ L (1) nducrepoBa ¢ TOUHOCTHIO 10 CKAJISIPA.

Takum 06paszom, or Topcopa E MOXKHO nepexoauTh K MHOroo6pasuio gX (1 MOXKHO Bapbuposarh X ),
CMOTDETh Ha €10 WHBAPUAHTHI (B CMBICIIE alareGpandeckoil TeOMETPHUNA) U MOy YaTh OTCI/IA NHMOOPMAIIIO
00 MHBapUAHTAX TOPCOPA.

[Iycres X — rimagkoe mpoekTuBHOE MHOTOOOpasue. Mbl orpanmanMcst cirydaeM, Koraa X odnopodhoe, TO
ectb, G(K) neiicteyer Ha X (K ) TpaH3UTHBHO (3aMeTHM, 9TO 9TO O3HAHaeT, 9To oTobpaxkenme G X X —
X x X, (g,z) — (gz,x) CIOpDBEKTUBHO KaK IIyYOK, & He B KATEIOPHOM CMBICJIE; KATEIOPHOE HOHSATHE
SnUMOpPdU3Ma He TOIAXOMNUT JJIs HAINIKMX [eJieil: HanpuMep, orobpazkenue Spec QQ — Spec Z cropbeKTUBHO
B Kareropnu cxeM). Hedopmanbro rosopst, y G Ha X oxHa opbuta. Torjma X HasbiBaeTCsi HPOEKTUBHBIM
OOHOPOHBIM MHOTO0OOpa3meM.

Kak crpouts mnpoektuBHBIE OmHOpPOAHBIE MHOrOOOpasus?! Ilycts G — pacmenumasi rpymnma, V. —
HEIIPUBOAMMOE IpeJcTaBieHue (B MOJIOKUTEIbHON XapaKTepPUCTUKE HYZKHO JIefICTBOBATD OCTOPOXKEHE).
Paccemorpum P(V') — mHOroo6pasue npsimbix B V', npoxonsiux depes 0. ¥ rpynnst G ecTb POBHO OJHA
saMKHyTast opoura Ha P(V) — sro u ects Hame X. Ha camom Jesie, Bce IPOEKTUBHBIE OJHOPOIHBIE
MHOr000pa3us Tak MOJIy9aroTcs (HO He 00S3aTe/IbHO €MHCTBEHHBIM 00pa3oM).

10



IIpumep 2.1.4. G = SL,, neiicrByer Ha V = K™ (umeercst B BUjLy 00BIYHOE, 6eKMOPHOE IPEICTABICHHE).
ITycrs u, v — aBa BekTopa. MoxkHO u HaliTH ¢ Takoe, 410 (gu) = (v) (37ech depe3 (x) MbI 0GO3HATACM
psiMyto, HaTstHYTYI0 Ha )? OTBeT — MOXKHO, ecaint 4 1 v ormindHbl o1 0. Suaunt, B K™ ecTh jBe OpOUTHI
neitcrsus rpynnst G: {0} u {v | v # 0}. Hocse npoextusuzaruu 8 P(K™) = P"~! ocraercst Tosbko onna
opbura.

IMpumep 2.1.5. G = SL,, zeiicreyer na V = A¥(K™), k = 1,...,n—1. Ha Hepa3IoKNMbIX TOJTHBEKTOPLIX
OpOHUT MHOTO, HO HA PA3JIOKUMBIX JleiicTBrue TPpaH3uTUBHO. CBOWCTBO «OBITH PA3JIOXKUMBIM» ONPEIEIACTC
ypasuennsmyu [Lmokkepa. Op6uta B8 P(A¥(KY)) — sto Gr(k,n).

IIyctsb, x tpuMmepy, n = 4, k = 2. JInarpamma Xacce BecOB HAIETO IPEJICTABICHUS BLIMJISIAT TAK:

PaziozkuMblil TeH30p 3ajiaeTcsd ABYMsl BEKTOpaMU. 3anuiineM ux B 6asuce (e, es, e3,e3): (a1e1 + ages +
azes +aseq) A (bier + baeg + bzes + baes). OG03HATIM KOOPAUHATY T€H30pA & IPU OUBEKTODE €; A e; Iepe3
x;;. Torma pasIoKIUMOCTb & PABHOCHIBHO OOpaIneHuio B () BEIDAsKEHUS 1234 — £13T24 + L14T23. DTO

ay az a3 a
cJlelyeT, HallpuMep, U3 COOTHOIIEHUS HAa MUHODPbI MaTPUIIbI ( bl b2 b3 b4>'
1 02 03 04

2.2 Ilapabosimueckue HMOArPYIIIbI

OkasbiBaercs, jo6oe X, sapistonieecs: opouroii B P(V'), 3amaercs KBajgpaTHYHbIMUA YDPABHEHUAME B
IIPOEKTHBHBIX KOOPIMHATAX.
IIycrs v € V, X = G - (v) — opbura sekTopa v. Torga Stabg((v)) = P — napabosimyeckast HOArPYIIIa
B G. TIpoeKTHBHOE OJHOPOIHOE MHOTOOOpa3ne 3aaeTCst MOArPYIIIOoH P ¢ TOYHOCTBIO JI0 COMPSI?KEHHOCTH.
IMocmorpum, kak Top T B G geiicrByer Ha BekTop v. VI3 paBencrsa T (v) = (v) ciemyer, 4ro Haii-
nerca \: T — G,, (Bec Henpusogumoro upejcrasienuss V') takoe, aro tv = A(t)v miasa Beex t € T.
IpecraBiieHne 3a18€TCsl CBOMM CTAPIIUM BeCOM (TOUHee, OpOUTOil Beca OTHOCUTETHHO W, HO B 9TOi

opbuTe ecTh eJMHCTBEHHBIH goMuHaHTHBIH Bec). Ilyers av, ..., — npocTble KopHU. Pacemorpum 6asuc
v v " v v — 2(@8) 11
ay,...,a) B IBOHCTBEHHOM IIPOCTPAHCTBE, [Ie ) OIpeNesieTCsl paBeHCTBOM o, (5) = Toran - ycrs
— J1Boii i 6 T 6 Noww) 5.9
@1, ..., @ — ABoicTBeHHbIH K Hemy Gasuc. Takum 06pasoM, 7 =25 = bij. DTH SJIEMEHTEl W1, ..., W]

Ha3bIBaOTCd PYHAAMEHTAJIbHBIMU BecaMu. Bec )\ packiabiBaercs o 3TomMy 6asucy ciemymummM 00-
pasoM: A = Y m,w;. ITocse sroro X (u P) 3aBHCHT TOJBKO OT TOro, Kakue u3 m; He pasubl 0. To ects,
[TPOEKTUBHBIE OJIHOPOJIHBIE MHOT000PA3HST 3a/JAI0TCSI TOJIMHOYKECTBOM BEPIHH Ha Juarpamme JIpHKHHA,
COCTOSIIIIM U3 TEX BEPIIHH, JJIst KOTOPbIX m; # 0. Mbr 6y/ieM nx 00BOJINTH HA KapPTUHKE.

Hanpumep, KapTuHKa 1151 TPOEKTHBHOTO IIPOCTPAHCTBA TaKasl:

o——o—o—-—0—0 A,
1 2 3

n—2 n-—1

DT0 COOTBETCTBYET BEKTOPHOMY mpescTasiennto V = V(w) rpymner SL,,. Boobmie, eciim Ha auarpavme
A, _1 obBectu BepmmHy ¢ HOMepoM k, nomyunrtest Gr(k,n). Ecrb eme, Hanpumep, npucoeInHEHHOE
npeacrasienue: S, neiicrByer Ha csoeit anrebpe Jlu Lie(SL,, ). Kaprunka mjig 9Toro mnpeucrabjieHus

TaKasd:
o——o—--—0—F) A,
1 2 n—2 n-—1

Iepsas Bepumna coorBercrByer V, nocienuss — V*, B urore noiayuaem V* @ V ~ End(V).

Ecin o6Benena onua sepiuna (V = V(w;)), To P Ha3biBaeTcss MaKCHMAaJIbHOMN napabonmaeckoii. Ec-
JIM BCe BepIIUHBI 00BeieHbl, To P Ha3biBaeTcsi GOPEIEBCKO (9T0 MUHUMAJIbHAS CPe/IH HapabOJnIecKuX ).
JItobast rajiKast 3aMKHyTas MOArPYIIa, cojepKaiias B, Ha3biBaeTCsd MapadoJIMIecKOil 1 Moy 1aeTcst
TakuM obpazom: B < P < G.

[Tycre Teneps Ha puarpamme JIbiakuna cucrembl A, 1 0OBeIeHBI BEPIIUHBI ¢ HOMEpAMU K1, . . ., Ky, .
ITonydennoe MmuHOrOOOpa3WE MOXKHO ONMUCATH B TEPMUHAX CTAHIAPTHOrO mperacrasieHus V = K™ rpymmb
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SL,,. A umenso,
X:{Ul S SUm|dimUi=ki}.

Takoe X nasbiBaercs MHOroobpasuem diaros. [Ipu stom SL,, nefictByer va X TpaH3uTHBHO. 3aMeTHM,
49TO TeH30pHOE Ipousseinenue V (wg, ) ® « -+ @ V (wyg,, 0 yKe He 006s13aHO ObITH HEIPUBOAUMBIM, HO MOYKHO
B34Tb KYCOK, COOTBETCTBYIOIINHA BeCy wy, + -« + Wy, -

Tak MbI OIUCATH BCE OHOPOIHBIE TPOEKTUBHBIE MHOTOOOPas3ust [t rpynibl SL,. B obmem ciyuae (jis
Ipou3BOJILHON () MHOIIA OHOPOIHOE IPOEKTUBHOE MHOr0OOpa3ue HA3bIBAIOT 0G0BIIIEHHBIM (hJIaroBbIM
MHOroobopasueM. Ero MoXXHO ommcaTh Tak:

X ={P' <G| P conpsixena c P},
e sHadok P’ < G osnavaer, uto P’ — riajkas samMkHyTas noarpymna s G. Bosee TouHo,
X(R) = {P' < Gp | cymecrsytor S/R,g € G(S): gP'g~* = P}.
ITocse oaxpyTKH Ha Topcop E mosydaem
X = {P' < gG | P conpsuxena ¢ Pg suyrpn (5G)i = G}

O6parure BHUMaHUe, 9T0 B p(G HUKaKOil P MOXKeT He OKa3aThCH.

[TpoekTusHOE OnHOPOAHOE MHOrOOOpasue X mzorponHo, eciu X (K) # &. Cama rpynna gG HasbiBa-
€TCsi U3OTPOMHOM, eCJIH /I KAKOTO-TO IPOEKTUBHOTO OJHOPOIHOIO MHOroo0Opasusa g X, OTJIMIHOTO OT
TOYKH, pX H30TPOITHO.

IIpumep 2.2.1. Ilycrs G = PGL,,. Ee ckpyuennas dopma G umeer sug Aut(A), a coorsercrByomast
cKpyd4enHas (opma npoekTusHoro npocrpancrsa — SB(A). 3amerum, uro y PGL,, (B oriuuune or SL,,)
HET BEKTOPHOro npejcrasienns. [logemy? s Hadaia moiiMeM, oTKyaa Oepercst cKpydentHas dpopma SL,.
Orobpazkenne onpeznesuresst det: GL, — G, ckpyunsaercst B npusedernyto nopmy (reduced norm)

Nrd: A* = GL1(A) — Gyy.

fAnpo sroro orobpaxennst obosnadaercs depes SLy(A) = {g € A | Nrd(g) = 1}. Hanpumep, (Nrd(z))™ =
det(y — zy).
Pemmerka KopHeli COIEPKUTCST B PEIIETKe BECOB:

Zoi ® - ®loy <Zwo®--- P Ly

Junarpammbl JIpIHKAHA KIACCH(PUIUPYIOT PACIIEHHMBIE HOJIYIIPOCTHIE IPYIIIBI ¢ TOYHOCTBIO 10 H30TCHUH,
a KJ1acC U30MOP(HOCTH BHYTPH KJIACCA W3O0TEHUU 3aJIa€TCs TPOMEXKYTOIHOM PEIMIETKON MEXKJLy STUME
JIByMst (C TOUHOCTBIO JI0 BHeMHUX aBroMopdusmMos). MunnmasbHas pemerka Zag @ - - - & Zay cOOTBET-
CTBYET IPUCOCIUHEHHOMN rpyIme (6e3 meHTpa); MaKCuMaJbHas pemerka Zwy @ - - - @ Zw; COOTBETCTBYET
OJIHOCBS3HO# TpyIie (y Hee camblil GOJIBINON HEHTP).

2.3 SOq,

IlocmorpuMm Ha oxmHOopoaHbIe MHOr00Opasust Iast SOsq,. dnarpamma JIbIHKIHA BBITJISIUT TaK:

Becy w; orseuaer kBajpuka {g(v) = 0}, 4T0 COOTBETCTBYET €CTECTBEHHOMY IIPEJICTABIEHIIO V rpyn-
et SOg,. Becy wy — mpencrasienne A2V. CoorseTcTBylommee MHOroobpas3ue — MHOYXKECTBO BIIOJIHE
H30TPOIHBIX IIOCKOCTEH (U, V), TO €CTh, TAKHUX, UTO ¢|(y,,) = 0. DTO ycoBHE MOXKHO ONMCATDH TaK:
q(u) = q(v) = f(u,v) =0, tae f — nonspusanus dopmer ¢: f(u,v) = q(u+ v) — q(u) — q(v). Ananormd-
HO (C TIOMOITIBIO BIIOJIHE U30TPOINHBIX MOANPOCTPAHCTB PA3JINYHON PA3MEPHOCTH) OMUCHIBAIOTCSI CJIyIan
W3ye.oyWn—2.
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Becam w,,_1 1 w;,, COOTBETCTBYIOT BIIOJIHE U30TPOIHBIE MIOJIIIPOCTPAHCTBA pazMepHocTu n. Jleo B ToMm,
9TO MHOrooOpa3ue BIIOJIHE W30TPOIHBIX MTOIIPOCTPAHCTB PA3MEPHOCTH 71 MUMEET JIB€ KOMIIOHEHTHI CBSI3HO-
cru. s Toro, 9Tobbl 00bICHUTH 3TOT 3¢ deKT, BhibepeM 6a3uc €1, ..., €y, €_n, ..., E_1, OTHOCUTEIHLHO
KOTOpOro MaTpuiia I'pamMa pOpMBI ¢ UMeeT BUT,

0 0 0 1
0 0 1 0
o1 ... 00
1 0 ... 00
Oxa3bIBaeTCsl, MOMIPOCTPAHCTBA (€1, ..., €n_1,€n) U (€1,...,€n_1,€_p) BIOJHE H30TPOIHBI, HO HE IIepe-

BOIATCA ApYT B apyra geiicteueM SOs,. IlepBoe cooTBeTCTBYET BECy wy,_1, & BTOPOE — Becy wy,. Kyma
JKe JIeJI0OCh MHOrooOpas3ue BIIOJIHE M30TPOIHBIX IIOAINPOCTPAHCTB pasMepHocTu 1 — 17 OHO He MaKCHMaJIb-
HOe OJTHOPOJTHOE (COOTBETCTBYET HE MAKCHMAJLHON MapabOJMIecKoil IOATPYIIIIE), I COOTBETCTBYET BECY
Wp_1 + @,. HelicrBuTesIbHO,

Stab({e1,...,en—1)) = Stab({e1,...,en_1,€n)) NStab({e1,...,en_1,€_n)).

Boobmie, HeMakcuMasIbHBIE MHOr0OOpa3usl cCOOTBETCTBYIOT ditaraM. ITocmorpuMm Ha Bec w;, + -+ + w;, .
@rar A7 HET0 — 9TO HAOOP MOAMPOCTPAHCTB TAKUX Pa3MEpHOCTEl:

¢ NMPaBWJIBHONW MHIMJCHTHOCTBIO. A MMEHHO, /IS KarKJI0# U3 JBYX IIEHOYEK OT IEPBO#l BEPINUHBI J0 JIBYX
MOCJIEIHUX MHIMJIEHTHOCTh — 3TO BKJIIOYEHUE, a JIJIsl BECOB T, _1 U Wy, UHIMJAEHTHOCTH O3HAYAET, YTO
repecevdeHrne COOTBETCTBYIONIUX TOAIPOCTPAHCTB Pa3MEPHOCTH 1 IMEeT Pa3MEepHOCTh 1 — 1.

[lepen namu mpumep zeomempuu. 'opazao bosee mpocToit mpuMep — caydait cucteMbl A, Tam Bcero
nBa GYHIAMEHTAIBHBIX BECA: 0] COOTBETCTBYET TOUYKaM (M MapaboimdecKuM IOJArPYIIaM TUIA T ), &
wWo — UPAMBIM (U TapabOJIUIECKUM HOArPYIIIAM TUIA T ). Bojiee oapobHO, IOCMOTPUM Ha TPEXMEPHOE
BeKTOpHOe TrpocTpancTso F3. HemyseBoit BeKTOp 4 MOPOKIaeT oJHOMepHOe TorpocTpancTso (u) C F'3,
u ero crabunmsarop Stabgr, ((u)) — 910 mapabosudeckas MOAPYNIa THIA T01:

* % % 1
0 * % | — crabmiuzarop BekTopa | 0
0 * = 0

JIj1s1 OTIECAHUST IPSAMBIX MOYKHO BOCTIONIB30BATLCS JTBOHCTBEHHOCTHIO U TIEPEHTH K TrpocTpancTsy (F3)*.
Hemynesoit koBexTop ¢ € (F3)* mopoxkaer oamomepoe nomnpoctpanctso (@) C (F3)*, u ero crabumm-
saTop Stabgy,, ({¢)) — 9T0 mapabosmaeckast TMOATPYIIa TUTA wWa:

*

* | — crabmam3aTop KOBEKTOPA (O 0 1).
*

S % ¥
O * ¥

OTHOIIIEHNE WHIMIEHTHOCTH MeXK/Jy HUMH TaKoe: TOYKA JIEXKHUT Ha HPSMON TOrJ[a M TOJBKO TOrJa,
kora p(u) = 0. B Tepmunax nmapabormdeckux moarpymir: Stab((u() N Stab({y)) comepxur GopeneBcKyio
noArpyniy (To ecrb, HapaboMIecKyIo NOAIPYIILY TUNA w1 + w2).

Ecsin MBI Tenepb OCMOTPUM HA MEOMETPHIO, 33JJaHHYI0 a0CTPAKTHBIMU AKCHOMAMHU IIPOEKTUBHOIL
mnockocTH (¢ akcuomoii esapra, obecnednBalomeil acconnaTuBHOCT, HO Ge3 akcuombl [lamma, obece-
YUBaoIel KOMMYTATHBHOCTD ), MbI mosryanM rpymiy SLi(A), raie A — meHTpasgbHast mpocrasi anrebpa
cTeneHn 3.
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2.4 Bpruucienwne koJien Yxkoy

Ilycts E € HY(F,G), n 3aman0 ogropojHOe TpoekTuBHOe G-MHOr006pasme X . PaccMoTpuM cKpydeH-
HOe MHOTOODpa3ue pX; HAC HHTEPECYIOT WHBAPUAHTHI 9TOTO MHOTO00pa3us B CMBICTIE AJIredpandecKoii
reomerpun. Hanpumep, CH* (g X).

Bioxkenne mons F' B ero anrebpamueckoe saMbiKanme F jaer Mopdusm cxem Spec ' — Spec F.
IIyn6sxom nosmyydaercss MHOroobpasue Xz

Xp— X

| |

Spec F —— Spec F
Orcroza nosyaaeM romoMopdbusm
CH"(gX) = CH"((gX)5) = CH* (X%).
Hac naTepecyer 06pa3 sroro romoMopdusMa: KpydeHne COJEPKUTCA B €ro sijpe, 3a CYeT 9Yero Jierde
Kuth. Ilepsbiit mar — Borauciaenne CH" (X4).

2.5 IIpumep: IpoeKTUBHOE ITPOCTPAHCTBO

ITpumep 2.5.1. Paccmorpum P X P ¢ quaronanbuabiM jefictBueM SLy, 1. DTo geiicTBre He TPAH3UTHBHO:
ecTb auaronasb P". Kak BLIIgauT gomnojHenue K gauaronaau? Mbl yTBep:KaaeM, 4TO OHO PacCanBaeTcst
nag Gr(1,2;n + 1) co cnoem Al 3necy Gr(1,2;n + 1) — MHOroobpasue baaros, COCTOANIIX U3 TPAMON 1
wiockocTy, B (n + 1)-MepHOM OPOCTPAHCTBE.

P™ x P > P

b

Gr(1,2;n+1)

910 pacciaoenue BHINIAAAT Tak: mapa ((u), (v)) € P x P ornpasasiercs Bo duar (u) < (u,v). IIpoobpas
ara mpm 9TOM — TO MHOTO0OPA3UE CIOCOBOB JOTIOTHATD TIPAMYIO JI0 TIOCKOCTH, TO ecTh, P1\ PO = AL,
Bosee crporo, HyzKHO TOBOpUTH Npo paccaoenust Ha Gr(1,2;n+1): ecTh IByMEPHOE BEKTOPHOE PACCIOEHHE
Ty, conocrapssitoriee Guary (u) < (u,v) MIOCKOCTH (U, V), ¥ €CTh OJHOMEPHOE BEKTOPHOE PACCIIOEHUE T1,
conocrasysiomee duary (u) < (u,v) npamyio (u).

Tenepb 3ahbUKCHpyeM B 3TOM OIMCAHUH U, TO €CTh, BO3BMEM CJOH BCell KApTUHKM HAJl TOYKOH B
nepBoM comuOo)kuTese P”. [Tosyanm KapTUHKY

P > pt

Gr(1;n)
3amMeTuM, 9TO Gr(l, n) = Pl ITosToMy MOKHO HaIlICATh TOYHYIO IOCJIEIOBATEIBEHOCTD JIOKATI3AIIUM:
CH* " (pt) — CH*(P") — CH*(P"™!) — 0.
Cpe,ZLHHH CTPpeJIKa ABJIACTCA I‘OMOMOp(bI/BMOM KoJien, a HepBbII?’I 9JICH IIOYTU BCErla paBeH HYJIIO. HOSTOMy

CH'(P" 1), i<nmn,
CH (P") =< Z, i=n,
0, 1> n.

IMo naaykunu noayvaem, uro y CH*(P™) B kaxkmoii pasmeproctu ot 0 710 n CTOUT OJHA KOTUS Z.
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IIpumep 2.5.2. Ounmem apyroii criocob. Ilycrs dim(V) = n + 1. Pacemorpum peiicrsue rpynmst SL(V)
(mmun PGL(V)) ma P(V*) x P(V) (coorBercrByIomiee Becy wi + wy). TaM MMeeTcs: HOJAMHOT000pas3ne

{e(u) =0}:

P(V*) x B(V) > {p(u) = 0}

SaduKrcupoBaB @, MOIydaeM
P 5 ]Pm—l

b

pt
3Ha‘{I/IT, nMeeTcd CJIG,ZLYIOHLaH TOYHadA II0CJIeJ0BaTC/IbHOCTD JIOKAJIU3aIlUM:
CH*'(P"!) —» CH*(P") — CH*(pt) — 0.
BBI‘{I/IC.HQHI/IQ 110 I/IHLLyKH,I/II/I HpI/IBO,HI/IT K TOMy 2Ke pe3yJIbTaTy, 9TO U B Hpe,[[bI,ILyH_[eM IIpuMepe.

®akT 2.5.3. Eciu Z C X — zamkuyToe noamuoroobpasue, u U = X \ Z, umeercst TouHAs TOCJIEI0BA~
TEJIbHOCTD JIOKAJIA3AITIT

CH*codimx Z _, CH*(X) — CH*(U) — 0,
rze nepsoe orobpazkenne — push-forward, a Bropoe — pull-back (u siBistercst romomopdu3sMoM KoJter).

IIpumep 2.5.4. ToT ke pe3yabTaT MOXKHO IIOJYyYUTh U IPSIMBIM BBIYMCICHHEM: IIOHATH, YTO KOMIIOHEHTA,
KOJIbIa I2K0y KOPa3MEPHOCTH ¢ IIOPOXKIAETCs KJIaccoM mojanpocrpancrsa [P ], npuuem [P"] = 1. Kpome

9TOrO,
Py [P i
0, 1> n.
Hampumep, Boibpas Ha P 0HOPO/HBIE KOOPJUHATHI [Tg : -« - : Xy], MOKHO B3aTh P! = {zg = 0},

npyroe P! = {z; = 0} u o6HapyKuUTh, 4TO UX Hepecedenne paBHo {rg = x1 = 0} = P"~2,
3ameuanune 2.5.5. [lo cytu, B mpumepe 2.5.2 Mbl HAPUCOBAIN PUILTPAIIAIO
P* «——> PPl >+ pt
A" Anfl Al
Boobiue, eciu y MmHOr0o06pasus X cymiecrByer (pubTpalius 3aMKHYTBIME [IOAMHOroobpasusaMu S O X D
X2 D ... Takas, 9t0 X; \ X;41 = HA’“, TOo X HA3BIBAETCS KJIETOYHBIM. B 3TOM Cirydae

e Bce CH' — cBOGOIHBIE KOHETHO TIOPOXKICHHBIE abe/IeBbl IPYIIILI (IX PAHT PABEH KOJUYECTBY KJIETOK
B COOTBETCTBYIOIIEH PA3HOCTH);

e CH(X); ~ CH(Xy); st moboro pacumpenust L/ F.

2.6 IIpumep: mHOroobpasme CeBepu—bBpayspa

Iepeitnem Teneps k SB(D), rue D — reio, ind D = n 4 1. 9ro ckpydennas dopma P?: SB(D) = gP". B
pazzene 2.4 MbI TOCTPOWIN OTOOPaXKeHme

CH*(SB(D)) — CH" (PZ).

IukJbl 13 ero o6pa3a HA3BIBAIOTCS PAIMOHAIBHBIMHU (110 OTHOIIEHUIO K CKPYIUBAIONIEMY TOpcopy F).
B pazzesie 2.5 Mbl BBIYMCIWIIN IIPABYIO YaCTh: TaM CTOUT KOIUSA Z B KaXKJIOW KOMIIOHEHTE C HOMEPaME OT
0 mo n. Obpasyroiasi KOMIIOHEHTHI Kopa3mepHocTr () BCeria OKa3bIBaeTCsi B oOpase.

[Ipemosioxkum, 4To Kaacc [pt] okazasics panuoHadeH. DTO O3HAYAET, YTO eCTh KOHEUYHbIE (cenmapabesib-
Hble) paciupenus Lq, ..., Ly Takue, 9ro
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e HaJ KaxKIbIM L; Halle MHOTOOOpasne NMeeT PAIMOHAILHYIO TOUKY;
e ged,([L;: F]) =1.

3ameTnM, UTO MEpBOE YCJI0BUE PABHOCUIBHO ToMy, uto [Dr.] = 0 B Br(L;) = 0. Ilpumenum otoGpazkenne
tpancdepa Br(L;) — Br(F). Houyunwm, uro [L; : F|-[D] =0 B Br(F) nmst Beex i. 13 sroro (a takxke u3
BTOpOTO ycsoBusi) ciaeayer, aro [D] =0 B Br(F).

2.7 Ilpumep: kBagpuka

Pacemorpum kBajipuky @ = {g = 0}. B Q x Q = {({u), (v)) ectb nogmuokectso {f(u,v) = 0}, a B HEM —
quarosass {(u) = (v)} ~ Q. Ioxyuaem dbusbrpanuo

Q% Q +————— {f(u,v) =0} > Q.
J{AdimQ J{Al
Q 0Gr(1,2; f)

3aecs OGr(1,2; f) o3nauaer MHOroo6pasmue Garos, COCTOSIIMX U3 BIOJHE U30TPOIHBIX IIOIPOCTPAHCTB
Buza (uy < (u,v).

Paccnoerne @ x Q \ {f(u,v) = 0} — Q ycrpoeno tax: napa ((u), (v)) orupasnsercs B (u). IIposepum,
uro cyroit mzomopden AYM Y TIycrs u = e;. Torga name nonosnmenue umeer sug { f(eq,v) # 0}. Yemosue
f(e1,v) # 0 paBHOCHIBHO TOMY, 9TO KoaddurmenT y v npu 6asucHom BekTope e_;1 He pasen 0. [Tosromy
MOYKHO YHTaTh, 4TO OH paseH 1. Tenepnb Bce kK03(ppUIUEHTEI U, KPOME TeX, YTO CTOSAT IPH €1 U €_1, MOKHO
OparTh KAKUMH YrOJHO, & KO3(hMUIUEHT IPU €] OIPEIesIAeTCsl OMHOZHAYHO U3 YCIOBUS U30TPOIIHOCTU
q(v) = 0. Nmade roBops, eciii T — TaBTOJIOTHYECKOe paccioenne Ha (), pacemorpuM (74)*. Ero cioit man
touxoit (u) € Q pasen ((u))1)*. Bor myxmublit Ham nzomopdusm:

ATC — P(((w))) \P({p € ((u)™)* | ¢(u) = 0},
v (e w e fo,w)).

Paccioernne {f(u,v) = 0} \ @ — OGr(1,2; f) ycrpoeno mpore: ero cioit pasen P(12) \ P(11) ~ Al
KakK U B IpuMepe 2.5.1.
Tenepn 3aduxcupyeM u; MOJTyIuM (DUITHTPAIIUIO

Q¢ {f(u,0) =0} &————pt,

J/Adim Q J{Al

pt Q'
rie Q' — xBagpuka pasmepnoctu dim @ — 2. Tloay4yaem TOYHBIE TTOCIEIOBATEIBHOCTH

CH*({ f(u,v) = 0}) — CH*(Q) — CH"(pt) — 0,
CH*4m @+ () 5 CH* ({f(u, v) = 0}) — CH*(Q') — 0.

Tenepb pu MOMOIIM MHIYKIIUE MOXKHO JIOKA3aTh CJIEJYIOIIEE.

[Iycrs dim @ = n werno. Torma CHi(Q) — cBobojiHast abejsieBa Tpymnna panra 1 Jjist BceX i =
0,...,n, kpome i = n/2; CHY?(Q) ~ Z2. O6osmauum 3a h = [Q"] € CHY(Q) xmace nokpaapuxm
Kopa3MepHocTu 1. D10 rurepiiockoe cedenne () B obmieM mosoxkennn. Torga 1 — obpasyrormast CHO(Q)
h — obpazyiomas CH'(Q), h? — obpazyiomas CH?(Q),.... C apyroii cropossl, pt — obpasyioias
CH"(Q), [P'] — obpasyiontas CH"1(Q), [P?] — obpasyomas CH" 2(Q),.... DTo KIaCCHl M30TPOIHBIX
IIOJIPOCTPAHCTB COOTBETCTBYIONIX pasMeprocTeil. Haxomer, h"*/? sisercst cyMMOil BYX 0GpasyIOIHX;
B KauecTBe OIHOM W3 HUX MOXKHO B3aATh [P™/2.

9TO MOXKHO yBHJIETh B KOODAMHATHOIN 3amuch: () 3a/1a€TCs ypaBHEHUEM T1Y1 + - - + Ty /241Yn /241 = 0.
ITocse sroro Q" 3amaercss ypaBHEHHEM Ty, /241 — Yn/241 = 0 (9TO THIEPILIOCKOE CeueHNe, KaK U ObLIO
obemrano), a cieyiommue 00pa3yonye 3aIaI0TCs OC/IeI0BATEILHBIM HAJIOKEeHUeM ypasuenuit 1 = 0,
29 = 0, u Tak manee. Korga noiigem 10 KopasmepHOCTH 11/2, MOJYYUM JBa BAPUAHTA: JIUOO

Ty =" =Tpsap1 =0,
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b0
Ty =" =Tpj2=Yns241 =0.

ITpumep 2.7.1. Ilycrs n = 4, TO ectb, Mbl UMeeM JieJio ¢ D3. Tlepen HamMu gerThipexMepHasi KBaJIPUKA.
Ee ypaBaenue BbItIAUT Tak: T1Y1 + Toyo + T3ys = 0. YpaBHeHHUs aBYX 00pa3yomuX B KOPA3MEPHOCTH
4/2 = 2 BBINJIAAAT TaK:

$1=$2=.’L‘3=0,

T =29 =y =0.

Wx nepeceyenne nmeer Bug 1 = T3 = T3y3 = 0, 9T0 paBHOCHIBHO 1 = xo = 0. [logemy-To 310 ycmoBue
PaBHOCWJIBHO T3 = Y3 = 0.

2.8 Hepacmenumas KBagpuKa

YTo HpOM30fiJIeT, ec/iu B3aTh Hepacienumyio Keapuky? Bozemem Topcop E € HY(F, Og, 1 2) u mocTponm
rQ. Kak sorancints CH*(5Q)? Bosee npocroit Bonpoc: paccMOTpUM 0TOGparkKeHue

CH"(£Q) — CH"((5Q)7)-

Yro MOXKHO CKazaTh PO 00pa3 9Toro orobpazkeHus (TO eCcThb, PO panuoHaIbHble TUKIIbL)? TIpogoskum
CYUTATD IS IIPOCTOTEI, ITO 1 deTHO. MBI 3HAEM, UTO CTONT B IpaBOH wacTu: obpasyiomue 1,h, h2,... B
kopasmeprocTax 0,1,2, ..., 10 cepeaunnl, obpasyromue [pt], [P1],P2],... B kopasmeprocTax n,n — 1,n —
2,... Jo cepemuubl, u jBe obpasyiorue [I1;], [ITs] B Kopasmepnocru n/2. Tlpu srom h™/? = [T1;] + [II,].
Vuuoxkenne BuirisuT tax: h - [P = [P]*=1 b [I;] = h - [[g] = []P’"/Q].

Bo Becsikom cirydae, h parumoHajieH: MOXKHO B3Th JIIOOYIO TJIAJKYIO MOIKBAJIPUKY KOPa3MEPHOCTH
1. Ilycrs gQ 3amaerca ypasaenuem g = 0. B ciygae pacruenumoii [4ernoMepHoii| KBaauku 310 66110
ypaBHeHue T1y1 + -+ + Ty 241Yn/2+1 = 0, ¥ HOJIKBAJPUKA BBIJIEJISANACH JOTOJTHUTETHHBIM yYCIOBHEM
Tpj241 — Ynj241 = 0. B obuem ciryuae MOKHO B3aTH J1060it v TaKoit, uto q(v) # 0, u g,y 3amaer
IJIAJIKYIO TIOJAKBAIPUKY KOopasMmepHocTH 1.

Teopema 2.8.1 (Springer). IIpednoaoocum, wmo q anuzomponna, mo ecms, q(v) # 0 npu v # 0.
Tozda xaacc [pt] ne payuonanen.

Teopema HOKa3bIBAETCs TaK: Kjacc [pt] pamuoHaseH Torja u TOJLKO TOLIA, KOIJA HANIYTCI PACIIU-
penus E;/F rtakue, aro ged([E; : F]) = 1, n nan kaxapiM F; KBaJIpUKa ¢g, U30TPOIHA. B yacTHOCTH,
Cpejly CTeleHell PACIIUPeHnil TOJKHA OBITh XOTs Obl OJ[HA HEYeTHasl, U OTOMY Jist HekoToporo E/F' ¢
HeuerHbM [F : F] xBagpuka ¢ msorponsaa. Ho u3 sroro cieyer, 9To ¢ u30TponHa (310, COGCTBEHHO, U
ecThb Kjaccuueckasi reopema CrpuHrepa).

Bot orBer Ha Bompoc mpo obpas: ecin () aHM30TPOITHA, TO

CHF ((2Q)5), k<n/2,
im(CH* (5Q) = CH*((2Q)7)) = { 2- CH* ((sQ) ) k>n/2,
2- 2] + Z([] — [Mg]), k=n/2

Ecsiu ¢ u30TpOmHA, TO €CTh CyIIECTBYET HEHYJIeBON BEKTOP v Takoil, 4To ¢(v) = 0, TO MOKHO BBLIEJIUTH
runep6oJInIecKyio wiockoeTb: ¢ = (1, —1) L ¢’. IIpourepupyem 10T IpOIECC: Oy IUM

q= k- <1a_1> J—qanv

[JI€ an U Kk OIPEJEJIEHBI OJHOZHAYHO (¢an — € TOUHOCTBIO 110 m3oMeTpun). IIpu sToM k HasbIBaeTCs
uHgekcoMm Butrta $hopMbl ¢, a ¢, — €6 aHU3O0TPOITHOM YaCThIO.

Tax BoT, ecam unexc Burra mameit hopmer ¢ pasen k, To mukasr [pt], [P, ..., [P*~!] parmonambmbr.
O6paTHOoe TOXKEe BEPHO: €CJIU TU IUKJIBI PAIMOHAIBHBI, TO UHJAEKC BurTa HE MeHbIIE K.

Pestome: panpuoHa/IbHbBIE IIMKJIBI HA CAMOI KBaJIPUKE KOHTPOJIMPYIOT TOJBKO €€ WHjEKC Burra.

[TocMOTpHM Telleph Ha JIpyroe MHOToobOpasue, ceazanHoe ¢ Topcopom E € HY(F, gy yo) (MBI jtst
ynobeTBa u3MeHNM HyMepaiio). A nMento, pacemorpuM OGr(2, ()) — MHOTOOGpasue BIIOJHE H30TPOITHBIX
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wockocredt. Mol peanmzobasiu @ kak {(v) | ¢(v) = 0}. Torma OGr(2,Q) = {{u,v) | q(u) = q(v) =
f(u,v) =0}

10681 106paThest 10 5TOro MHOrooGpasusi, mooxkuMm X = {f(u,v) = 0} u paccMorpuM DUIBTPAIHIO
u3 paszaena 2.7:

QxQ +—— {f(u,v) =0} > pt,
LM lAl
Q 0OGr(1,2;Q).

C oznoit croponst, OGr(1, 2; Q) — paccmoenne uajg OGr(2; Q) co cioem PL. C apyroit cTOpOHbI, HATTHCAHHAST
duaLTpaIya Mo3BoJAeT HaM HAIIUCATDL PA3JIOXKEHNEe

CH*(Q x Q) = CH*"(Q) & CH*"*(0Cx(1,2,Q)) & CH'(Q).

Bostee Toro, Mopbu3MbI B JIEBYIO YACTH U3 CJAraeMbiX B IPABOH YaCTH 3aJAI0TCs SIBHBIM 00pas3oM (¢
HOMOIIBIO MyJI09KOB 1 1ryidopsapaos), u ouu O(q)-35KBUBAPUAHTHLIL.

3 Mortussl Yxkoy

3.1 Kareropmusa coorBeTCTBUIA

o cux mop Mbr emorpenn Ha CH* u ma mopdusmer suga CH*(X) — CH*(X). IocMmoTpum Temeps Ha
MoTuB UKoy muOoroobpasmst X .

HauneMm ¢ kaTeropuu ryiaJKux MPOEKTUBHBIX MHOroobpasuii Haj F'. Uro B Heii mioxo? Hamnpumep,
TO, 9TO MOPMU3MBI Hesb3sl CKJIAJBIBATh: OHa He ajuuThBHA (1 TeM Gosee He abesea). Kaxkgomy
Mopdusmy f: X — Y moxuO comocrasurs ero rpaduk I'y C X x Y u monyunts [I'y] € CH*(X x Y).
Anementer CH* (X X Y) yke MokHO cKiagpBaTh! [I09TOMY B KauecTBe TIPOMEKYTOTHOTO ITara MOKHO
paccmoTpeTh KaTeropuio coorBercTBuii Corp. Ee 06beKTh — 1UIajikne TpOEKTUBHBIE MHOT00Opa3Us
unan F'. Mopdusmer: Mor(X,Y) = CHdimY(X x Y). Posb ToxecrBenHoro Mopdusma Urpaer Kiacce
JINarOHAJIN.

3ameuanune 3.1.1. B sroit koncTpykiun moxxuo 3amenunts CH Ha uro-To npyroe, rue ecTb mysi09Ku u
nyriopBap/bl (OHU IIOHANOOATCS HAM HUXKE), HALPUMED, Ha APYrYIO Teoputo Koromosoruii. Eciu B3aTh
K-reoputo — nosyuum K -momuéni, a He MOTHBBI K0y ).

Kax ompezemnTs kommosmimo Takix mMopdusmos? Ilycrs o € CHY™Y (X x Y), B € CHY™ (Y x Z).
PaceMoTpuM tmarpaMy

X xYxZ
XxY Prxz Y xZ
X xZ

W3 mee mosyvaeTcs ciiemyromas auarpaMma Ha ypoBHe 1Koy:

CH" (X xY x Z)

Pry 7

CHY™Y (X x Y) (Pr z)- CHY™Z(y x Z)

CH* (X x Z)
HosTomy pricy () - pri-,(8) € CHM™YTAmZ(X o ¥ « 7)), i MbI MOKeM onpeseuTsh

Boa=(prxz)«(prxy(a) - pryz(8))
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DT0 Ipou3BelleHNe UMEET XapakTep cBeprku. Hanmpumep, MOXKHO B3siTh B KadecTBe X, Y, Z MeTpUYECKHE
[IPOCTPAHCTBA, & B KAYeCTBE MOP(MU3IMOB — siJIEpHBIE OIIEPATOPHI, U IOJYyIUTCsl CBepTKa. Vi B KauecTBe
X,Y, Z — KoHeYHbIe MHOXKECTBA, & B KAYeCTBE MOP(MU3MOB — MATPHUIILI, U TOTIA Oy IUTCsT TPOU3BEICHUE
MaTPWUIIL,

3.2 Kapyobusamnus

Wrak, B kateropuu coorBerctBuii Corp MOpGMU3MBL yKe MOXKHO CKJIAJBIBATH: 9TO JINTUBHASI KATETOPUS.
BameTnM, uTo B Heli ecTh u npsiMbie cyMMMbl (X @Y = X [[Y), u npoussenenns (X @ Y = X x Y).
Ho »ra kareropust He abesneBa (n naxke He rncesioabesiesa). HanoMHUM, 4TO KATEropusi HA3BIBAETCSI
nces10abeseBoil, eciu y J060ro NpoeKTopa ecTh 06pas (B Kareropuom cmbicie). To ects, ecm p: X —
X — mopdusM, g koroporo p? = p, To X = X; ® X, mpudeM p — IpoeKnus Ha X;.

Ectb cranmaprHast mporerypa, Kak U3 aJJJATHBHON KATErOPUH TIOJIY YU Th IICeBI0abesIeBy: MOMOJTHEHNE
no Kapy6u (kapy6usanust). Takum o6pasom no Corp crpourcst Kareropusi MoTuBoB I'porenauka—
Ixo0y M. Ee obbektsr — mapst (X, p), rae p: X — X — ugemnorent. HedbopMaiabHO roBops, Ta napa
CUMBOJIL3UPYET «00pa3» MopdusMma p (KOTOPOro MoxkKeT He ObITh B MCXOAHON Kareropun). Mopdusmbl
OIIPE/JIETISAIOTCS TaK:

Mor((X,p), (Y, q)) = ¢oMor(X,Y) op.
Ecrs dynxrop Cor — M, X — (X,idx). Hna muoroobpasusg X obwexr M (X) = (X,idx) naspiBaercs
moruBoM X. Ha camoM zeite, Hy2kHO mucaTb Corpat e BMecTO Cor, 1 Chow®™ BMecto M. Mbl nomy«min
dYHKTOPBI
SmProj /F —— Coryagen(F) —— ChOWEH(F),

M
riae M — dyukrop «B3situst MotuBay. IIpustom M(X [[Y) = M(X)eM(Y), M(XxY) = M(X)M(Y).

3.3 MoTuB NpOEeKTUBHOMN NPAMOii

ITomrpobyeM «ITOCYUTaTL» MOTUB ImpoekTuBHOH mpamoit M (P!). HamomunM, aTo y CH! P') crour Z B
kopasmepHocTsax 0 (¢ obpasyromeit 1) m 1 (¢ o6pasyromeit [pt]). Paccvorpum Bioxenwe i: pt — P n
npoexrmio 7: P! — pt. Kommosurms 7 o i: pt — P! — pt TOKI€CTBEHHA, IIO9TOMY P = § O T SIBJISIETCSI
npoekTopoM Ha P!, DTo MIeMIIOTeHT, OTIPaBIAIONHTI Bce B TOUKY. [I09TOMy B KATerOpHH MOTHBOB
M (PY) = M(pt) @ (P, 1 — [p]). Cnaraemoe (P!,1 — [p]) obosnauaercst uepes L u Ha3biBaeTCs: MOTMBOM
Jledmiena. D1o anajgor adbdurHO npsaMoil B Kareropun moTuBoB. OkasbiBaercsi, motus Jledirera
HEPABJIOKUM.

Morus Touku yacro obosHadaercs depe3 Z = M (pt); o urpaer posb HeATPAIbHOIO O6BEKTa OTHOCH-
TeabHO ®. IIpu sToM MoTus Jledmena L obosnadaercsa depes Z(1)[2] = Z{1}. Tensopusie creneHn MOTHBA
Jledmena oboznadatorcst tax: L& = Z(k)[2k] = Z{k}. DTo B HEKOTOPOM CMBIC/Ie «MOTHB» k-MEPHOTO
adPUHHOTO MPOCTPAHCTBA.

3.4 IlIpencraBumocTth pyHKTOpa K0y

YacTo ymaeTcsa pas3aoKuTh MOTHB MHOroobpasus X B mpamyio cymmy suga M (X) = @ M(Y;) @ L&k,
e Y; — Kakue-To Jpyrue MuHoroobpasus. Ilosromy ymo6ro obosmadenne M(Y) @ LEF = M(Y)(k)[2k] =
Yo maeT Takoro poja passoxenune?

@axr 3.4.1. Ilycts M(X) = @ M(Y;) @ L. Torna CH"(X) = @CH"_]“ (Y3).
Hanpumep, u3 pasnoxkenuss M (PL) = M (pt) @ M (pt){1} crexyer, aro
CH(P') = CH"(pt) = Z,
CH'(P') = CH'(pt) ® CH’(pt) = Z.
Boo6mie, CH™(X) = Mor(X,L®") u CH,,(X) = Mor(L®", X), To ectb, CH — npe/ictaBumblii byHKTOp B

KaTeropuu MOTHBOB, a L urpaer pojib mpocTpaHcTBa JitienOepra—Mak/eiiHa.
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Vunoxenne 8 CH* Toxke npomcxomur u3 kareropuu Motusos. Iyers o € CHY(X), 8 € CH"(X), 10
ectb a: M(X) — L®* B: M(X) — L®". IlepemHoast 3TH OTOOPAYKEHUS, TOJTyTaeM

a®pf: M(X)® M(X) - L% o L,
[Ipasas wacts mzomopdua LEF+7) | Bags xommosummo ¢ mopdmamom M(A): M(X) — M(X x X),
nomydaem a U 3: M(X) — LOF+),
3.5 Teopema Kaprienko

Teopema 3.5.1 (Kapuenko, 2000). ITycms dana gusvmpayus mrozoo6pasus X samxnymomu (He
00A3aMENBHO 2AA0KUMU,) TOOMHONHCECTNEAMU

X =X . ¢ > X > ... > X, > Xp+1 = 9.
lAko lAkl L%kn
Yo Y; ce Y,
Bepmukaavhvie cmpeaku 031a4aom, 4mo oaa kaxcdozo i = 0, ..., n 3adan naockut moppusm X;\ X;11 —

Y;, caou komopozo — addurnsie npocmparcmea AR
Tozda M (X) = @ M(Y:){k:} u, kpome mozo, M(X) = @ M (Y;){dim X —dim Y; —k; }. B wacmmnocmu,
umeemca dynrmopuartieid (no Z) usomoppusm CH* (X x Z) ~ @ CH* % (Y; x Z).
Qusbrpanus u3 TeopeMbl 3.5.1 HASBIBAETCS OTHOCUTEIbHBIM KJIETOUYHBIM Pa3JI02KEHUEM.
IIpumep 3.5.2. OuabTparius
2 P

|

pt
npuBoauT K pasnoxkenuto M (pt) @ M (pt){1}.
IIpumep 3.5.3. OuabTpanus
QxQ ¢— {f(u,v) =0} > Q
lAdimQ J{Al
Q OGr(1,2; f)

n3 pazjiena 2.7 IpUBOUT K PA3JI0KEHHUIO
M(Q x Q) = M(Q) ® M(OGr(1,2;Q)){1} & M(Q){dim Q}.

IIpumep 3.5.4. Ilycrs Ha KBaJpuKe () €CTh PAIMOHAJIbHASA TOYKA (TO ecThb, hopMa ¢ uzorponua). Torma
g={1,-1) L ¢, u ecrb pubrpanus

Q > X! > pt,
lAdimQ J/Al
pt Q'
rae Q' = {¢' = 0}. Iomy4aem passoxkenne

M(Q) = M(pt) & M(Q"){1} & M (pt){dim Q}.

Ha KapTHUHKE 93TO BBITJIAJIUT TaK:

dim Q
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O6paTuTe BHUMaHue, 9YTO Ha KapTHHKE BbIJEJeH MOTUB IOAKBaJAPHUKU (', KOTOpPLIA casuraercs Ha 1.
Kpome Toro, morus Touku (crupasa) capuraercs Ha dim Q. VIHBIMHI cJI0BaMU, ¥ HAC TOSIBUJIACH TIPOEKTOPHI
1x [pt], [pt] x 1, Ag — 1 x [pt] — [pt] x 1.

3ameyanne 3.5.5. O6osHauenue Z(1)[2] aist moTuBa Jledimera MoxKeT MOKa3aThCsi CTPAHHBIM. 3J1€Ch
BTOPOH CIABUI' COOTBETCTBYET CIABUIY B TPUAHIYIMPOBaHHON Kareropuu Boesonckoro. Ilpu kenanmm
MOZKHO HPEJICTaB/IATh 3TO KaK KoMmmozuimio ayx casuros: (1)[1] — casur na G,,, (0)[1] — capur ma S*.

3ameuanue 3.5.6. B obmem ciaydae, passoxkenne Bpioa mokaseiBaer, uto ecaum (G — pacmienumas
rpyuna, P — ee napaboJimyeckasi HOArPYIIA, TO MOTUB OJHOPOIHOrO MHOroobpasust G/ P paBeH npsMoit
cymme capuros Z: M(G/P) = @Z{...}. Ilpu srom Z{i} BcTpedaeTcs: CTOABKO Pa3, KAKOBO KOIUIECTBO
MUHUMAJIBHBIX IpeJIcTaBuTeell KIaccoB cMexkHocTr 13 W/Wp munsl i. I109TOMY CABUIH CIUTBIBAFOTCSE
U3 JIrarpamMMbl Xacce.

IIpumep 3.5.7. Hamnpumep, amsa P* nuarpamma Xacce BBITISIJIAT TaK:

Iosromy morus P" pasen Z @ Z{1} @& - - - ® Z{n}. dna [pacmennmoit| Keajapuku () 4eTHOH pasMepHOCTH
JUarpaMma TaKas:

o—% w—o
0

Hostomy M(Q) =Z®Z{1} & --- & Z{n/2}*? & Z{n/2 + 1} & --- & Z{n}.

3.6 MeToa obuieil TouKu

Iloka 4TO MBI IOJIy4YaIM MOTUBHBIE PA3JI02KEHUS TOJBKO C ITOMOIIBIO (puiibTparuili u TeopeMs! KaprieHko.
Ceiiuac MBI y3HaeM elre OJuH npueM — memod obuwet movwku. [lycrs X, Y — MHOroo6pasusi, mpuieM
Y menpusommo. Pacemorpum X p(yy u ero xompuo Ixoy CH* (Xp(y) (manmomumnm, uro F(Y) — mose
parnuoHanbHbIX MyHKIMHA HA V).

Jlemma 3.6.1. Omobpasicenue CH* (X x Y) — CH*(Xp(y)), noayuennoe us dexapmosa xeadpama

XF(y) — X xY

! |

Spec F(Y) —— Y,
CIOPBERMUBHO.

Zoxazameavcmeo. YKa3aHHYIO JUAarpaMMy MOXKHO IIPEICTaBJIAThL cebe KaK MHIYKTHUBHBINA IIPEIesT Jua-
rpaMM BHJa
XxU—> X xY

| |

Uce—Y,

riue U — orkpsiToe Herycroe B Y (mockosbky Spec F(Y) = @U) Ho kaxkjioe mosydeHHoOe Takumm
o6pazom orobpaxkenne CH*(X x Y) — CH*(X x U) ClopbeKTUBHO B CUJIy TOUHOMN IOCJIE0BATEIbHOCTH
JIOKQJIN3AIIINI. O

Kax stum monbzoBarbesa? ITo6bI BBLIEIUTDL IPAMOE CJaraeMoe B MOTHUBe X, HaM Hy?KHO HaliTH
npoexrop p € CHY™ X (X x X). Jljst aroro ecrb aBa BapuanTa:

1. B3amh Y := X, BRIOparh Kaxoii-to saemvent u3 CH' (Xr(x)) # TOAHATE €ro B CH (X x X);
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2. B3aTH Kakoi-HuOy b Y, nocrpouts ssementsl u3 CH' (X x V), CH'(Y X X), B34Th UX KOMIIO3UIIHIO,
U JIaJIbIle KK B [IEPBOM IIyHKTE.

ITycrs X — ruajikoe nipoektusHoe HaJl F'. Harmomunm, uro nukia o € CH™ (X)) HazpiBaeTCst paroHaIbHbIM,
€CJIi OH JIEXKUT B 0Opa3e 0TOOparKeHUsI

res: CH*(X) — CH"(X%).
Anamornvso, MOXKHO PacCMOTpPETh OTOBPAZKEHHE
res: CH*(X x X) — CH" (X7 x X5).

IIpaBas gacTh ropa3jo Jydiie JIeBOii.
* .
IIpesmosnoxkum, aro Mel Hamm muks1 p € CH® (X% x X3) rakoit, ato

1. p — mpoexTop (B CMBIC/IE KOMIIO3UIIUY, OIIPEJIEICHHON B paszeie 3.1);
2. p PAIMOHAJIEH, TO €CTh, P IOJHUMAaETCs 10 Kakoro-to p € CH* (X x X).

CulelyeT it U3 3TOT0, UTO P ABJIAETCS TpoeKTopoM? Boobie roBopst — HeT, HO JiJIst OJHOPOIHBIX MHOTI000-
pasuil ecTb Takas TeopeMa.

Teopema 3.6.2 (Teopema nunbnorenaraocru Pocra). Ecau X — npoexmuenoe 00nopodhoe mnoz006pasue,
P — payuonasvioll npoexmop na Xz, mo on nodwumaemcs do npoexmopa p na X. Boaee cuavnoe

ymeepotcdenue:
ker(CH*(X x X) — CH"(X# x X5))

cocmoum u3 HUABNOMEHRIMHBLT (6 CMDBICAE KOMHOSUQUU) INEMEHTTOE.

Kak soiruisiasit ouesuabie siemerTsl CH* (X x X)? Moxno B3ste o« € CH*(X), b € CH*(X), u
nosyuuts a X b € CH* (X x X).

VYupaxkuenne 3.6.3. B srom cayuae (a X b) o (¢ x d) = deg(ad)(c x b), rne deg: CH*(Y) — CH"(pt)
npoucxoauT u3 Mopdusma Y — pt.

VYupaxkneuune 3.6.4. Ilycrs R — kommyTaTruBHOE K0Jibo, I < R — maeas, cOCTOAIMUI U3 HUJIBIIOTEHT-
HbIX 3sieMeHToB. Torma j060ii uaemnorents R/ noxnuMaercs 10 ujemioredTa B R.

Onpenesnenue 3.6.5. Muoroobpasue X Ha3bBaeTCsd KJIETOYHBIM, €CJIH CYIIECTBYET (DUIBTPAIIS BUIA

X =Xp ¢ > X > L. > X, )Xn+1:®7
o e s
pt pt e pt
B KOTOpPO# Bce 6a3bl — TOYKH.

ITpumep 3.6.6. Pasyioxenue Bproa rosopur, uro eciu rpynna G pacmenuma, P — mapabosmaeckast
noarpynna B G, o muoroobpasusa G/ P kierodnoe.

N3 reopemsr Kaprenko 3.5.1 corenyer, aro s kierounoro MHoroobpasus M(X) = @ Z{r;}.

Onpenenenune 3.6.7. Muoroobpasue X HasbiBaeTcst KJI€TOYHBIM HaJl obiell Toukoii (generically
cellular), ecn X p(x) KneTodmoe.

IIpumep 3.6.8. Ilycrs Q — KBagpuka Ilducrepa, 1o ectb, Q = {¢ = 0}, tue ¢ = (a1,...,ax)) =
(1,—a;) ® --- ® (1, —ay) — k-xparnas dbopma Ildbucrepa (pasmepnocts @ pasna 2F — 2). Torma Q
KJIeTOYHAasI HaJ I O0IIEeil TOYKOIA.

Bepno u obpaTHOe: Bce aHH30TPOIHbIE YeTHOMEPHBIE KBAJIPUKHU, KJIETOYHbIE HAJ| 00Ieil TOYKOI, Tak
BBITJISISAT.
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3.7 Morus kBaapuku Ilducrepa

IIycrs Q — xBagpuxa [Iducrepa pasmeproctu 28 — 2. Mer 3maeM, uto Q F(Q) — KJIETOUHOE MHOrooOpasue.
O6osznaxmm obpasyromue KommonenT CH* (Q p(q)):

p

k—1
1 h hp R p
o——-o0—- —0——0
0 1 2k _3 2k _2

2k—1 _

Bosbmem p € CH"(Qp(g)) u nmomummenm ero jo kaxoro-to aementa o € CH*(Q x Q). Paccmorpum
KOMMYTATHBHYIO THATPAMMY

a € CH (Q x Q) — CH* (Qpg) 2 p

J E

Mbl HE yMeeM CJIeAUTD 3a (v, HO 3HAeM, 9TO & = res(q) nepexoiut B P (KOTOPBIA OTOXKIECTBIIAETCS C O
[PY IOMOIIU U30MOPMU3MA), U 3HAEM, KAK BBINVIAIUT HUXKHsS TOPU30HTAJIbHAS CTPEJIKA.
Urak, @ siBnsiercst mpoodpa3oM p, MO3ITOMY O00sS3aH WUMETH BHU/T

G=pxl+4ci-h2 "2xhdco B2 TEx A4ty 1xh Tl 1xp.

3aMeTnM, 9TO BCe CIaraeMbleé B MPABON TacTH, KPOME IEPBOTO W TIOCJIETHETO, COMEPKATCA B obpase res
K ) K K
mocosibKy h parmonasen. [losromy (HO,I];HpaBI/IB a) MOZKHO CUHTATh, 9TO ® = p X 1 +¢c-1 X P.
Kpome Toro, muki 2p panuoHaJIeH, TOCKOIbKY KBaIPUKA AIEIIIACTCS KBAIPATUIHBIM PACIIH-
) )
pennem. efictBurensHo, eciu ¢ = {(ay, ..., ax), AocTaTo9HO B3ATH noste F'(/ay). Hay arum mosem ¢
M30TPOIHA, a II0TOMY THIEpOOInIHA. PaccyKIeHne 3aKaHIMBaCTCS PACCMOTPEHIEM TUATPAMMBI

CH*(Q) &—= CH"(Qr(yan)

l !

CHY(QF) &= CH" (Qf( Var) )

CraJjio 6bITh, b0 p X 1 pammonasen, 6o p X 1+ 1 X p panuonasen (B 3aBUCUMOCTH OT Y€THOCTH C).

[Ipenmonoxum st Hadasa, 910 p X 1 pamuonasieH. JlokaykeM, 9TO B 9TOM CJydae () W30TPOITHA.
HeitcrBuresibHO, TUKIIbL p X 1 1 1 X p panuonasabhbl, a moromy u (p x 1) - (1 X p) = p X p panuoHaJeH.
Kponme Toro, h x 1 u 1 X h panmoHaJbHbL, & HOTOMY ¥ pt X pt pammonaseH. Paccmorpum myrdopsapt
OTHOCHUTEJIFHO NPOeKIuu () X () Ha MepBbIil COMHOKUTEb!

CH"(Q x Q) — CH"(Q), pt x pt — pt.

TTosTomy m mukna pt pamuonasen. 3Ha4nT, Ha () ectb O-tukir crenenn 1. ITo Teopeme CrpuHrepa U3 3TOrO
crejyer, 9To Ha () eCTh paryfoHaJbHAsT TOYKA, TO €CTh, () M30TPOIHA — U ITO HEMHTEPECHBIH CJIyJail.
3Ha4uT, HA CAMOM JleJjIe IIUKJI px1l+1xp paIOHAJIEH. 3 HETro MOKHO II0CTapaThCs U3TOTOBUTH
MIPOEKTOP. 3aMETUM, UTO JIJIsl JIIOOBIX 4, j IIUKJI (Ezﬁ) X +h x (E]ﬁ) Toxke panmonasier. Kak mogobparn
i,, 9T06BI 3T0 GBLI TpoeKTOp? 3aMeTnM, 4To P JIeKUT B Kopasmeproct 21 — 1, mosromy myKmHO, IT06EI

j = 2F~1 —1—4. OxaspIBaeTCA, 3TOrO JOCTATOUHO: HY*KHO BCoMHUTE hopmyiy (ax b)(cxd) = deg(ad)ex b
ok—1_

7 paBeHcTso h p = pt. ITocie 3TOro NpsMoe BLIYUCICHHE TIOKA3BIBAET, YTO MBI ITOJIYIHIH IIPOEKTOP.
Bapbupys i, momygaem 2°~1 — 1 mpoexTopos.
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CoorBercTByIOIIEe pa3ioKeHne MOTHBa () MOXKHO HAPUCOBATDH TaK:

WMubivu citoBamu, Ha | 6a30ii caaraeMble B Pa3JI0KEHUH MOTHBA, KBAJPUKHA O0bEINHSIOTCS B TAPHI.

VYupaxxkneuue 3.7.1. Ilycre R — xommyTtarusaoe Koabno, I < R — wjeasi, COCTOAIIUI U3 HUJIBIIO-
TEHTHBIX 2JieMeHTOB. Torja jioboit obparuMelii saement R/I nogauMaercs 10 06paTHMOrO JeMEeHTa B

R.

Ciiaraemoe, KOTOpOe JIaeT MEPBBIil IIPOEKTOp U3 ITHUX, Ha3bIiBaeTcss MOTUBOM PocTta u o6o3HadaeTcst
gepes R. Taxum obpasom, naj sambikamneM R = 7 @ Z{2F¥~1 — 1}. Morus ksaapukn Ildbucrepa, Takmm
0Opa30M, COCTABJIEH U3 CABUTOB MOTHBa Pocra:

M@Q)=RoR{1}® - ®R{2" ' -1}

®akr 3.7.2. Ilycts (a1,...,ar), {dai,...,a)) — mBe k-dbopmsr Ilducrepa. CoorBeTcTByIOmTEe STHM
KBaJI[pUKaM MOTHUBBI PocTa n30MOpdhHBI (B KATErOPHN MOTHBOB) TOTJIA U TOJIBKO TOTJA, KOTIa caMu (hOPMBI
u30MOPQHBI, UTO B CBOIO OYEpe/[b PABHOCUIIBHO PABEHCTBY YAIlEYHBIX Tpoussenernit (ai) U --- U (ag) =

(@) U---U(d,) 5 H*(F,Z/2Z).

3ameuanue 3.7.3. Morus Pocra naj 3aMbIkanneM mpeBpamaercsa B Z @ Z{2k_1 —1}. BepHo u obparHoe:
€CJIM MOTHB HAaJI 3aMbIKAHUEM BBIIVISIIUT TaK, TO 310 MoTuB Pocra (Teopema Hukurbr Cemenosa).

3.8 Ilpuwmep: F,

Hay 3aMKHY TBIM TT0J1€M IpyIma Tura F4 — 370 aBroMopdusMbl 9pMUATOBBIX MATPUTL 3 X 3 HAJl OKTOHUOHAMU:
F4 == Aut(H3(©))

B obmem ciaydae mpusesieM cHadasa «KOHCTPYKIUIO 110 MOAYI0 2». Bmecto O Hy»KHO B34Th JIpy-
rue okToHnonbl (ouu 3anarca dopmoit [bucrepa (a,b, ), n quaronasbHy0 3pMUTOBY HOPMY BHUIA
(1,—d, —€). 3necw a,b,c,d,e € F*/(F*)2. Ecrm y nons F' Her pacimupenuii HeUeTHO CTerenH, To Mobast
rpynna tuna Fy Tax BeITISIAT.

Hanpumep, nag R ects Tpu rpymnmbr Tuna Fy:

1. IIOCTPOEHHAasI 1O pacCHIeIIMMbIM OKTOHUOHAM (I/I TOrJJa HEBa2KHO, KaKOBBI d, 6),

O—a>—

2. mOCTpOEHHAs 110 KOMIAKTHBIM OKTOHHOHAM (OKTaBam) u d = e = 1;

o—a—>o0o—0)

3. mocrpoeHHasi 1o okTaBaM u d = e = —1 — oHa aHu30TponHa (Ha | R 9TO PABHOCHIBHO KOMIIAKTHO-
cTH).

I[To obmeit Teopun cKpydeHHBIX POPM HAT JIIOOBIM TI0JIeM IpyIina Tuna Fy — 910 rpynma aBromopdu3mMos
anrebpsl J, riae J — ckpyuennas popma fopianosoii anrebpsr Hs(0).

[IpuBesem Tenepsb «KOHCTPYKIIUIO IO MOJYIO 3». Ilycth D — mnenTpasibHas IpocTas ajaredpa CTerneHn
3. Onu Bce nukmuaeckue, nmosromy D = (a,b)3 = (v,y | 2% = a, y> = b, vy = (yx) A1 HEKOTOPBIX
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a,b € F*/(F*)3. 3Bnech (3 = 1. Boszbmem eme ¢ € F*/(F*)2. torma na D @ D @& D MOXKHO 3aBeCTH
CTPYKTYPY Hopaanosoit anre6pst J(a,b, ¢) (¢ nomorpio ckassipa ¢). Ee HopMa BBINISIUT Tak:

N(a® B ®v) = Nrd(a) + ¢Nrd(8) + ¢ ! Nrd(y) — Trd(aB7),

rae Trd — npusegennbii ciem. ABTOMOPHU3MBI 3TOM HOPMBI 00pa3ytoT rpymny tuna Eg, a noarpynmna B
Hell, coxpansiomas equnuily (To ectb, 1 ® 0@ 0) — s10 rpymna tuna Fy.

T'unoresa 3.8.1 (Ocnabuennsiii Bapuant runoresbl Ceppa—Pocta). Ioayuennas epynna muna Fy sa6u-
cum moavko om {a,b,c} € KM(F)/3 (uau, wmo mo oice camoe, om (a) U (b) U (c) € H*(F,Z/3Z)).

Ussecrno, uro ecimm J(a,b,c) = J(a', V', ), 10 {a,b,c} = {da’, V', '}
Ecam y nosist Her KBaJ[paTUYHBIX DacHIMpeHuii, To jrobas ckpydenHas dopma Hs(0) umeer Bui
J(a,b,c).

st moboro nosist F' onpejiesieH HHBAPUAHT
g3: H'(F,Fy) — H*(F,7/3Z).

e Ecim y F HeT KBaJIpaTUYHBIX PACHIMPEHUil, TO 00pa3 g3 — 9TO B TOYHOCTH YUCTBHIE CHMBOJIBI
(@) U (b) U (c).
e B sroMm ciydae sapo TPUBUAIBHO.
e ['mmoresa cocTOUT B TOM, YTO §3 MHBHEKTUBHO.
Mp1 nocrpounsu anre6py J(a, b, ¢) u rpynny G = Aut(J(a,b,c)).

®akt 3.8.2. I'pynna G nwim paciienuma, nin aHI30TONHA (KaK ¥ B CIydae TPYIIbI H30MeTpuil rducre-
poBbIX GopM).

B wacrrocTH, eciin X — (G-0HOPOIHOE IPOEKTUBHOE MHOTOOOPA3H, TO OHO SIBJISIETCS KJIETOYHBIM HAJT
obrmeii TouKoit, To ectb, X p(x) Kiaerounoe. Ilycrs X — cxkpyuennas dopma Fy/Pj.

Orcrynenne: J.-P. Bonnet nmokasas, aro M(¢(Ge/P1)) ~ M(¢(Gz/Ps)). Muoroobpasus Go/P; u
Gs /P, 06a umeror pazmepuocts 5. Ha camom gene, Go /Py — kBajapuka. Bosiee TOro, 310 MaKCUMaJIbHbIH
cocen kBaapuku [lducrepa, m TOSTOMY €€ MOTHE PacKJIabIBAETCA Ha MOTHBBLI Pocta. Hamomuaum, aTo
Gz = Aut(0), te O 3amaercsa dopmoit ((a, b, ¢)). Bosunkaromuit morus Pocta oTBedaeT Kak pa3 KBaJpUKe
{a, b, c)). Borpoc: aro ecam B3ath Fu/P) u Fy/P,? Y HUX TOXKE OAMHAKOBAs PA3MEPHOCTD M MHOTOUJIEH
ITyankape. Teopema 3aitnyumnaa-Hukosrenko-Cemenosa riacut, 910 M (¢(Fa/Pyr)) ~ M(¢(Fa/P2)), econ
paccMarpuBaeMast rpynna tuna Fy umeer sun Aut(J(a,b, c)).

Pasmepnocrs Fy /Py pasua 15. Hapucyem auarpammy Xacce zyist 3T7oro Muorooopasus. C To4HOCTBIO
JIO KaKUX-TO pebep BHYTPH OHA BBITJISIAT TaK:

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1. Bepem obpasyromnyio 8 CH! (F4/Py). Ona pamuoHaIbHASI, TO €CTh, JEKHT B 06pase 0TOOpParKeHIs
CH'(¢(F4/Py)) == CH' (F4/Py).
B F4 perieTka BecoB coBItaiaeT ¢ pernreTkoi kopHeit. B wacTHocTn, wy — KOpPEHb.
2. Torma h?, h® — obpasyromme CH? u CH®.
3. Jasee, h* u p — Gasuc s CH?.

4. Kpowme Toro, p>h” = [pt] (mod 3).
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5. Xp(x) KJIerouHoe.

6. Ecom Aut(J(a,b,c)) pacmenisiercst Has, pacliipeHUeM CTENeHN, B3AUMHO TIPOCTOH ¢ 3, TO OHA U
GbLIa pacrmenuMoit (3ro Teopema tuna CrnpuHrepa).

Haunnaem nmpuMeHATH METOJ, O0IIIEH TOUKH:

CH*(X x X) —» CH*(Xp(x))

l E

uement p € CH™ (X (x,) nomummaercs o snementa 5 CH' (X x X). Ilosromy B CH" (X7 x X7) ectp
PAIMIOHAJILHBIN 9JIEMEHT BUJIA

a=px14+7-h3 x h+?-h?> x h2+?7 - h x h347- 1 x h* +¢c-1 x p.

IMoxupaBus @ Ha pAIMOHAJBHBIE JIEMEHTHI (CTeneHn h), MOXKHO JOBUTHCS, ITO OCTAHETCSI TOJIBKO p X 1+
¢+ 1 x p. ITockonbKy X HaJi KyOMYIECKUM PACIIUPEHHEM CTAHOBUTCS KJIETOYHBIM, MOYXKHO CUUTATH, 4TO
¢ =0mm ¢ = £1. Ilouemy c # 0?7 Eciu p x 1 panuonanes, To u 1 X p pal@oHaJeH, OTKYIa p° X p? U
L7 p? x h" p? panmonasnen, a motomy u pt x pt pamuonasen. [Ipumenss mwymdopBap/, BUIIM, U9TO KIACC
pt € CH*(X) pammonasen — mpoTuBopevne.

I[TosTomy Ha camoM Jeste Kitace p X 141 x p panmonasen. 3uaunt, p? X 142p x p+ 1 X p? pamuonases,
amoromy u 3 = p?>+1F px p+ 1 x p? pannonasen. Byaem yMHOXKATH II0JTyYeHHbIH IUKI Ha h! X b7 T1e
1+ j = 7. Iomyanrca mukn

hip? x hi Fhip x hip+h' x i p* € CHY (X7 x X7).

BosbMeM ero KOMIIOZHIIHIO ¢ CaMiM coboil, I Bocrosbayemcs cpasaernem. hitip? = pt (mod 3). Boobme,
OyZeM cunTaTh BCE IO MOJIYJIIO 3:

Rip? x b7 + hip x hip 4 h' x hip?

3HA4YUT, STOT IMUKJI Y2Ke ABJAETCS MPOEKTOPOM 1o Moy o 3. Haj 3aMbIKaHueM KazKJi0e ero cjaaraeMoe,
KOHEYHO, SABJISIETCS IIPOEKTOPOM — HO HE PAIMOHAILHBIM.

VTak, MBI MOJYIUIA BOCEMb OPTOTOHAJILHBIX TIPOEKTOPOB Py, . - - , P7. LIpaBbIe 9acTH 3THX TPOEKTOPOB
(24 mwrryku) obpasyior 6asuc B rpyiie UKoy, HO He TOT, KOTOpBIH y Hac Obw1 panbiie (kiaerku [Ily6epra).

po’ pr

Mozkno Taxzxe pacemorpers 3(hi x h?) ny1st Tpou3BoIbHBIX 4, j. Takne paruoHa bHbIe KB HHLYTHPYIOT
usomopduzmbl Mexy (X, po){i} u (X, p;).

Mpb1 ocuuTaIM BCe IO MOJLYJTIO 3, HO MOYKHO JIOOUTHCS M IIEJ0OUUCIEHHBIX TIPOoeKTOpoB. Ha camom sere,
[PHU KAKUX-TO PA3yMHBIX YCJIOBUSX BCETJIA MOXKHO TOJHSATE MPOEKTOPHI (M n30MOPGMU3MBI) TI0 MOJYIIO 2 I
3 JI0 IeJIOYHCJIEHHBIX.

Motus Pocra xsagpuku Ilducrepa (a1, ..., ax) obosuataerca Tak: Ro ({a1,...,ax}). omysenmorit
Bole MoTuB (X, pg) Bynem obosnadars depes Rs 3({a,b,c}).

Cnencrsue 3.8.3.

7
M(X) = @ R35({a,b, c}){i}.
i=0
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3ameuanne 3.8.4. TouyHo Tak ke JIOKA3LIBAETCS, UTO

7
M(¢(Fa/Pr)) = @RB,S({O” b, ch){i}.
i=0

Bosiee Toro, Motus J11060ro G-0JJHOPOIHOIO ITPOEKTUBHOIO MHOT000pa3ust Y pacKJIaIbIBAETCS B CYMMY
cauros Motusa Rs 3({a,b, c}). dna xksagpuxu Ilducrepa BepHO aHATIOIHYHOE 3aMedaHUE.

Teopema 3.8.5 (Zaitaymma—Ilerpos—Cemenon). [Tycmos G — noaynpocmas anzebpauvueckas 2pynna Had
F, X — G-00nopodnoe npoexmusroe mHro2000pasue, KAemouHoe Had obuLet: moukot, p — NpPocmoe “ucao.
Tozda momus M(X) ® Z/pZ usomopper cymme Ry(G) ¢ xarxumu-mo cdsuzamu, 2de R,(G) ne 3asucum
om X U HEPass0HcuUM No MOOYAIO P.

Hyzxkuo nosicuuts, aro takoe M(X) ® Z/pZ: B KOHCTPYKIUHU KATErOPUH COOTBETCTBHUN HYXKHO B3ATb

Mor(X,Y) = CHY™Y (X x Y)/p.
Sameuanue 3.8.6. Ycrosue KieTounocTn X p(x) MOXKHO 3aMEHATH Ha Tpebosanme pacmenmMoctn G p(x) .

Sameuanue 3.8.7. Motus R,(G) Hax anrebpandecKuM 3aMbIKAHIEM DACKIIAIBIBAETCS B CyMMY MOTHBOB
Buna Z/p = M(pt) ® Z/p co casuraMu, u JUIs 3TUX CIBUTOB €CTh HEKOTOpas hopMyJIa.

3ameuanne 3.8.8. Bce curyanuum, onucaHubie B TeopeMe, rnepednciiensl B pabore Ilerpoa—Cemenona.
3ameuanne 3.8.9. Camu MPOEKTOPHI MOXKHO MOJIHATE B Z, HO He M30MOPQU3MBI MEXKJTy HUMH.

Sameuanue 3.8.10. Eciu G e conepxxut comuoxuTeseit Tuna A u p # 2, 3,5, 10 R,(G) = Z/p. Crnywait
P = 5 BO3HHUKAET TOJIHLKO Jitst Eg.

3ameuanne 3.8.11. Morus M(X) ® Q packuagpiBaercst B npsaMyoo cymmy mMotusos M (pt) @ Q co
C/IBUTAMI.

3ameuanme 3.8.12. Ecim G = Eg, p = 2, u unBapuant Pocra Tpuuajes, To Bce G-0IHOPOHbBIE
IpPOEKTUBHbIE MHOr00Opasus X nojgxoust. B arom ciayuae Ro(G) — morus Pocta, orsevaronmuii 5-cuMBoJLy
(cM. pabory Hukursr CemenoBa 1po KoHedHbIe IOArpyIibl Eg).

3.9 J-uHBapmaHT

OcraeTcst OTKPBITBHIM BOLPOC, KakoB pasMmep Ry(¢G). Mbl 3HaeM, 9T0 HaJ 3aMBIKAHHEM IIOJLYyIaeTCs
R,(¢G)y = DZ/p{...}. Kak nocunrars 3tu casuru? MOXKHO 3aKOANPOBATh MX MHOIOUJIEHOM: IO
upsamoit cymme @, Z/p{i}®* nocrpoum nmommuom Ilyankape P(R,(G),t) = >, a;t'. Ilonsarno, uto
9TOT MHOTOUJIEH KOHTposmpyeT obpa3 orobpazkennss CH* (X)/p — CH* (X5)/p.

Ceiiqac Mbl ocTpouM HaGop uenbix aucen Jy,(¢G) — J-unsapuanm — co CleLyomuMu CBOACTBAMI:

1. P(R,(¢G),t) BoIpaxkaercs depes Jp(cG);

2. J,(¢G) xonTponupyet, Kaxue ¢(G-0QHOPOIHEIE IPOEKTUBHBIE MHOrO0Opa3ns AeHCTBATEILHO SIBIISIOT-
¢ KJIETOYHBIMU HAJ[ OOIIEeil TOYKOIA;

3. sl MHOTHX HCKJIOUHTEIbHBIX Ipymn Jy(¢G) BeIpazkaercs depe3 ummekc Turca.
IIycte B < G — bopeseBckas moarpyimna. PaccMOTpuM «IOC/I€I0OBATEIBHOCTEY 4€20-MO
B—-G—G/B— BB=pt//B.
ITepexojist kK KosbItaM U2KO0y, TOIyYaeM TOYHYIO [TOCJIE0BATEIHHOCTD TPayHPOBAHHBIX KOJIET] BHJIA
CH*(BB) — CH*(G/B) — CH*(G) — CH*(B).

IIpu stom CH*(B) = Z. 3amernm, yro CH*(G/B) — CH*(G) — cropbexius. IToaroMy ecth TOUHAsI
[OCJIEe/I0BATEIBHOCTD

CH*(BB) — CH*(G/B) — CH*(G) — 0.
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BopesieBckasi moarpyiina roMOTONUYECKH 3KBUBaJieHTHA TOpy: B ~ G, X -+ X G,,. Ilokaxkem, 4To
CH*(BB) = §*(X*(T)).

Yro takoe BG,,? lepsoe npubsuxenue: P* = (A"T1\ {0})/G,,. llpasuisusiii orser: BG,, = hﬂn P,
Mur yxe snaem, aro CH*(P"?) = Z[z]/(z"*!). Tlostomy CH*(BG,,,) = Z[x] — npoekTusHBIi pe/ies B
KaTeropuu IPaJlyHPOBAHHBIX KOJIel (HO He B KATErOPHUHU KOJIeI).

IMycrb X1, - .., X1 — 6asuc pemerku X*(7T). Eciu G oqHOCBsI3HA, MOXKHO B34Th w1, . . .,w;. Kean G
HpHCOeIMHeHHAs, MOKHO B3AThb v, . . ., ay. Torma S*(X*(T)) ~ Z[x1, - - -, xi]-

Yro6s1 onucars orobpaxenne CH*(BB) — CH*(G/B), mocratodno 3a1aTh 06pa3bl 9JIEMEHTOB ;.
IMosoxxum x; — [Ly,] (kiaacc nmmeitnoro paccioenust Ly, B rpymme ITukapa). 3xecy Ly, — JuHeiiHOe
paccioerne Ha G /B, moctpoerHoe ciemyonmm o6pa3oM. XapakTep X; fBjsiercss orobpaxerueMm B — G,
Torma Ly, = G xp A, rme ma A' 3amamo geiicTBHe ¢ moMOMBIO Y;. KamoHmueckoe oTobpaskenue
G xp A' - G xp pt = G/B npespamaer L,, B uHeilHOE paccIoeHue.

IToka uro G ObuLia pacmennMa. OKa3bIBAaeTCs, €CIH HOIKPYTUTH Bee Ha &, Bce [L,,] ocramyrcs
PAIMOHAILHBIMH.

IIpumep 3.9.1. Paccmorpum P! = SLy /B u oboznaunm xapaxTep Topa 4epes . Hac maTepecyer
a ok
neiicteue B na SLo x gAl, mpn xoTropoMm MaTpuna ( 0 a1 neiicreyer Ha Al ymHOMKenmeM Ha .

Yupazkuenne: Le = O(—1), Le-1 = O(1).

B obmem cayvae B G/B ects kierku ly6epra kopasmeprocru 1. Ilycts G ofiHOCBsI3HA. DTH KIIETKH
COOTBETCTBYIOT (DYHJIAMEHTAIbHBIM XapaKTepaMm: KJETKe X; COmocTaBjsgercs i-as kjerka lllyGepra
kopasmeproctu 1, pasnas c¢1(L(x;)).

Teneps mpt B3t € € H(F, G). Torna ¢(G/B) — muoroo6pasue, Kierodnoe HaJ| obmeit Toukoii (ipu
nepexogie K ero noyo Gynknuit y G mostBsiercss 60pesieBCKast MOATrPyYIIa, TO3TOMY MOYKHO HAITUCATD
dunbrpamnuio). Hac unrepecyer 06pa3 orobpazkeHust

CH*(¢(G/B)) = CH*(G/B).

Bce, aro npuxogur ¢ CH*(BB), nexkur B 00pase res, NOCKOJIbKY JMHEHHbIE PACCIOCHUs] MOKHO CKPYTHUTh:
res([¢Ly]) = [Ly]. Tounocts coxpanurcs npu GakTOPU3AIMH IO p:

CH"(BB)/p — CH"(G/B)/p — CH*(G)/p — 0.

IIpu stom CH*(BB)/p ~ Z/plz1,...,x]. Ymuoxkenue G x G — G paer nam orobpaxkenne CH* (G) —
CH*(G) ® CH*(G), xoropoe npeepammaer CH*(G) B anrebpy Xonda. Takum obpasom, CH*(G)/p —
anrebpa Xonda uas Z/p, rpajynpoBaHHasi, KOHEIHOMEPHAs, CBsI3Hasl, KOMMYTATUBHASI.

ki
Teopema 3.9.2. Bce makue anzebpve Xonga usomopdmv (xax anzebpw,) Z/plx1, ... x|/ (xf ).

Ecim X — knerounoe mayx C, moxuo cpapants CH™(X) n HE,,,(X). Oxaspsaercs, CH'(X) =

HZ% (X). s G man C ects merpusmaibubie saementsl 8 2 (G) Hampumep, G = SLy(C), 1 SLy(C)

sing sing
TOMOTOIINYECKHU 3KBUBAJIECHTHO SS.

3ameuyanne 3.9.3. Ecim p # 2,3,5, u G He usorennuna SL,, o CH*(G)/p = Z/p. Cnyuaii p = 5
BO3HUKAET TOJNBKO g Eg, a ciaydait p = 3 — roubko ma Fyu, Eg, E7, Eg (3T0 memurenn uucia Kokerepa).

Tabauua Kaua naer ajis Kaxkaoil G 1 JJIst KaxKJI0T0 p 3HaYeHUs k; U CcTereHu 3jieMeHToB ;. O6o3HaunM
d; = deg(;).
Bamerum, 110 ¢(G/B) = (¢G)/B; 9T0 DaeT KOPOTKYIO TOUHYIO OCIEI0BATEILHOCTD

¢G — (¢G)/B — BB,
u3 Koropoii nosyuaem crpeiky CH*(BB)/p — CH(¢(G/B))/p. PaccMoTpuM KOMMYTATHBHYIO [[HATDAMY

CH(¢(G/B))/p

e

CH*(BB)/p — CH*(G/B) ———» CH*(G)/p

(Z/p)[z:]/ (a?").
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Hac unTepecyer 06pas BeprukansHoii crpesku B CH* (G/B)/p. O6o3HaunM uepes j; HaMMeHbIIee TIeJI0e
YHCJIO TAKOe, ITO Xh "} JICHDI MEHBIIEro TOPSIKA € im(¢p). Iopsiiok Mbl noHNMaeM B cmbicie Deglex;
21 <a9 << xp,ecm dy < dg < --- < d.. MOXHO paccMOTPETH CH( G)/p KaKk KOMOJLYJIb HaJL COOOH,
u rorza im(y) GyJer moJKOMOILYyJIeM.
3amernm, urto 0 < j; < k;, Tak Kak xfki = 0. PaBenctBo j; = 0 paBHOCHJIBHO TOMY, UTO T; +
“WIeHbl MeHbIIero nopsanka € im(y). Habop aucer (j;) obosmatnm depes J,(£) (oH OefiCTBUTEIBHO 3aBHCUT
ToIbKO OT &, HO He oT ¢G). Torna momunom Ilyankape BHINISAUT Tak:

r

P(R,(G),1) =[]

i=1

1— i
1— ¢di
ITpumep 3.9.4. Pacemorpum rpymmy tuna Fy, p = 3. Torna CH*(G) = (Z/3)[x1]/(23), rae dy = degxy =
4. Takum obpasom, ki = 1, u jutst j; ecrsb aBa Bapuanta: 0 u 1.
o ciyuaii J,(£) = (0) meunrepecen (cM. 3amevanue: nojunoM Ilyankape pasen 1;

e B ciayuae J,(€) = (1) momyuaem monunom Ilyamkape

1—¢*!

ﬁ:1+t4+t8

3ameuanue 3.9.5. J = 0 Torma u TOJILKO TOrna, Korna ¢G paciierigercs paclIiupeHueM CTEeleH!
P pit T, Ja ¢G pacy p p )

B3aMMHO IIPOCTOIi C p.

IMpumep 3.9.6. Ilycts G — rpymma tuna Gg, p = 2. Torma CH*(G) = (Z/2)[r1]/(2%), u degx; = 3.
CHoBa jBa cirydasi:

e nennrepecusiii: J,(§) = (0);
e J,(&) = (1); nomuuom Ilyankape pasen

1_t2-3
1-—1¢3

=1+

B stoMm ciydae Ry(¢(G)) — morus Pocra.
ITpumep 3.9.7. B ciayuasx F4, Eg upu p = 2 orser ToT ke, uyro u jjias Go.
IIpumep 3.9.8. B ciaywasax EE°, E; mpu p = 3 oTser TOT 2Ke, uTO U 1714 Fy.

Bameuanue 3.9.9. Crenens nomuoma P(R,(G),t) pasna Y (p’i —1)d;. Oxaspisaercs, 31o pasuo cd,(X)
(kanonuveckas pazmeprocms). IlonpocTy roBopsi, 9TO HAMMEHBIIAS U3 PA3MEPHOCTEH PAIMOHAIBLHBIX
I[[UKJIOB.

IIpumep 3.9.10. Ilycrs G — rpymna tuna Eg, p = 5. Torma CH*(G) = (Z/5)[z1]/(23), n degzy =
541 =6 (Boobuie, degz; = p+ 1, ec 7 = 1). B arom ciaytae mo6oe ¢ G-OnHOPOIHOE IPOEKTHBHOE
MHOT00bOpasue siBIseTCs KJAETOUHBIM HaJl 00IIeit Toukoil. B HerpuBmasibaoMm ciaydae moguaoM Ilyankape
paBeH

1— t5~6

1—1t6"

ITpumep 3.9.11. Paccmorpum rpynmy tuna Eg, p = 2. Torma
CH™(G) = (Z/2)[x1, w2, 23, 2]/ (], 23, 23, 23),

degxi; = 3,degxo = 5,degx3 = 9,degzs = 15. 9T0 MOKHO yBUJETH TaK: JIEMEHTHI To U T3 ITOJIYIAIOTCS
onepanueit Crunposa uz r'6 a umenno, x5 = S?(x1) u 3 = S*(x3). Ipu srom deg S™(z) = degx +m -
(p—1). Eciiu m = degx, To S™ — Bo3BejeHue B crenens p; ecan ke m > deg x, o S™(xz) = 0. Onepanuu
CTuHpOJA YIOBJIETBOPSIIOT CJACAYIOIMIUM TOXKJIECTBAM:

e S JIMHENHDL;
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o S™(zy) =3, S™(x)S" " (y);
e Adem relations.

13 nepBbIX JBYX COOTHOIIEHNIA cieimyer, 9o » . S™ — roMoMopdusM KoJIell.

Yo sr0 oznauaer ms Jy,(£)? Mot sHaem, aro J,(§) = (J1, 2, 73, Ja), mpudem 0 < j; < 3,0 < jo <2,
0 < j3,j4 < 1. U3 croitctB S™ ciemyer, 9To j1 > jo > j3. Kpome toro, j1 < jo + 1 u jo < j3+ 1. Ecimm
Jj1 =3, 10 jo =2 u j3 = 1. Eciim ke j; = 0, 10 j2 = 0, j5 = 0, 1 BO3HMKAET UHTEPECHBIN CIydail, KOrIa
upu sroM j4 = 1 (3amerum, yro u3 pasencrsa j; = 0 ciemyer, 4ro mHBapuanT Pocra mo mMomyio 2

rpusnaJien). Torma
1— t2-15
P(Ra(cG), 1) = T8

kak y Morusa Pocra. Kak mbl yke ynomunasn, Hukura CeMeHOB JJOKa3aJ1, UTO U3 9TOTO CJIEJYeT, 9TO
310 1 ecth MoTuB Pocta. [lomyuaercs nekoropoiit unsapuant 8 H°(F,7/2).

=1+t

3.10 Habpocok gokasaTejibCTBa TeopeMbl 3.8.5

Bo-niepsbix, Ham nonaoburcs: «reopema Kpyiis—IIImuaras. O Kakoii Kareropuu ujuer pedsb? 3aduKCcu-
pyeM ¢G' U pacCMOTPUM KaTeTrOPUI0 MOTHBOB IO MOJYJIIO IIPOCTOTO YHCTIA P, & B Hel — ICeBI0abeIeBy
HOJIKATETOPHIO, TTIOPOXKICHHYIO MOTHBaMH ¢ G-0HOPOTHBIX MHOr00Opasnil. To ecTh, MBI GepeM 3aMBIKaHIE
OTHOCUTEJIbHO B3ATUS IIPSAMBIX CJAraeMbIX U CBAUIOB (M TEH30DHBIX IIPOU3BEJIEHUIT, XOTd ITO HE BAXKHO).

Teopema 3.10.1 (Yepuoycos-Mepkypbes). B amoti xamezopuu evnoarena meopema Kpyans—IImudma:
ECAU ECMB PANOACEHUE 00BEKMA 68 NPAMYIO CYMMY HEPASAONCUMDBLET, O OHO OUHCMEEHHO.

f
ITycre reneps X, Y — npoekTuBHbIE 0HOPOHBIe MHOr00Opasust, X ~— Y — jokaibHo (110 3apuckomy )
TPUBHUAJIBHOE PACC/IOEHNE C KJIETOYHbIM cjioeM F. B cuty kjerounocru F', ero MOTHB pacK/IaIbIBAETCS B
cyMMy caBuroB MoTuBoB Teiira:

M(F) = P z{i}.
Torma M(X) = M(Y) @ M(F) = @ M(Y){i}. ITosromy, B wacraocru, CH(X) = CH(Y) ® CH(F)

kak CH(Y)-Momysib. DTO MOXKHO HOHATH sIBHO: €CJIM HAIlle paccjoeHue Tpusuaiusyerca naig U C Y,
o Mmopbusm U x F — U maer HaM BO3MOXKHOCTH 110 3eMenty a € CH*(F) moctpouts mukia 1 X a u
paceMoTpeTh ero 3ambikanue B X . Takue 3ambikanus Kak pas u obpasyor CH(Y)-6asuc 8 CH(X), ecan
B KadecTBe a Gparh ajeMeHThl 6asuca CH(F).

ITycts Temeps X — ¢G-ommoponmoe mpoekTusHOe MuOroobpasue: X = ¢(G/P). Pacemorpum paccitoe-
mue ¢(G/b) = X co cnoem P/B. Hax F(X) mam Topcop CTAHOBUTCSI TPUBHAIBHBIM, IIO9TOMY DACCIOCHHE
BoIrIsUT Kak G/B — G/P. OHO JIOKAIhbHO TPUBHAJBHO IO 3aPUCKOMY, IMMOITOMY 3TO BEPHO W HAJ
HEKOTOPBIM OTKPBITEIM U C X. Ternepb MbI MOXKEM TI0IEHCTBOBATEL IPyIIOl G U MOKPLITH Bee X TaKu-
MU OTKPBITHIMH. 3HAYUT, BCE OTOOPAXKEHUE JIOKAJILHO TPUBHAJIBLHO 110 3apuckomy. ITo Teopeme 3.10.1
M(¢(G/B)) = M(X)® M(P/B). llostomy, ecntu M(¢(G/B)) ® (Z/p) pacKnaablBaeTcss B CyMMY COBUTOB
R, (&), To u M(X) toxe (mo reopeme Kpymms—IIImunra).

3naunr, nocrarouso mis ciaydas X = ¢(G/B) nokaszats, uro M (X) ® (Z/p) pacKiagblBaeTCs B CyMMy
HePas3JIOKUMBIX KyCKoB R, (£) co capuramu. PaccMOTpuM KOMMYTATHBHYIO AHArPaMMy

H l |

CH*(BB)/p —— CH(¢(G/B))/p —» CH"(§)/p
CH*(BB)/p —— CH*(G/B)/p —» CH*(G)/p.

1. Mpr 3naem, garo nag sambikanuem CH*(G)/p = (Z/p)[z1,. .. ,xr]/(xpki), u obpas CH*(BB)/p B

K3
CH*(G/B)/p cocrout u3 panuoHagbHbIX UKI0B. O603HATNM 1epes e; oot Tpoobpas saeMeHTa

Zj.

2. Us ompenenenns J,(§) = (ji,...,Jr) MBI 3HAEM, UTO ef“ + 106aBKa — TOXKE PAIMOHAJILHBINA THKJI.
Y CH*(G/B)/p xax CH*(BB)/p-moznyns ectsb cucremMa 00pasyomux (Todnee, 6a3uc Haj 06pasoMm
CH*(BB)/p), cocrosimas u3 snementos suga el =ej' ... el rne [ = (iy,...,i,), 1 0 < <pF —1

(To ecth, 0 < i, < pFm — 1 s Beex m).
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3. Umewm paruonaabHble UKL HA X X X IIPHU IMOMOIIK MeTO/1a 00IIei TOUKM:

l E

CH'(G/B x G/B) —» CH'((G/B)rx).

Bosbmenm kaxoii-unbynp mpoobpas «; € CH*(X x X) smementa e; € CH*((G/B)p(x)), u mycrsb
@; = res(a;) — ero obpas B CH*(G/B x G/B). Torna @; = e; x 1 4+ nobaska. Bosee akkyparHble
paccyzKJIeHHs MOKA3BIBAIOT, 4To 0; = ¢; X 1 + (yobaska) — 1 X ;.

4. Mycrs ks a € im(CH*(BB)/p) panuonanen. MoxKHO HaliTu «JIBOMCTBEHHBIN» K HEMY IUKJI
oV € im(CH*(BB)/p) Taxoii, uto deg(e? ~'-a-a") = 1. To ecrs, na im(CH*(BB)/p) ects
HEBBIPOK JIeHHas OusnHeiinas dpopma co 3HadenusMu B Z/p. Torma nuki

J_ J J K—J_1_
q=a? 1.<ep M s P (P 1 M)av)

PAIMOHAJIEH, TTOCKOJILKY ap’ -1 paIOHAJIEH, W CTEICHHN P’ PaIoOHAJbHBL (IO ONpeIesIeHuto J-
unBapuanTa). HerpyaHo npoBeputh, 410 ¢ — 1poekTop (ecsu npournopuposarsb nobasku). [locrpo-
eHHe ¢ 3aBUCHUT OT MPOou3BOJbLHBIX M u a u3 obpaza. Eciu 6parsh Bce Bo3MoxkHubie M Takue, 9TO
0< M < pf=7 —1, u a u3 6a3uca 0bpasa, moyuaeTcs HAGOP MOMAPHO OPTOTOHAIBHBIX IIPOEKTOPOB,
KOTOpBIE B CyMMe JIAf0T JIMarOHAJIh.

pra)KHeHI/IeZ HEKOTOpas CTEeIIeHb JII000r0 3JIEMEeHTa KOHEYHOT'O MOHOH/Ia ABJIAETCA UIACMIIOTCHTOM

(Ha caMoM Jiesie, Hy?>KHO OpaTh He TAKYIO CTEIeHb, a elle GOJIBIIYI0 CTeleHb ITOro, YTOObl YOUTh
JOBABKN).

J J
Hocuurtaem - q. MoxxHO canrars, uto o« = e X 1 — 1 x e. Torma o ~1 = el xeP” 11y nosrom
q-4q s pit I ) y

q= ZepJMHa x P P M-IV deg(epkflaav)(. ).
T

3.11 TI'pymmbr Tuna Fy

IIpuBesem mpumMep MHOrooOpas3us, He PACIIENUMOTO HaJl 00Ieil Toukoii. Byjiem obosHavyarh paciienumMbie
okrornonbl uepe3 0, a ux komnakrayio dhopmy (mag R) gepes C. Hamomuum, aro mag R GpiBaior Takue
rpymnme! Tana Fy:

1. Hjz(xomuakrnas dopma, C): © 7 C 0
2. H3(0): @———>0—

3. Hjs(runepbosmueckas dhopma, C): © 2 C ©

Yro napucosano B nocjeaneM ciaydae? Cymecryer nose F' (nanpumep, F' = R) u rpynna tuna Fy naz
HUM TaKue, 9TO mapabosmdeckas moarpymnma tumna Py onperesrena Han R, a ocranbabsie — HeT. Ilycrs € €

H'(F,Fy) — xomukn, X = ¢(F4/Py). Torna &p(x) MOXKET IATh IPYIILY ¢ HHIEKCOM
ITo Momymio 2 ecTh JiBa HHBAPHAHTA:

° f35 HI(F,F4) %HB(F,Z/2),
° f52 HI(F,F4) %HE)(F,Z/Z)

Ecau y mosnst et pacmupennii HeIeTHON cTerenn, TO 3TO 4ucTbie (popmbl. [losTomy ects 3-kKpaTHast u
5-kparuas ¢opwmsel [Iducrepa, accormuponanubie ¢ €.

ITycrs J — 27-mepuas iioppanosa anrebpa. IIpeanonaraem, uyro ona npusejennas (reduced). Ham
ko £ € HY(F,F4) y/IoBIeTBOpsieT CJIe/IyiomuM PABHOCUIBHBIM YCIOBUSIM:
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1. Kanonmueckoe orobpaxkenne H!(F,Fy) — H'(F,Eg) nepesomut Ham KONUKI ¢ B U30TPOIHYIO
Ipymmy ¢ uHgekcom Turca
© l ©

2. g3(&) =0, tme g3: HY(F,Fy) — H3(F, u§?). Droro Beeraa MOKHO JOOHTLCS KyOUHeCKUM PACIIHpe-
HUEM; & eCJId HeT PACIINPEHUii HeYeTHOM CTeleHn, TO 9TO 3aBeJIOMO TaK.

3. Ilycrs Q. (y) = zyr — KBaapaTuyHas onepanus B J. JiaemeHt e € J Ha3bpIBAETCS UIEMIIOTEHTOM
panra 1, ecm Q.(J) < Fe. Dro pasHOocmibHO ToMy, uto N(e) = 0 m ¢f = 0 (wmm Tomy, |ro
N(e,e,x) =0 miua scex x € J). Paccmorpum muOrootpasue

{(e) | e — maemnorenr panra 1} = ¢(Eg/Fs).
VYeoBue COCTONT B TOM, 9TO y HETO €CTh PAIIMOHAJIbHAS TOUKA.

Iosromy BuyTpu ¢(Eg/Ps) ectp Gy, KOTOpas maer pasioxkenne suna J = Fe ® U @V mo BecoBbIM
npocrparcTBaM G,. [Tpu stom dim U = 16, dim V' = 10. Byuem 3amucbiBarh 1eMeHTHI J KaK TPOWKHU BHJIA
(e, b, ¢) B coorBercTBUE € 9TUM pasiokeHneM. 3amernM, 4to ¢(Eg/FPs) — 3aMKHyTOe mOAMHOrOOGpasme B
P(J). Crenyromast dbunabrpamnust 6yer Spin, -MHBAPUAHTHOI:

¢(Ee/Ps) > {a =0} > {a =0,b=0} = Spinyy /Py

= [

{b=0,c=0} =pt {a =0,c=0} = Spin,, /Ps
Mo2KHO Ha4YaTh € APYrOro KOHIA ¥ IOJYIUTh TAKyIo (bUIBTPAIUIO:

5 > {c =0} 1 > {¢=0,b=0} =pt

¢(Ee/Ps)

A A
{b=0,a =0} = Spiny, /P, {c=0,a =0} = Spiny, /P

Kcrarn, Spingg /Py — 910 BochbMuUMepHas 1puCTepoBa KBaJIPUKa, KOTOPasi U JaeT 0ToOpazkeHue f3.
Ecnu y ¢(Eg/Ps) ecTb panuoHaIbHas TOUKA, TO €CTh GOJIbIIas KJIETKa, 1 OHO OUPAINOHAILHO SKBUBA-
JIEHTHO TIPOEKTUBHOMY IIPOCTPAHCTBY:

g(EG/Pg) -=> P(F@@U),
[a:b:c] = J[a:b)],
[@®:ab: Qpe)] <+ [a:b].

Jlokyc crpenku [ : b : ¢] — [a : b] — BochMuMepHas KBajpuka. JIokyc crpenku [a : b] = [a? : ab :
Qp(e)] —s10o {a = 0,Qp(e) = 0} = Spin,, /P5 — ckpyderHasi GopMa MaKCUMAIBHOIO OPTOIOHAIBLHOTO
rpaccMaHNaHA.

Mmuoroo6pasue ¢(F4/Py) xuser Buytpu ¢(E¢/Ps) Kax rumepriockoe cedenne suna « + t(c) = 0, rae
t — smneiinasg dopma ua V' (manmomuuMm, uro dim V' = 10). lasaiite nepecedeM Bce ¢ 9THM ypaBHEHHEM.
Tloryamm GuparnnoHaabHOE OTOOPaXKEeHMe

¢(Fa/Py) -+ Q.

Jlokyc ciieBa — ceMuUMepHas KBaJpuKa Sping /P;. JIokyc cripaBa — nsaTHa/IaTHMepHas KBajpuka {a? +
t(Qp(e)) = 0} = Spinyy /Ps = Sping /Py. 3mech Q — HOpMEHHasi KBaJPUKa: Mbl HAYaId ¢ (DOPMBI
Iducrepa {(a,b, ¢, d, e)). Cemnanuarumepnas kBagparudanas dopma (a) L (b, ¢, d, e)) — unBapuant 3roit
dopMmbl. AcconuupoBanHas ¢ Heil NaTHaAIATIMEPHAs KBAJIPUKa U eCTh Q.
Yro mampmre? Oxasbisaercs, Blspin, /p, (¢(Fa/Ps)) =~ Blgpin, /p, (Q). s MoTHBa pasmyTns ecth
dopwmyita BuIa
M(Blx(Y)) = M(Y) & (M(X) & ME(Nx V). }).
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MoTuB HOpMEHHO} KBaJIpUKU PACKJIAIBIBAETCS B ONUH dK3eMIusip motusa Pocra R({(a,b, ¢, d,e))) (on
Kak pa3 nsrHagnaruMepssiit) u R({(b, ¢, d, €))) B Hy>KHOM Kosmdecrse (7 MTYK):

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

MotTuB HOpMeHHOIT KBajpuKu Sping /P packiajabiBaercs B R((b, ¢, d, e))) (1 mryka) u morusbl Pocra,
coorsercTBytomue f3. Muoroobpasue Sping /Py pacmennmo Haz obmmeit Toukoit. Morus ¢ (F4/Py) BbIrisouT
TaK:

0 1 2 3 4 B S R ¢ 8 9 10 1112 13 14 15

IIpeamonoxkum, uro y ¢(F4/Py) ecrs Touka man F', rue F'/F — pacmupenne nederHoii crenenu. Bepro

JIM, 9TO y HEro ecThb ToukKa Haj F? Eciin ecrb jiBa IPOEKTUBHBIX IVIAIKUX MHOroobpasus Y7, Yo, KOTOpbIE

GupanuoOHAIBbHO 9KBUBAJEHTHBI, TO Y1(F) # & Torja u TosibKO Torja, Korja Ya(F) # &. Tenepsb us

¢(Fa/Py)(F'") # @ crenyer, aro Q(F') # &, u o teopeme Cupunrepa Q(F) # &, orkyna ¢(F4/Py)(F) # @.
Mpsb1 mosty I KapTUHKY

Blsping /P, (¢(Fa/Ps)) —— Blgpin, /p, @

l |

¢(Fa/Py) Q
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