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1 KBsagpatuyHbie hopmbl: Havano

1.1 OcHoBHble noHaTUS

1.1.1 Onpepenenue. Ilycts V — n-MepHOE BEKTOPHOE IPOCTPAHCTBO Hap moaeM F. Ml Bcerpa
6yAeM IIPEAIOAATATDb, YTO XapPaKTEPUCTHKa F oTAmyuHa OoT ABYX. CMMMeTpuuHasi bunuHeiiHas
hopma Ha V — 3T0 oTObparkenue b: V xV — k Ttakoe, uTo b(u,v) = b(v,u) m b(au; +uy,v) =
ab(ug,v) +b(uy,v). Ecau (eq,...,e,) — 6a3uc V, To b(xje1+- -+ xnen, Y€1+ +ynen) =
Y ayxiy; = x'Ay, tae x = (X1,..., %) €KY, Yy = (Y1,...,Yn)" € F* — CTOABLEI KOOPAUHAT,
a; = b(ei,e), A = (a;) — matpuua lpama. IIycte W — moanpocTpaHCTBO V; OIpeAEAnM
optoroHan k W:
Wt ={ueV:bu,w)=0 ars Bcex w € W.

1.1.2 lemma. dim W+ + dimW > dim V.

Aoxaszamenvcmeo. Ilycts Uy, ..., U, — 6a3uc W, mocTpouM AumHeHOE oTOobpa>keHue : V —
k™ v — (b(v,w))™,. IIpu stom Ker(a) = W+, dimIm(a) < m = dimW, mostomy
dimV = dim Ker(«) + dimIm(«) < dim W+ + dim W. O

OTobpa>xerme @: V — k HasbIBaeTCsI KBaApaTU4HbLIM 0TOOpaXkeHUeM 1AM KBagpaTU4Honi chop-
moii, u mmapa (V, () Ha3bEIBAeTCsI KBaPpaTUYHLIM NPOCTPAHCTBOM Hag kK, eCAX ( JAOBAETBOPSIET
CAEAYIOIINM YCAOBUSIM:

1. p(av) = a’@(v) past Bcex a €k, v € V;

2. orobpaxkeHue b,: V x V — k, 3apanHOE DOPMYAOH

be(v,w) == S(e(v+w) —@(v) — e(w)),

N —

SIBASIETCSI K-OMAUHENHBIM.

I[Ipu sTOM b, Ha3BIBAETCSI CUMMETPUY4HOI BunMHeliHON hopMOii, accoLMMpOBaHHOIli C @ (13 ompe-
AEAEHUST OYEBUAHO, ITO b, cuMMeTpuyHa). PopMa @ BOCCTaHABAMBAETCS IO b, dopMyaoit

@(v) = by(v,v). Ilycte B = {ey,...,e,) — 6asuc V. Matpuueii [[pama] kBagpaTnyHoii hopmbi
B 6asuce B maseiBaercs marpuma A = (bg(ei, €))1<icn. JAETKO BUAETH, YTO 3Ta MaTPUIA
1<j<n



cuMmmerpuyna. Ob6paTHO, Mo A06OM cuMMeTpudHOi MaTpuie u3 M(n, k) cTpouTcs KBappa-
TuHas dpopma Ha k™. Ecau x — cToaber; KooparHAT HEKOTOPOT'O BEKTOPA V € V, To 3HaAUEHWE
KBaAPaTUYIHON POPMBI Ha 3TOM BEKTOPE 3aIIMCHIBAETCS TaK:

e(v) = x'Ax.

SHaueHNe 6UAMHERHON cuMMeTpPUYIHOM PopMEI b, Ha AByX BEKTOpax vV, W € V ¢ KOOpAMHAT-
HBIMU CTOADBIIAMM X ¥ |y COOTBETCTBEHHO 3aIIACHIBAETCS TaK:

b, (v,w) = x'Ay = y'Ax.

/

ABa N-MepHBIX BEKTOPBIX KBaAPATUYHBLIX IpocTpancTBa (V, @) u (V/, ¢@') HaswpiBatoTCS

M30METPUYHLIMU, ECAT CYIIECTBYET K-AMHENHEIR n3omopdusM T: V — V' Takoii, gTo
@(v) = @'(Tv) prst Bcex v € V.

Ob6osnauenue: (V, @) = (V/, @’). B 6boabmnHCTBe CAyYaeB MBI 3a0bIBa€M IIPO IPOCTPAHCTBA,
Ha KOTOPHIX OIIPEAEAEHEI (POPMBI, U THIIeM @ = ¢'. O4eBUAHO, YTO M30METPUIHOCTD SIBASIET-
Cs1 OTHOIIEHNEM SKBUBAAEHTHOCTY. ECAM B KaXKAOM 43 IPOCTPaHCTB V, V' BhIOpaHbI 6a3uUCHI,
X MOXXHO OTOKAECTBUTH C k™, 1 m3oMopdu3M | mpeBpamaercss B aBToMopdusM k™, To ecTs,
sanuceiBaercss Matpurieir u3 GL(n, k). [Ipu sTom ecam A — maTpuna @, A’ — maTpuma ¢/,
o x'Ay = (Tx)'A’(Ty) anrst Bcex X,y € k™, otkypa A = T'A'T.

Onpepenutenem @ Ha3BIBAETCS OIPEAEAUTEAL MAaTpUUbl ['pama . 3ameTuM, 4TO IpH 3a-
MeHe bOasyca ONpPeAEAUTEAD MATPUIEI ['paMa yMHOXKAeTCsl Ha KBAaAPAT OINPEAEAUTEAST MaT-
pUIILI 3aMeHbI 6a3uca; mosromy det(@) € k*/(k*)? U O — oIpeaeAeH TOABKO C TOYHOCTBIO AO
MOMHOKEHUSI Ha KBAAPATEHL B IIOAE K.

IIycts (Vi, ©1), (V2, ©2) — ABa KBapApaTUYHBIX IPOCTPAHCTBA HaA k pa3mepHOCTe#l N u
T, COOTBETCTBEHHO. [I0 HUM MOXXHO IIOCTPOUTH KBAAPATUIHOE IIPOCTPAHCTBO (V, @) pa3mep-
HOCTH N = Ny + Ny:

V=V,a&V,,

o(v) = @1(v1) + @2(v2)

M Vi € Vi, v, € Vo, v = v +v, € V. Oto mpoctparcTBo (V, ) Ha3bIBaeTCsT NPsiMOit
cymmoii (Vq, 1) 1 (V, ;). Obosragaercst aTo Tak: (V, @) = (Vi, @1)B(Va, @,) uaum (Vq, @1) L
(v2, ©2). MeI 6yaeM Tak>Ke mmcaTb @ = @1 P @2 = @1 L @,. BEcam A} — marpuma ¢, Ay —
MaTpHIa , B HEKOTOPEIX basucax Bi, B, nmpocrpaucts Vi, V,, To B = B; U B, — 6a3uc V, B
KOTOPOM (0 UMEET MATPHILY
A 0

A:OAZ

AHaNOTMYHO MOYKHO OIIPEAEAUTH CYMMY ANOOOI0 HaTyPaABHOTO KOAMYECTBA KBAAPATAYHEBIX
IIPOCTPAHCTB. Kaacc M30METPUYHOCTY CYMMEI 3aBUCUT TOABKO OT CAATAEMBIX, HO HE OT WX
nopsiaka. ObpaTHo, mycTs (V, ) — KBaApaTHIHOE IIPOCTPAHCTBO 4 {Vi}icicr — Habop IoA-
npocTpaHCcTB V Takux, 4To V=V, @ ---® V, 1 by(vi,vj) =0 past Becex vy € Vi, vy € V), 1 # .
Torpa @ = @1 @+ @ @r AAT @1 = Qly,.



1.1.3 Teopema. Nrboe xsadpamuvroe npocmparcmeo (V, @) Had k usdomempuuro npamot
CYMME 00HOMEPHBLT nodnpocmparcms. Apysumu caosamu, Kaxrc0as N-apHAA K8a0DPa-
musHas gopma @ Had k sxeusasenmHa duazorarvHol gopme P suda P(x) =Y 1, ax?,
a; € k.

Aoxasamesvcmeo. Nuapayrnus mo n = dim V. Ecar ¢(v) = 0 past Bcex v € V, T0 b, = 0,
7 Ar060# 6a3uc V sIBASIETCS OPTOrOHAABHBIM. Ecam @(vi) = a; # 0 AAsT HEKOTOPOro Vi € V,
PaCCMOTPUM IIOAIIPOCTPAHCTBO

U= (kv;)t ={ue V:by(u,v) =0}

BCEX BEKTOPOB, OPTOTOHAABHBIX K Vi (OTHOCHTEABHO b,,). [Ipu sToMm mo aemme 1.1.2 pasmep-
HocThb U He MeHbIe, yeM N — 1, HO v; € U, mosTomy dimU =n— 1, otrkyaa V=kvi & U n

Q=01 D P AT Q1 = Plivy, P2 = Pk, O
3aMeTrM, YTO B KQYECTBE (] MOYKHO B3SITh AIODOHM 3aeMeHT u3 kK* Bupa @(vy) aast v; € V.

Bmopoe dokasamenvcmeo. IlpuBepeM SBHBIN aATOPUTM. ByaeM AeACTBOBATH MHAYKIIMEN

mo n; 6asza n = 1 oueBupmHa. [Iycts Temepr n > 1. Samumem Hamry opMy B KOOPAU-
. . n

HaTaxX C IOMOIIBIO KAaKOro-HMOyAb basmca V: @(xi,...,Xn) = Zi,j:1 aiXiX;. IIpeamoroxM

CHaYaaa, YTO HaMAETCS AMaroHAAbHBIN KoaddunreHT ay # 0. Ilocae mepecTanoBku basuc-

HBEIX BEKTOPOB MOJKHO CYMTATb, 4TO a7 # 0. [TocMOTpuM Ha cAaraeMble, COAEPIKAIIUE Xi:

O(X1y -y Xn) = anxd + 2ax1x2 + - + 2amX1Xn + @' (X2, . . ., Xn ). BEIAGAUM HOAHBIH KBap-
paT: @(X1,...,Xn) = an(x + %xz 4+ 4 ‘;‘TTan)z + @"(x2,...,Xn), X IO IIPEAIIONOIKEHUIO
ZHAYKIUY popMa @’ OT MEHBIIETO KOAMYECTBA IEPEMEHHBIX IIPUBOAUTCS K AUATOHAABLHOMY
BUAY.

Temepb IPEAIOAOKUM, UTO BCE AMATOHAABHBIE KO3(PDUIIMEHTH! paBHEI 0, HO HaWAETCS
HeAMaroHaAbHEIN KoaddunumenT a; # 0, 1 # j. Ilocae mepecraHoBKE 6a3MCHEIX BEKTOPOB
MOYKHO CYHUTaTh, 4To a;; # O (a Bce a;; paBHHI 0). CaenaeM 3aMeHY: X; = X1+ X2, Xj = X1 —X2.

/ 1 7N 12 W(in! !
I1pm sToM (P(X], ce axn) = 2apx1x2+@ (Xh <. )Xn) = 712X —30a12X%; +¢ (X])XZ)XS) cee )Xn)'
)
[Tpu sToMm @ (x],X5,X3,...,Xn) HE COAEP’KUT MOHOMOB BUAQ X{~, IOCKOABKY @’ (X1,...,X,) He
COAEP’XUT MOHOMOB BHAA X1X2, X3 U X3. 3HAYWT, B HOBOM 6asuce y Hamlei#t (hOPMEBI MOSBUACS
HEHYAEBOY AMaTOHAABHEIR KO3 MUINEHT, ¥ MOXKHO BEIAEAUTD ITIOAHEBIM KBAAPAT, KaK U BEHIIIE.
Haxoner, ecan Bce K03(pDUIIMEHTEL (@ PaBHLL HYAIO, TO hopMa HYA€Basi ¥ OHA yIKe 3allu-

CaHa B AMAarOHAABHOM BHAE. O
AmarorarbHyio hopmy @(x) = Y I a;x} MBI 6yaeM 0603HAYATE
@ =(ay...,an) =(a;) L - L {a,).

ITycts (V, @) — KBappaTUYHOE IPOCTPAHCTBO, A — MaTpuiia dopMel @. [TopmpocTpan-
crBo radV = V- = {u € V : by(u,v) = 0 ars1 Bcex v € V} Hasbiaercs pagukanom (V, ).



[TpocTpancTBo (V, () HA3LIBAETCST PEryNsPHbLIM LAY HEBbIPOXKAEHHbIM, ecan rad V = 0. Kak Bce-
TAQ, MBI 9aCTO TOBOPUM O PETYASPHOCTH (HEBBIPO>KAEHHOCTH) HOPMbL, ONYCKasl YIOMUHAHNE
O IIPOCTPAHCTBE.

Herpyaso Bupets, uroradV ={u e V: utAv =0 pasa Bcexve VI ={u e V: u'A = 0};
nostoMy radV = 0 &< det A # 0; paauKaA U PETYASIPHOCTH WHBAPUAHTHBI OTHOCUTEABHO
U30METPUY; ECAY (Y HE PETYASIPHO, TO @ = (ay,..., dy_1,0), TO ECTBH (p S5KBUBaAEHTHA (POPME,
3aBUCAIIEN AWML OT N — | mepeMeHHEBIX. [[03TOMY MOXXHO IpeAIIoAaraTh, YTO BCE (POPMEL
peryasipEbl. Boaee TouHO:

1.1.4 Teopema (0 BbIAEAEHWE peryasipHOM dacTu). [Tycmo (V, @) — xeadpamuuras gop-
ma. Cyuwecmeyem pasaooicerue (V, @) = (Wo, o) L (Wi, @1), 20e @o(Wy) =0 Oas scex
wy € Wy, a (Wq, @1) — HesvipootcOerHan gopma. Boaee mozo, smo pasnosceHue eouH-
CMBEHHO C MOYHOCMBIO 00 UBOMEMPUL.

Aoxazamenvcmeo. CyIecTBOBaHUE TAKOT'O PA3AOXKEHUSI CAEAYeT U3 TeopeMbl 1.1.3. Same-
THUM, YTO B AIOOOM mopobHOM p3asoxenumum W, L Wy uz W, L W, orkyaa W, L V, To
ectb W, C rad(V). Ecau mpu stom W, # rad(V), To rad(V) N W; # 0, To ectb B W,
HaMAETCS BEKTOP, OPTOrOHAABHEIA V, Yero He MOXKET OBITH IO HEBBIPOXKAeHHOCTH W;. 3Ha-
aut, Wy = rad(V). Bo3pmeM Temepb ABa Takux pasaoxkerus: V = W, & W, = Wi & W/,
npu atoM W, = Wj = rad(V). Onpepeaum orobparkerme T: W) — W, Kak KOMIIO3UIUIO
BaokeHusT W) C V m mpoekmuu V Ha W,. Ilo nocrpoeruio T AMHENHO, NP 3TOM AAS
w € W; pasaocts Tw —w aexxut B W, = rad(V). Ilostomy @ (Tw) = e(w + (Tw —w)) =
@(w) + 2b,(w, Tw —w) + @(Tw — W) 1 ABa IOCAEAHUX CAaraeMbIX paBHBI 0. 3HaumT, T —
M30METPHUsI. 3aMETUM TaK Ke, YTO | MOKHO IIPOAOAKUTH A0 M30METPHUU BCETO IPOCTPAHCTEA],
€CAM AOIIOAHUTH €€ TOXKAECTBEHHEIM OToOpa>kemHmeM Ha W,. ]

IIycts (@ — xBappatwyuHasi ¢opMa Hap k, L D k — pacmupenue noaeit. Toraa @ MOXKHO
paccMaTpUBaTh KaK KBAaAPATUYHYIO PopMy Hap L, KoTopyio MBI 6yaeM 0b6O3HAYATH @p AU
¢ ® L. IIpu sTom

(P = Py PEryAsIpHA <= @ PErYASIpPHA.

ITycts (V, @) — n-MepHOE KBaAPATUYHOE IIPOCTPAHCTBO Hap K

1. Ans a € k 6yaeM roBOPUTE, YTO (0 NpeACTaBAseT a Hap K, eCAU CYIIeCTBYeT HEHYAEBOR
BEKTOp V € V Takoi, uro ¢ (v) = a.

2. ﬁ((p) ={p((v):0#v € V} — MHOKECTBO 3AEMEHTOB K, IPEACTABUMBIX (POPMOM .
3. Di(@) = Di(@) \ {0} C k*.
4. @ Ha3bIBaeTCs yHuBepcanbHoii (Hap k), ecam Dy (@) = k*.

5. ¢ Ha3®IBaeTCs u3oTponHoii (Hap k), ecau 0 € Dy (@), HHaYe @ HA3BEIBAETCS aHU30TPOMHOI
(Hap k).



1.1.5 Mpumep. x4 + x} He yHWBEpCaAbHA, aHA30TPOIHA Haa IR, HO YHUBEPCaAbHAsS, U3OTPONIHA
Hap C.

OT-IeBI/IAHO, YTO OAHOMEPHOE DPErYyASAPHOE IIPOCTPAHCTBO HE MOJKET OBITH HN30TPOIIHBIM.
HOCMOTpI/IM Ha ABYMEDPHEIE.

1.1.6 V1eepxaenne. Ecmvd moavko 00Ha (¢ MowHOCMB10 00 USOMEMPUL) DESYAADHAAL U3O-
mponHaa KeadpamuswHas dopma @ pasmeprocmu 2, a umeHHo, @(x) = 2x1x2. Kpome
mozo, @ = (a,—a) 0aa awbozo a € k*. B wacmHocmu, @ YHUBEPCANDHA.

Aoxasamenvcmeo. IlycTb ¢ — AByMepHasi peryAsipHasi M30TPOIHAsi popMa Ha MPOCTPAH-
ctBe V u vi € V, ©(vi) = 0. IIocKOABKY (@ peryasipHa, HafipeTcsi w € V Tako#, 4To
by (vi, W) # 0. AoMHOKast W Ha IOAXOASIINM 3AEeMEHT K*, MOXKHO CUMTATh, 9TO by, (vi, w) = 1.
AAnst Atoboro A € k BEKTOPEL Vi ¥ V; = W + Avq obpasyioT 6a3uc mpocTpancTBa V, B KOTO-
poM @(vi) = 0 1 by(vi,v2) = by(vi,w + Av;) = by(vi,w) + Aby(vi,v1) = 1. Hakorer,
©(v2) = (W +Avq) = @(W) + 2Ab, (W, V1) + A2 @(vi) = @(W) + 2\. BHAYWT, ECA TOAOKATD
A =—@(w)/2, moayuum ¢(v;) = 0. O

Kaacc msomeTpudHOCTE 3T0# opMbl obosradaercss H = (1,—1) u HasweiBaeTcst runepbo-
nnyeckoii nnockoctbio. 3amerumM, uto det((1,—1)) = —1. Obpatro, ecau (V, @) — AByMepHOe
KBaApaTuIHOe mpocTpancTBo u det(¢@) = —1, To (V, @) — runepboarmdeckast IAOCKOCTb.

1.1.7 Yreepxaenue. [Tycmos (V, @) — peeyaapHoe usdomponHoe K8ad0pamuvHOE NpPOCMpPaH-
cmeo Ha0 k, dimV =n > 2. Toeda V=USW v U=H, dmW =n—-2, o = (1,-1)®,
20e b = @lw-

Aokaszamenvcmeo. Kak m B IPEABIAYIIEM IPEANOKEHIAM, MOXKHO HalTH vq,Vv, € V Takwue,
yTO AByMepHOe moampocTpancTBo U = kv; + kv, C V BMecTe ¢ KBappaTUdHOM chopMoit @ly

umsoMopdHo runepboandeckoit maockoctu H. IToaroskum W = UL, Toraa dimW >n—2nu
UNUt =radU = 0, mockoasky U peryaspro. 3#aunt, dimW =n—-2uzV=U3 W. [

1.1.8 Teopema. Ans HeswviposcOeHHOTU Popmur @ U a € K* pasHOCUADHDL:
1. a € Dy(@);
2. ¢ L (—a) usomponna;
8. ¢ ={(a) L ¢

Aoxaszameavcmeo. (1) = (3) u3 3aMedaHusi IIOCAE AOKa3aTeAbCTBa TeopeMbl 1.1.3, (3) =
(2) 3 mpepnrosxenust 1.1.6, (2) = (1): ecaum V — mpocTparcTBO POPMEL (, TO M30TPOIHOCTH
¢ L (—a) Ha nmpocTparcTBe V L kv 03HaYaeT, 9TO AAST HEKOTOPEIX V € V, A € k, HE pPaBHBIX
opHOBpeMeHHO 0, BEImoAHseTcs @ (v)—aA? = 0. Ecan v = 0, To A = 0; 35aunT, v # 0. [TosToMy
@(v/A) = aA?/A? = a, uTo u TPeboBaAOCh. O

1.1.9 Nlemma. Ecau gopma (a,b) npedcmasasem saemenm c € k*, mo (a,b) = (c, abc).
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Aokazamenvcmeo. U3 3aMedanust ocAe AOKa3aTeAbCTBA TeopeMs! 1.1.3 sicHo, ¥To (a,b) =
(c,d) arst HekoToporo d € k. /I3 cpaBHEHUS oIpepeAUTeAeld BUAHO, IYTO ab = cd, mosToMy
abc = c’d u 3aMeHo#f BTOPOro 6a3MCHOTO BEKTOPa (POPMEI (c,d) Ha IPOIOPIMOHANBHBIN
MO>XHO 3aMeHUTH d Ha abc. [

1.2 Teopema ButTta 0 cokpaiieHun

[ycte (V, @) — xBappaTuyHas GopMa; Vv — aHU3OTPONHLIA BeKTOP. OIpPeAEANM OTPaKeHUE
S, OTHOCUTEABHO BEKTOPA V POPMYAOM
u,v
sy(u) =u— ZMV.
@(v,v)
1.2.1 Nemma. ITycmv vi,v; € V u @(v1) = @(v2) # 0. Toeda cywecmesyem usomempus V,
nepegodAULaA Vi 8 V;.

Aokasameavcmeo. Ecau @(vi —v;) # 0, To TOAOKAET OTpa’keHUe OTHOCUTEABHO Vi — V!
Sv;—v, (V1) = V2. BEcam @(vi +v2) # 0, To mOAOHAET KOMIIOSUIUS OTPa’KEHUS OTHOCUTEABHO
Vi+V2 (Sy, v, (V1) = —V2) ¥ OTPa’KEHUsI OTHOCUTEABHO Vy. Ecam xxe @ (vi—v;) = @ (vi+v2) =0,
10 @(v1) = 1@ ((vi+Vv2) + (vi—v2)) = J@(vi +v2,vi—v2) m @(v2) = 1@ ((vi+Vv2)—(vi—V2)) =
—%(p(w +Vv;,vi — V1), otkyaa @(vi) = @(v;) = 0, YTO HEBO3MOXKHO.

[

1.2.2 CnepctBue. N10bas u3omMempus ecmsv KOMNOZUUUA OMPAHCEHUU.

Aoxazamenvcmeo. Ilycts T: V — V — usoMmeTpust; u3 AoKasaTeAbCTBA TeopeMbl 1.1.4 (o
BLIAGAEHUY BIIOAHE M30TPOIHOM YacTy) IOHSITHO, YTO MOXKHO PacCMaTpPUBATh TOABKO CAY-
4Yall HeBBIPOKAEHHON HopMEL. A\ oKa3bIBaeM MHAYKIKeH mo 1 = dim V; 6a3a n = 1 oueBuAHA.
[Tycts n > 1. Bo3bMeMm v € V Takoit, uto @(Tv) = @(v) # 0. I3 poKa3aTeAbCTBa AEMMBI CAE-
AYET, YTO HaBAETCsI KOMIIO3UIIUS oTpakeHu#t S: V — V rtakas, uro Sv = Tv. OrobparxeHue
ST, Takum obpazoM, SBASIETCS M30METPUeElt ¥ OCTaBASET V Ha MecTe; 3HaumT, S 'T ocTas-
astet Ha Mecte 1 W = (kv)©T — moampocTpaHCcTBO pasmepHOCTE N — 1. [To ITPeATIONOKEHNIO
MHAYKIUZ u30MeTpust S~ Tl SIBASIETCS KOMIIO3ULIUEH OTpaskeHuil (OTHOCUTEABHO BEKTODPOB
3 W). 3ameTuM, 9TO AI0O0OE OTPa’KEHUE OTHOCUTEABHO BEKTOpa U3 W OCTaBASIET Ha MECTe
V, TTIOCKOABKY v | W. 3HaunT, n3omerpust S~' T SBASETCS KOMIO3MIHMell TeX >Ke CaMbIX OT-
pasKeHUY, pacCMaTPUBAEMBIX Y Ke KakK IIpeobpasoBaHuit Bcero mpoctparcTsa V. Ilepenocs S
B APYTYIO 9aCThb, IOAYYIAEM, UTO U | SIBASETCSI KOMIIO3UIMEN OTPasKEeHU. O

1.2.3 Teopema (ButTa o cokpamenuu). Ecau q L @1 = q L @,, mo @1 = o,.

Aokazamenvcmeo. MO>KHO CIUTATh, YTO POPMBI HEBEIPOXKAEHHHI, = (qj,. .., Ay). AoKa-
sxeM, uro u3 (a) L @1 = (a) L @, caepyet, aTo @ = ;. [IycTs dopma; = (a) L @; 3apana
Ha IpocTpaHcTBe kv; & Wi, a P, = (a) L ¢, — Ha npocrpancTse kv, & W,. I30MeTpUIHOCTD
3TX POPM O3HAYAET, YTO CYIIECTBYET AMHENHOe oTobpakerue |: kvi ®W; — kv, & W), ans
rotoporo P, (Tv) = Py(v). 3anumem Tv; = xv, + w,. Toraa P1(vy) = a u Py(Tvy) = a. Ilo
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AeMMe HalpeTcst msometrpus S: kv, & W, — kv, & W, Takas, uro Sv, = Tvy. PaccmoTpum
orobpaskerue ST'T: kvi & W; — kv, ® W,. HeTrpyaHo BuaeTh, uTo S™'T SBASETCS M30MET-
pueit MexxAy 1; u 1,; KpoMme Toro, S~'Tv; = v,, mosromy S'T mepesopur W; = (kv;)*
B W, = (kv,)*. OT0 osHauaer, uTo orpanmyenue S—'T Ha W) 1 AaeT HYXHYIO M30METPUIO
MEXAY @1 U @3. [

1.2.4 Cnepctsue (Teopema o npogonxenun usometpun). IIycmo (V, @) — xeadpamururoe npo-
cmpancmeso, Wi, W, — dsa usomempuunsiz noonpocmparcmesa (mo ecmsv @lw, = @lw, -
Toz0a cywecmeyem usomempus «: V — V maxas, wvmo x(W;) = a(W,).

Aoxaszameavcmeo. ITO IPOCTO APYyTrasi HepedOPMYAUPOBKA TeopeMbl BuTTa 0 coKparesnu.
[

1.2.5 CnepctBue. N1wbas Hesvipoostcoernran dopma @ npedcmasasemcs e sude

e=H_L1--- L HIL @a,

T pas

20e aHU30TPOMNHAs YacTb Q.. onpedeaeHa 0OHO3HAMHO C MOYHOCMDBIO 00 USOMEMPUYU, U
uuaekc Butra i(@) := r onpedener o0Ho3HA™HO.

Aoxasameavcmeo. Ilo npeprosxeruio 1.1.7 ecau dopMa M30TPONHA, U3 HEE MOXKHO BEIAE-

anTb H. ITpopoaskast 3TOT Ipoliecc, A0KAEM A0 KaKON-TO aHU30TPOIIHOM OPMEI (IIOTOMY UTO

pPa3MepHOCTb BCe BpeMsi yobIBaeT). OCTaAOCH IIPOBEPUTH EAMHCTBEHHOCTD. IIPEATIONOIKUM,

gro @ =1 @, @ = HL--- ITH L =HIL.---1H L', rae P,’ auusorponnsr. He
T pas T/ pas

yManasisi obmuocts, v > 1/, Ecam r > 1/, To cokpamas (o Teopeme BurTa) caeBa u cmpasa

r’ pas #a H, moaygaem, uro H L --- L H L { =1)’, Ho caeBa cTouT m3oTpomHasi Gopma, a
—

r—r/ pas
CIIpaBa — AHM30TPONHAsI. [IoaToMy T = 1’ ¥ IOCAe COKpalleHus moAydaeM | =’ O

IToxa 4TO cumTaeM Bce KBaAPAaTUYHEBIC CbOpMI:I HEBBIPOKACHHBIMY ¥ AUATOHAABHBIMU.

O6osraunm G(k) = k*/(k*)? — square class group. ITycts @ = (qj,...,an), a; € k*; det @ =
(ITai)(k*)? € G(k) — onpeaenutens (aetepmunant) @, d(@) = (—1)™m=1/2det @ € G(k) —
amckpumuHant @. Ecam ¢ = (aj,...,ay), Y = (by,...,b,) — ABe dopmsl, TO @ L P =
(a1y...,Qm, b1,...,b,) — (opTOroHanbHas) cymma @ u VP, @ @\ = (...,aibj,...>1§§m —
(TeH3opHoe) npoussepenune @ u P. Ecam ¢ = (a;,...,a,) 7 a € k*, To ap = (aay,..., a]ci:) —
mpoumsBepenue @ Ha a. BEcamre N, Tor x ¢ = ¢ L --- L @ — r-KpaTHast cymma @ ¢ coboit,

T pas
0 x @ =0 — nycrast dpopma pasmepHocT: 0.

PaccmoTpuM abeneB MOHOMA, HEBBIPOXKAEHHEIX KBAADPATUYHBIX (DOPM OTHOCUTEABHO Op-
TOrOHAABHOM CYMMEI; II0 TeopeMe BUTTa OH SIBASIETCS MOHOUA C COKPAIIEHUEM, IIOITOMY OH
BKAAALIBAETCSI B CBOIO Ipymmy I'poreHauka. Ha sToii abeaeBoil TPYIIE OMPEAEAEHO YMHOMKE-
HUe, NHAYIIMPOBAHHON TEH30PHBIM IIPOU3BEACHUEM. B pe3yabTaTe moayIaeM Konbuo (KOMMY-
TATUBHOE, acCOLMATUBHOE, ¢ 1) Burrta-IpoTenamka W(k).
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1.2.6 Onpepenenne. KBappaTuunasi popMa ( HA3BIBAETCS rUnepbONMYEcKOil, ecCA OHa M30-
MOpdHA IPSIMOMA CyMMe THUIEPOOAUMIECKUX IIAOCKOCTEN: @ = T X H aast HekoToporo 1 > 0.

1.2.7 Y1Bepxpaenune. ['unepboauneckue gopmol (U NPOMUBONOAOHCHDIE K HUM) 00pa3yrOm
udeas 6 xoavue W(k).

Aokxaszamenvcmeo. O4eBUAHO, YTO CyMMa I'AIEPOOATIeCKIX (POPM Ir'UIEPOOANYHA; TOCKOAD-
Ky OAHOMEpHBIe (POPMEI aAAUTUBHO mopoxkpaioT W(k), pocTaTouHo AoKasaTh, dTo H @ (a)
runepboanyra, HO H ® (a) = (a, —a) = H. O

1.2.8 Onpenenenne. ParTop-KOABIIO KOABIIa BuTTa—I'poTeHAMKA W(k) IO UA€aAY T'UIEPOOAT-
yecKux POPM HA3BIBAETCsI KONbLoM Butra u obozmagaercs W(k).

Bot apyroe ompeaeneHue Koablla BuTTa: ABe HEBHIPOXKAEHHBIE (POpMEI @, Hap k Ha-
3BIBAIOTCS NOAOOHLIMU, ECAEL P on = Pg,. Obo3HaUeHHE: @ ~ 1. MHOXECTBO KAACCOB 9KBUBA-
AEHTHOCTY PEryAsipHBIX popM Hap k obosmagaercs W(k).

1.2.9 Teopema (ButT, 1937). Mnoorcecmeo W(K) Asafemcs KOMMYMAMUBHBIM ACCOUUA-
MUBHBIM KOABUOM C 1 OmHOCUMEAbHO onepauut, UHOYUUPOBAHHBIT B U ® U Ha3veaem-
cs Konbuom Butta. OmmnocumenvHo onepavyuu & mroocecmeo W (k) seasemcs abenesoti
epynnol u Hadvieaemcs rpynnoin Burra.

Aoxaszamenvcmeo. OdeBUAHO. [

SaMeTuM, YTO B KAYECTBE IIPEACTABUTEAS daeMeHTa W/(K) MOXKHO B3sSITh KBAAPATUYHYIO
dopmy (a He POPMaNBHYIO PA3HOCTb ABYX KBaApaTUYHEIX dopM, Kak B W(K)), u AAsT HEHY-
AEBOT0 KAacca 3Ty POPMY MOXKHO BEIOPATh aHU3OTPOIIHOIA.

1.2.10 NMpumepbl. 1. Ecam noae k aarebpamdecku 3amMkHyTO, To W(K) = Z/27.
2. W(R) =7Z.
3. W(Z/pZ) =7/)2ZBZ/2Z prsip =1 (mod 4) u W(Z/pZ) = Z/AZ past p = 3 (mod 4).
DAapuM elre OAHY XapaKTepPU3aIuio MHAEeKCa Burra.

1.2.11 Onpepenenne. ITycts (V,q) — xBappaTuunas dopma. Iloanpocrparctso W < V Ha-
3BIBAETCSI BMNOJIHE U30TPONHbIM, ecAr (ly = 0. DTO yCAOBUE PABHOCHABHO TOMY, UTO BCSIKUHN
BEKTOpP V € W H30TpOIIEH.

1.2.12 VtBepxaenue. [Tycms (V, q) — xeadpamuwHas dopma. Bce marcumanrvrovie enoare
usomponHwie noonpocmparcmea V umerom o0uHaAKo8Y0 PA3MEPHOCTL, PABHYN UHOEK-
cy Bumma i(q) gopmee q.



Aoxasameavcmeo. OueBupHO, 9T ecar = (m x H) L ¢, To B V ecTb BIIOAHE H30TPONIHOE
IIOATIPOCTPAHCTBO pasMepHOCTH M. ObpaTHO, IYCTh B V €CTh TaKOE IOAIIPOCTPAHCTBO. AoKa-
>KeM MHAYKIZER II0 M, YTO TOrAd B V BKAAABIBAETCS CYMMa M I'UIEPOOANIECKUX IIAOCKOCTEMR.
IIpy m = 0 aokaswBaThb Hedero. Ecam m > 0, BelbepeM M30TpPONIHBIM BekTOp v € V. Pac-
CYy’XAEHIE U3 AOKA3aTEABCTBA IPEAAOXKeHUsT 1.1.7 moKa3bIBaeT, 4To HafiaeTcsi BeKTop v/ € V
taroit, aro kv & kv’ = Hj craro 6pith, ¢ = H L q'. Ilyctb W = vt. Toraa kv C W n
Ha pakTope W/Kv BO3HUKAET KOPPEKTHO ONpPEAEAEHHasT hopMa (, 3aAaBaeMasi PaBEeHCTBOM
q(w+kv) := q(w). Aerko BupeTs, 9T0 q = q’. Ho 0 OCTPOEHUIO ( MMEET BIIOAHE M30TPOII-
HO€ TIOAIIPOCTPAHCTBO Pa3sMEPHOCTX M — |, IIO3TOMY TaKOe IIOAIIPOCTPAHCTBO ecTh 1 B (. ITo
IIPEATIONOSKEHNIO UHAYKIINY, B ' €CThb cyMMa M — | TunepboAnIecKUX IIAOCKOCTEHN, II03TOMY
B  €CTb CyMMa M T'UNEePOOAMIECKUX IIAOCKOCTEM. O

1.2.13 Nlemma. ITycmos q,q’ — Ose anusomponHwvie gopmei. [Ipeonososcum, wmo i(q L
—q’) 2 n. Toz0a cywecmsyrom xeadpamuxHsie Gopmov. @, q1, q; maxue, vmo dim @ =n
uq=@ Lqruqg =9 Lq.

Aoxasameavcmeo. Uuaykmus o n. [lycts n = 1: q L —q’ u3oTponHa, mosToMy Ha#AyTcs
x € V,x" € V' rarue, ato q(x) = q’(x’) # 0 (3aece V, V' — noanerxarue npocTparcTBa hopM
q 7 q' COOTBETCTBEHHO ), X YTBEP>KAEHUE OUeBUAHO. Hcau n > 1, AefCTBYSI Tak ke, IOAYIAEM,

gro q = (a) L g2, q' = (a) L qj AAST HEKOTOPHIX a, (2, q5. Toraa i(qz L q5) > n—1 u MoxxHO
IPUMEHUTH UHAYKIXOHHOE IIPEATIONOKEHIE. O

1.2.14 Nemma. ITycmo a,b € k*. Tozda (a,b) = (a+ b,ab(a+ b)).
Aoxazameavcmeo. HemepnreHHO caepyeT m3 aeMMEl 1.1.9. [

1.2.15 Teopema. 1. Addumueraa zpynna KoAbDUG W(k) nopootcdaemca (xax abesesa
zpynna) obpasyrowumu (a), a € k*, ydosaemeoparowumu coomroweruam (ab?) =
(a) u (a,b) = (a+b,ab(a+b)).

2. Addumusenan zpynna xoavya W(k) nopootcdaemca (xax abeaesa epynna) obpasy-
rowumu (a), a € k*, ydosaemsoparowumu coomnowernuam (ab?) = (a), (a,b) =
(a+b,ab(a+ b)) u donosrumenvHum coomroweruam (—a)y = —(ay).

Aoxaszameavcmeo. Ilycrs V() — rpynmna, IOpo>KA€HHASI COOTHOIIEHUSIMY U3 IIEPBOrO Iy HK-
Ta POpMyAUPOBKY TeopeMbl. Obo3HaAYMM Yepe3 [a] 06pa3yIoLlyio, COOTBETCTBYIOMIYIO CKAASI-
py a € k*. IIpepbIAyIIZE PE3YABTATEL IIOKA3BIBAIOT, YTO CYIIECTBYET CIOPHEKTUBHBIN I'OMO-
Mopcduam V (k) — W(k), nepeBopsimuit [a] B (a). AAsT AOKa3aTeABCTBA IIEPBOTO IIYHKTA OCTa-
eTcst II0Ka3aTh, YTO €CAH dj, ..., A, by,..., b, € k* TakoBEL, uTO (Q1,...,an) = (by,...,by),
To [a] + -+ [an] = [by] + - + [by].

ByaeM aeficTBOBaThH MHAYKIIMERH IO N ¢ TpuBHaabHOU 6azo0it n = 1. Ilycte n = 2. Ilo-
CKOABKY (aj, a;) = (by,b,), To HaAyTCs X1, X2 € k Takme, uTo by = a;x} + a,x3. Ecam x; = 0,
o (b;) = (a1), otkypa (by) = (a) u AoKas3elBaTh Hedero. HEcam x; = 0, BCe aHAAOTUIHO.
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Ecam e xix; # 0, 3aMeHsIsT a; Ha a;X?, MO>KHO CUMTATh, 9TO X; = X; = 1. IIo aemme 1.2.14
) 1 1M )

umeeM (by) = (ajaz(a; + a;)) # AOKa3aTEABCTBO OKOHYEHO.

Haxkosmer, mpeanonrosxuM, uro n > 3. O6osrauuMm q = (a,...,an 1), 4" = (b1,..., by 1).
Toraa q L —q’ ~ (bn,—an), oTKyAa, mo aemme 1.2.13 cymiecTByOT Cq,...,Cn 2,6, € k*
Takue, 94To g = (C1,...,Cn_2,€) ¥ ' = (cy,...,Cn_1, ) ¥ IO Teopeme Burra (e, a,) = (f,b,).
[TpuMeHsist MHAYKIMOHHOE IIPEATIOAOXKEHME, ToAydaeM [a;]+- - -+ [an_1] = [c1]+- -+ [cna] +
le], (by] + -+ [bu1] = [c1] + -+ [cnz] + [f] m [e] + [an] = [f] + [bn], 1 oTCcIopa Bce caepyerT.
BTopoii IyHKT TeOpeMbl AOKA3LIBAETCS COBEPIIEHHO aHAAOTHYHO. O

1.3 MepBas Teopema Kaccenca o npeactaBumocTu

[TycTs (¢ — KBappaTuyHast popMma Hap k, k(t) — none paumoHanbHbix yHKUMiA Hap K OT OAHOM
IepeMeHHOH t.

1.3.1 Nemma. Ecau @ arusomponHa Hao k, mo @yn) anHusomponra Haod K(t).

Aoxazameavcmeso. Ilycts @(f) =0, rae f = (fy,...,f,), fi € k(t). Ilyctb go —0bmiuit 3Ha-
MeHaTeAb dyHKOEE fi: f; = gi/go, TAE 90,91, ---,9n € k[t]l. Toraa @(g) = gi(f) = 0 pns
0#g9g=1I(91,.--,9n). Teneps nycts d = ged(gs,...,gn) € k[t]; gi = dhy, h;y € k[t] — B3a-
uMHO mpoctel. IIycrs h = (hy, ..., h,), Toraa @(g) = d?@(h) = 0 — ToxaecTBO. ITOCKOABKY
k[t] — obaacTs meaocTHOCTH, mMeeM @ (h) = 0. IToaroxkum ¢; = hi(0) € k, ¢ = (¢1,...,¢Cn) —
HEeHyA€BOY BeKTop (uHadve Bce h; Aeamaucs 651 Ha t). [Tosromy ¢ € k™ u ¢(c) = 0, mpoTuso-
pedne. [
1.3.2 Teopema. ITycmv @(x) = @(X1,...,Xn) = szzl aijXiX; — M-apHAA KEAOPATMUYHAA

popma Had k. ITycmv 0 # p(t) € klt]. IIpednoroorcum, wmo @ mpedcmasasem p Had
noaem k(t). Toz0a @ mpedcmasasem p Had koavyom K[t], mo ecmv watioymesa f; € k[t]
maxue, wmo @(fy,...,fn) =p.

Aokxasameavcmeo. Ecau @ He peryasipHa, MOKHO 3aMeHUTH @ Ha (n — 1)-dopmy u Aeih-
CTBOBAaTb IO MHAYKIUE. Ecam n =1, @(x) = a;xi, anf? = p ans f; € k(t), orryaa i € k[t].
[IpepIIONOKMM Telleph, YTO (p PETYASIpHA, HO M3oTponHa. loraa ¢ = H 1 1V mapa k, To

€CThb MOJXKHO CYMTaTh, 4TO @(X) = 2x1X2 + P(X3,...,Xn). [Horoxum x; = p(t), xo = 1/2,
X3 =--- =X, = 0. Harkone1, ¢ peryasipEa u aEu30TponHa. [0 IpeATIONOKEHNIO
f1 f‘n o
() fO [ | fO - p
AAST HEKOTOPBIX MHOTOYAEHOB Ty, . . ., Ty € K[t]; He ymansist obutaocTu, mmeem ged(fy, ..., L) =

1. Boaee Toro, MOXXHO CYWTAaTh, YTO U3 BCeX IIPEACTABAEHUY B TaKOM BUAE BBIOPAHO TO, ¥
roToporo d = deg fy MmunuManbHa. [IpeanorosxuM, uTo d > 0 u noayuuM nmpotuBopeure. Pac-
cMoTpuM HOBYIO hopmy P = (—p(t)) B @) Hap K(t): P (xo, ..., Xn) = —p(O)X{+@(x1, ..., Xn).
OwueBupHo, uTo P(fo,...,f,) = 0. [Topeaum ¢ ocrarrom f; Ha fy: f; = fog; + 1, degry < d. B
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YacTHOCTH, go = 1, 1o = 0, deg vy = —o0. P(g) # 0 no MuauMansuocTu d = deg fy. B wacTHO-
cru, f u g AvHeitHO HesaBucuMbl Hap, k(t). Ompeaeamm h = Af — ug € (k(t))""!, A = P(g),
u=2by(f,g). h = (ho,...,hy), A #0, sHauut, h # 0. Ho

P(h) = AP(f) — 2Auby (f, g) + n*b(g) = 0.

Ha camom aene hy # 0, uzage 1 6biaa 661 m30TponHa Hap K(t) u, mo Aemme, Hap k. OcTarock
omexHuTh deg hy:

1

ho = Ay — 1w =1(g)fo — by(f,g) = f—oll)(fog —f)
] n
=% D aylfogi — i) (fog; — f).
ij=T1

[Tosromy deg P (fog —f) < 2maxi_,. ,deg(fogi —fi) = 2max;_;,. ,degr < 2(d—1), oTkyaa
deghy = —d + deg\(fog — f) < d — 2, npoTuBOpeUmE. H

.....

1.3.3 Teopema (obobrnenue). ITycms @(x) = Z?’j:] aixix; — xeadpamuvHas gopma Hao
k(t) maxasa, wmo a; € klt] u degay < 1 daa scex (i,j). IIpednososcum, “mo @ aHu3o-
mponra Had k(t). [Tycmv @ npedcmasasem wad k(t) mrozouaern 0 # p(t) € k(t]. Tozda
@ npedcmasasem p(t) nao k[t].

Aoxazamenvcmeo. NOKa3aTEABCTBO IIOBTOPSIETCS, HO B 3TOT pa3 degP(fog — f) < 1 +
2maxdegr; < 2d — 1, otkypa deghy < d—1 < d. O

1.3.4 3ameuanune. Aoxra3aTeAbCTBO IepecTaeT OBITHL BEPHBIM, ecAau ¢ m3orponHa! Ilycts @ =

(t,—t), p(t) = 1; Torpa @ mpeacTaBasieT p Hap K(t), Ho He Hap, k[t].

1.4 Teopema o nogcopme

1.4.1 Teopema (IIpumunun noacTaHoBku). [Tycms @ — n-apHas keadpamuuras gopma Had

k, 0£p=pty,...,tm) €K[t1,...,tn] ucy,...,cm € k. Ecau @ npedcmasasem p Hao no-
NEM PAUUOHANDHBT GyHKrUuT K(t1,. .., tyn), mo @ npedcmasasem sanemernm p(cy,...,Cm)
Hao k.

Aoxazameavcmeo. VIHAyKIUS IO M. [
1.4.2 Nlemma. ITycms d, aq, ..., a, € k*; npednosostcum, wmo ¢ = (ay,..., a,) npedcmas-
aaem muozonnen d+art? nad k(t). Tozda uau @ usomponna Had k uau @' = (az, ..., an,)

npedcmasasem d Hao k.

Aoxasamenvcmeo. [IpepnionroxuM, 9TO @ aHU30TPOIHA. VI3 Teopembl Kacceaca moayuaeM,
9T0 Z{; aifi2 = d + a;t? past HekoTopwIx fi € k[t]. Aerko BEAETH, UTO degf; = 1, myctp
fi = b; + cit; ypaBHeHUE by + ¢t = £t umeeT HerkoTopoe pemenme t = c. [loacTaBasisa c,
BUAUM, 9TO (@' mpeacTaBasieT d. 0
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1.4.3 Teopema (Teopema o moadopme). [Tycms @ = (aj,...,a,), U = (by,...,b,) — peay-
AspHble KeadpamuyHvie gopmut Had k. I[Tpednonootcum, wmo @ aHnusomponHa. Caedy-
0ULUE YMBEPHCOEHUS IKEUBANEHITVHDL:

1. V usomoppHa nodgopme @, mo ecmv @ =1 L & daa Hexomopol xeadpamuvHoU
popmut & Hao k (sosmoorcro, & =0).

2. Di(V) € Di(@) 0aa arbozo noas L D k.

3. @ mpedcmasasem «obwee sHaverues |, mo ecmsv @ npedcmasasem P(ty, ..., tn) =
bit? + .-+ b,t? Had nosem payuorasvHuT yrryuul K(tr, ..., tn).
B wacmnocmu, u3 4106020 u3 amux ymeepaclerull caedyem, wmo m < n.
Aoxaszameavcmeo. (1) = (2) = (3) — oueBupHO. AokaxkeM (3) = (1) mHAyKIMER @O m,
6aza TpuBraabHa. [Iycts Temeps m > 0. [To IpUHIINTY TOACTAHOBKU () IPEACTABASIET by # 0

Hap k. 3HauwuT, MBI MOXKeM 3anucaTh @ = (by) L @', rae @’ aBTOMAaTHYECKN aHW30TPOIIHA.
[TockoABKY ¢ mpepcTaBasieT bit] + (byts + - -+ + byt) Hap k(ty, ..., tn)(t1), D0 Aemme @’

npeacraBasier d = P’ (t,...,tn) = byt + -+ + b, t2 . Temeps MOXHO IPUMEHUTDH IPEAIIONO-
JKeHUe MHAYKIUY K mape (@', ') u moayuuts, uto @' =9’ L Eu ¢ = (by) L @' = (by) L
P LE= LE. ]

1.4.4 Onpepenenune. B curyanuu nyHkTa 1 TeopeMmsl 1.4.3 6yaeM roBopuThb, 9To P — nogcdopma
@ u nucatb P < @.

1.4.5 Onpepenenne. Ilycts ¢ — KBappatuyHas dpopma. Hamomuwmm, uro D(¢) = {a € k* |
3x, @(x) = a} — MHOXXECTBO HEHYAEBLIX SAEMEHTOB, IIPEACTABASIEMBIX (opMoit . [ToroKuM
G(p) ={a e k* | ap = @} — MHOXecTBO K03chchMUNEHTOB NOZOOUA .

1.46 lemma. 1. Ecau @ < @', mo D(9) C D(@’).

2. Ecau @ usomponna, mo D(¢) = k*.

3. Aas arobozo A € k* umeem G(Ap) = G(@).

4. G(@) sasucum auwdv om Kaacca @ 6 koavue Bumma W(K).

5. G(p) — nodzpynna k*, codepocawan (k*)*. Ecau a € G(@), b € D(¢p), mo ab €
D(e).

6. Ecau 1 € D(@), mo G(p) C D(¢).

Aoxasamenvcmeo. IIyHKTEI 1-3 OUEBUAHEI, AAST AOKA3aTEALCTBA 4 AOCTATOYHO IIPOBEPUTD,
aro G(¢@) = G(e L H). Samerum, uro aH = (a,—a) = H aas awboro a € k*. Ecam
a€ G(g), To @ = ap, nosTOMY

e Ll H=Zap LH=Zap L aH = a(¢e 1L H).

Ob6patuo, ecam @ L H = a(e L H) = ap L alH = ae L H, To mo Teopeme BurTta o
COKpAIIEHNN ITOAYYAEM, ITO @ = a@. Nanee, 5 oueBUAHO U 6 CAepyeT u3 5. O
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1.4.7 Nemma. ITycmv @ — xeadpamuxHas gopma Had k u @’ < @. Ecau dim @’ > dim @ —
i), mo @’ usomponna.

ITepsoe doxasamenwvcmeo. Ilycts V — mpocTparcTBo dpopMel @, W — MOAIPOCTPAHCTBO,
coorBercTBytomee @', H < V — MakcuMaAbHOE BIIOAHE M30TPOIIHOE ITOAIPOCTPAHCTBO Pa3-
MepHOCTH i(@) (cM. npeprosxerue 1.2.12). IIpm stom dim(W) + dim(H) > dim(V), oTkyaa

nepeceuerue W N H HemycTo. [
Bmopoe doxasameavcmeo. Sanumem @' L @” = @ = @4, L i(q) x H prst HEKOTOPOIH
dopmer @”. Torpaa @’ L @” L —@” = @en L —@” 1L i(q) x H. 3amerum, uto @ 1L —@" =
dim(¢@”) x H, mosTomy @' = @an L —@” L (i(q) —dim(¢"”)) x H z ¢’ usorponsa. H

1.5 T[oBepenne kBaapaTUUHbIX (POPM NpPU KOHEUHbIX PACLLUUPEHUAX NONEN
[TocMoTpuM Ha CaMBI# IPOCTON HETPUBUAABHBIN CAyYall — KBaAPATUYIHOE PACIINPEHUE.
1.5.1 Nlemma. ITycms L = k(y/a), ¢ — anusomponras gopma Had k. Toz0a pasHOCUNLHDL:
1. @1 uzomponHa;
2. ¢ =b(l,—a) L\ oaa nexomopwz b € k* u dopmovi .

Aokxazameavcmeo. OYeBUAHO, YTO U3 BTOPOr'O IIYHKTA CAEAYET NEPBBIA. [IycTh Temepb @
M30TPONHA. DTO O3HA4aeT, 4To B V & L eCTh M30TPONHBIA BEKTOD, TO €CThb, @(V + wy/a) =
0 AAST HEKOTOPBIX V,W € V, He PaBHBIX OAHOBPEMEHHO HYAIO. 3HauuT, @ (V) + a@(w) +
2\/ab,(v,w) = 0, otkypa @(v) = —a@(w) u by(v,w) = 0. Pasaoxkum V B mpsiMyio CyM-
My mpocTparcTBa W = kv + kw 1 OpTOroHaABHOTO AOHOAHeHHS W . OTHOCHTEABHO 3TOTO
paz3bueHus U IOAYYUM HeoOXOAMMOE pa3A0oKeHVe POPMEL . [

1.5.2 Teopema. ITycmv L = k(y/a), ¢ — anusomponras gopma Had k. Tozda pasHocuab-
HbL:

1. i(eL) 2 1;

2. 0=(l,—a)®@ ¢’ L, 2detk @’ =1.
Aokasamenvcmeo. VIHAYKIuS 110 1; ucmoabsyercst, uTo i(¢@ L H) =1i(¢) + 1. ]
1.5.3 CneactBue. B ycaosuar meopems, ecau @ 2unepbosuvna, wmo @ = (1,—a) @ .

Takum obpasom, siapo orobpaxkeruss W(k) — W(k(y/a)) mopoxxaaercs dopMaMu BEAA
<] ) —(l>.

1.5.4 Teopema (Cupuurep). ITycms k — nodnoae L u cmenens [L : k] newemna. Toz0a
o) =i(e).
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Aoxazameavcmeo. AOCTATOYHO IPOBEPUTH, YTO U3 AHU3OTPOIIHOCTH (P CAEAYET AHU3OTPOII-
HOCTb (P| ¥ IIPOBEPUTH IIPK 3TOM AWINE CAyYall PACIIXPEHUS, ITOPOKAEHHOTO OAHUM 3SAE-
menToM: L = k(«). Byaem aokaswmiBaTh mHAyKIme# mo n = [L : k] ¢ TpuBmaabHOK 6a3oi
n = 1. IIpeAIOAOKUM IPOTUBHOE: MYCTh P — MUHUMAABHBIH MHOrodAeH &, d = dim(q)
a (xq,...,xq) € L4\ {0} TakoBHI, uTO @(X1,...,Xq) = 0. MoxxHO 3amucaThb X; = gi(Xy), TAE
g € k[t], m := max(degg;) < n u g; He Bce paBHHl 0. Pa3peauB Ha HawmboAbIIH OOV
AEAUTEAD, MOXKHO CYATATD, YTO OHM B3aMMHO IIPOCTEI B COBOKYIIHOCTH. [IoAyYaeM paBEHCTBO
B k[t]:
¢(g1,..-,9a) =P-h

AAst HerkoToporo h € kit]. IIpu stom deg(h) = 2m — n < n — 2: AeACTBATEABHO, U3 AHU30-
TponHOCTH @ cAepyer, uTo deg(®(gi,...,gq)) = 2m. B wacrroCcTH, deg(h) HeuerHa. [IycThb
h/ — HempWBOAMMEIA MHOXXUTEAL h HeYeTHO# cTemeHm; oueBuAHO, uro deg(h’) < n — 2.
Ob6ozuauum F = k[t]/(h'); aTo pacmupenue k HedyeTHO! CTeneHu, MeHbInel n. [Iycts 3 — 0b-
pas t B F. Toraa @¢(gi(B),..-,9a(P)) =0. [To mpeATTONOKEHNIO MHAYKIIUY (O aHU3OTPOIIHA,
mostoMy g1(B) = -+ = ga(B) = 0, oTkypa h'/ siBAsieTcsT OOIUM AEAUTEAEM (1, ..., Jq, ITO
[IPOTUBOPEYNT MIPEAIOAOIKEHMIIO. O

1.5.5 Cneacteue. Ecau cmenens L nad k Hewemna, mo omobpasicenue W(k) — W(L)
UHBEKMUBHO.

2 Teopus MNducrtepa

2.1 ®opmbi MNdcucrepa

2.1.1 Onpepenenne. Paccmorpum otobpaskenue dim: W (k) — 7Z/27, uHAYIIIPOBAaHHOE pas-
MEPHOCTBIO. SIAPO 3TOro oTobpaskeHusT Ha3bIBAETCSI (hyHAAMEHTaNbHLIM naeanom Koabia W (k)
u obozHauaeTcs uepes [F.

2.1.2 Nlemma. 1. Hoean IF addumusro nopoorcdaemcs gopmamu euda (1,—a), a € k*.

2. n-as cmenenv amoezo udeana I"F := (IF)" addumusro nopootcOaemcs merH30pHbMU
NPou3sedeHUAMYU N OUHAPHBHLT Popm.:

(l,—a1) @ @ (1,—an) = {a,...,an).

Aoxazamenvcmeo. OueBupHO, ¥TO IF moposkaaercs dopmamu Buaa (a,b), a,b € k*. Ilpn
satoM (a,b) ~ (1,a) L —(1,—b). Bropoe yTBep>KAeHIE HEMEANEHHO CAEAYET U3 IIEPBOro. [

2.1.3 Onpepenenve. 1. Popma Bupa (aj,..., a,) AASI Ay, ..., Q, € k* Ha3bIBaeTCst N-(HOPMOIi
MNducrepa m nmeer pasmeprOCTs 2™. PopMma HaswiBaeTcs chopmoii lNducrepa, ecau oxa s1B-
AsteTcst n-cpopMmoit [lucrepa AAST HEKOTOPOIO M.
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2. Ecam ¢ — dopma Ilducrepa, To ¢ npeacraBaser 1, mostomy ¢ = (1) L —¢@’ ars
HEKOTOpo# dpopMel ¢’. Takast popMa @’ Ha3bIBAETCS YNCTOW hOpMOI, acCOITMUPOBAHHOM
c .

3. ObozuauuMm uepes P, (k) MHOXXecTBO KaaccoB m3oMmeTpuit n-cdpopm Ilducrepa; P(k) =

U, Pu(k); GPu(k) ={lq] € W(F) | Ja € k*, aq € Pn(k)}; GP(k) =, GPn(k).
2.1.4 Nemma. ITycmw ai,...,a,, by € F*. Toz0a

(a1, ..y an_1,anbn) L (a1, ..., an1,an,bn)) ~ {ai,...,an) L {a,...,an_1,bn)).
Aokasameavcmeo. NoKaXkeM CHadaAa 3TO AAST N = 1:
{a107)) L {(as,b9)) = (1,—a;by, 1, —ay, —by, a;by)
~(1,1,—ay,—by)
= ((a1)) L ((b)).

OcraeTcst AOMHOXXUTH 0be JaCTU ITOTO COOTHOINEHUS Ha ((Af, ..., An_1)). O

[TycThb IF — sIAPO oTobparkenust dim: \/NV(k) S ZuI'F = (INF)“. OTobparxenue W(k) —
W (k) urpaynupyer romoMopdpusmer ["F — I"F.

2.1.5 Nlemma. Smu zomomoppusms. buexkmusHs, 0as ecex n > 1.

Aoxasamesvcmeo. NOCTATOYHO PACCMOTPETH Caydalt n = 1. AAST AOKa3aTeAbCTBA CIOPBEK-
TUBHOCTH 3aMeTuM, 4To (1)—(a) mepexoaut B (1, —a). HBEKTUBHOCTD: IYCTh (, ' — POPMEI
OAHOY pasMEpPHOCTH Takue, 4To q — (' mepexopauT B 0 B Koabme W(k). Toraa q L —q’ ~ 0,
oTKypa q = q’. O

Ecau n = 1, dopma ¢ = (1,—a) IBASETCT HOPMOY KBaAPATUIHOTO PACIIUPEHUS A =
k(v/a) moast k. Ecamw n = 2, @ = ((a, b)) ecTh npuBeAeHHAsT HOPMa aATeOpEl KBATEPHUOHOB
A= (akb). Ecam n = 3, ¢ = {(a,b,c)) ecTb HOpMa HEACCOIMATUBHON aAreOpPhl OKTOHUOHOB
A, ompepeasieMoir a,b,c. B KaXKAOM 43 3TUX CAyYaeB BBINOAHSIETCS TOXKAECTBO @ (X - y) =
@(x)o(y) aArst Bcex x,y € A. B gactrOoCTH, ecam @(x) # 0, To @ = @(x)@. VHBEIME crOBaMH,
D(¢p) = G(¢). Ecarn > 4, ¢ = ((a1,...,a,)) coorBercTByeT anrebpe Kaau—Aukcoxa A,
OLIpeAEASIEMOH Ay, ..., 4, HO He 0b0s13aTeAbHO @ (X -Yy) = @(Xx)@(y).

2.1.6 Teopema (IIductep). Ecau ¢ — gopma IIpucmepa, @(x) # 0, mo @ = @(x)@. Hrvimu
cnosamu, D(@) = G(@)

2.1.7 Nlemma. Ecau a,b,t € k*, mo {(a,b)) = (—ab,a+ b)), {(a,b) = (a, (t* — a)b)).
Aoxazameavcmeo. 3amerum, uro (—a,—b) = (—a — b, ab(—a — b)), oTkyaa
«(l, b>> = <] y —a, _b’ (lb> = <] ) (lb, —a— b) (lb(—(l - b)> = «—Clb, a-+ b>>

C apyroit cTopoHE!, pAAs 1-dopum Ilducrepa Teopema 2.1.6 y>ke poKasaHa, Tak uro (1, —a)
(tz - Cl)<] ) —CL>, OTKyAa <_b) Clb> = <_(t2 o a)b) (tz _ (l)(lb> " <<(1, b>> = <],—Cl, _b) (lb)
(1,—a,—(t* = a)b, (t* — a)ab) = {(a, (t* — a)b)).

L1 11
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2.1.8 V1Bepxpeuune. ITycmsv @ = (aj,...,aq,) — n-gopma [Ipucmepa u b € D(¢’), 20e
@' — wucmas gopma, accoyuuposarHas ¢ . Tozda natidymcsa b,,...,b, € kK* maxue,
wmo @ = <<b) bZ) s )bn»’

Aoxasamenvcmeo. AokasbiBaeM mEAyKIueH mo n. Ecaun = 1, To b = a;c? AAsS HEKOTOPOTo
¢ € k*, u Bce oueBupHO. [IpeamoroxkumM, ¥To N > 1 1 obosHawuM T = ((aj,...,an_1) = (1) L
—1/, Torpa @’ = 1’ L a,T. Sanumem b = x + a,y arsg x € D(t') U{0}, y € D(1) U{0}.
PaccMmoTpuM HECKOABKO CAyYaAEB:

1. Ecamy = 0, Tox # 0 m b € D(1'), oTKyaa IO IPEATIONOKEHUIO MHAYKIAUA T =
(b,by,...,by 1)), mosaTomy @ = (b, by, ..., by 1,a,).

2. Ecam y # 0, MBI mokaXkeM, 9To0 @ = ((Q,...,an 1, anYy). Bamumem y = t2 — yo aArs
Yo € D(t') U{0}.

(a) Ecam yp =0, y = t* u Bce OYeBHUAHO.

(b) Ecam yo € D(1'), TO 10 IPEATTONOIKEHUIO UHAYKIIMY BMeEEM T = (Yo, C1,...,Cn_1),
II03TOMY
¢® = (Yo,€2y--+,Cn_1,Qn))
= (Yo, €2+, n1, (Y —Yo)an))
= {(Yo0,C2y---3Cn_1, AnY)
= ((ayy ..., AQn1, Any)),
4TO 1 TPeboBaAOCH.
Temeps ecam x = 0, To a,y = b u Bce B mopsipke. Ecam >xe x € D(1/), To T =

((x,da,...,dn_1)), oTKyAQ

¢ = (x,dg,...,dn_1,any)) = (x+ any, dz, ..., dn1,—xany)) = (b,...).

O
2.1.9 CnepctBue. Mzomponras gopma IIpucmepa 2unepbosuqHa.
Aoxaszameavcmeo. Ecan ¢ msorpomna, To 1 € D(¢@') o
Aoxasamenvcmeo meopemov. 2.1.6. Samumem @(x) = t> — a aag a € D(@’) U{0}. Ecan

a = 0, yrBep>xAeHUE 049eBUAHO. Ecau a € D(¢’), To @ = ((a)) ® T AN HEKOTOPOH DOPMEL
I[Iducrepa T. Toraa @ (x)@ = (t*—a){a))T = {a)T = @, mockoAbKY ((a)) MyABTUIAUKATHBHA.
[

2.1.10 CnenctBue. Ase nponopyuorasvHsvie gopmov. [Ipucmepa usomempuHai.

Aoxaszameavcmeo. NeificTBUTEABHO, eCAr ¢, @' — aABe dopmel [Iducrepa, a € k* u ap =
@', Tou3 1 € D(@) crepyer a € D(@’), otrkyaa @’ = a@’ mo Teopeme 2.1.6. O
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2.1.11 Cnepcteue. ITycmv @ € P(k). Tozda, Oan ecaxozo a € D(p) u b € k* umeem
¢ ®{a) ~0u e (ab)) = ¢ @ (b).

Aoxazamenvcmeo. [lepBasi 4acTb HEMEANEHHO CAEAYET U3 TeOPEMEI 2.1.6; BTOpast — U3 Iep-
BO# 1 AeMMEI 2.1.4. O]

2.1.12 CnepctBue. ITycmv q — xeadpamuvHas gopma pasmeprocmu > 1 wad k u @ €
P.(k). IIpednonootcum, wmo q ® @ usomponna. Toz0a

1. Hatlidemcs usomponnaa gopma q' maxas, ¥mo qQ @ = q' ® @.
2. AnusomponHasa 4acmsd q @ @ umeem 8ud P ® @ 08 HEXKOMOPOU POPMbL Q.
3. HUnodexc Bumma gopmve q @ @ Oeaumca Ha 2.

A oxaszameavcmeso. 1. Ecau dpopMa @ M30TPOIHA, TO OHA TUIEPOOAMYHA U BCE OYEBUAHO.
[TycTs ¢ anwmsorponHa. 3amumeM ¢ = (dj,...,A,). [I0 IPEATIONOXKEHUIO CYIIECTBYIOT
by,..., by € D(¢@) U{0} Takue, uTo a;b; + --- + ayb, = O u He Bce b; paBHHI HYAIO.
He ymansiss obuiHocTs, MOXXKHO CYATATh, 9TO by,...,b, € D(@) m b,y =--- = b, = 0.
[Monroxxum q' = (a1by,..., by, Aryq, ..., ay). Toraa q' m3oTponHa 1 q' ® @ = a1by L
e labplapel---lae=aqel---Llaelael---La,e=qgRe@.

Ile

2. Ecam q’ Takas, Kak B IpepBIAyINeM absaie uw m = i(q’) MakcuManeH, TO q ® @
MxHLPp)R@~p® @ 1 pR @ aHU30TPONHA II0 IPEABIAYIIEMY IYHKTY.

3. CAeAyeT U3 IPEABIAYIIETO.

2.2 CymMmbl KBaApaTOB U S-UHBApUAHT

2.2.1 Onpepenenne. ITycts k — moae; s-mHBapumaHTOM k Ha3BIBAETCS HaWMEHbIee 1eaoe S(k)
Takoe, 4TO —1 sIBAsieTcst cyMMoit s(k) KBaapaToB B k. EcAM Takoro He CyIIecTBYeT, IIOAATAEM
s(k) = +o0.

2.2.2 Teopema (Aptuu-IlIpaitep). s(k) = 400 mozda u moavko mozda, xoz0a K MOHCHO
cHaboums cmpyxmypot ynopadouerno2o noas. B smom cayuae 206opam, wmo k —
(hopMasibHO BeLLEeCTBEHHOE Noe.

2.2.3 Teopema. Ecau s(k) < 400, mo smo cmeners 080UKU.

Aoxasamenvcmeo. ITonrosxum s = s(k), IycTs N — HeAOe YUCAO Takoe, ¥To 2™ < s < 2T,
IToaorxum @ = ((—1))®™. /I3 ompepeAeHUsT S CAEAYET, YTO HAAYTCS X, Y Takue, 9T0 Yy # O u
@(x) = —@(y). IIpu sTom @(y) # 0 (urage s < 2"). 3mauut, —1 = @(x)/@(y) € D(¢p) no
TeopeMe 2.1.6, oTkypa s < 2™. [
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2.2.4 Onpepenenune. Ecau A — abeneBa I'pyIia, IKCNOHEHTON A Ha3BIBAETCS HAUMEHBIIIEE ITENOE
gucao m > 0 Takoe, 9To MA = 0 (UAK +00, ECAK TaKOTO HE CYIIECTBYET).

2.2.5 Vteepxpaenne. 1. Sxcnoxnenma W(k) pasra 2s(k).

2. Ecau s(k) < 400, mo scaxutl sanemenm IF asasemcsa Huavnomernmom. B wacmmo-
cmu, W(k) — sokaavHoe KoavUo ¢ MaKCumMasbvHovim udeanom IF.

Aokaszamenvcmeo. 1. DKCIOHEHTa aAAUTUBHON I'PYIIEI KOABIIA PaBHA IOPSIAKY E€AWHU-
ubl. ObozmauuM s = s(k). DTO CTemeHb ABONKHM, IIO3TOMY AOCTATOYHO IIOKA3aTh, YTO
sx (1) #0u 2s x (1) ~ 0. [lepBOE CAEAYET U3 OIPEAEAEHUS S; AAST AOKA3ATEABCTBA BTO-
poro 3ametuM, 4To (s + 1) X (1) ssBAsteTcst u3oTponHoi moadopmoit hopmsr I[IducTepa
2s x (1), KoTopas runepboAnIHA.

2. Ans Bcskolt hopMmer = (aj, ..., an) PasMepHOCTH N mMeeM q ® q = n x (1) L1y
(aiq)) =nx (1) L ¢ L ¢, tae ¢ =Li {(a;q;). Ecam q € IF, To q* € 2W(k), nosromy
g* € 2'W(k) aast Bcex T > 1.

O

2.3 Css3anuble opmbi MNucrepa

2.3.1 Onpepenenue. Ilycte @4, @2 — ABe dopmsel [Iducrepa. Byaem roBoputs, 9TO ©1 Z @)
SIBASIIOTCSI T-CBSI3aHHbIMU, €CAU CyIIecTBYyeT T-popMa lIducrepa T u dopmer [lductepa Py u
1, Takwme, 9TO @1 = TR P 1 @2 = T ® P,. PopMEI Q1 U (@, HA3BIBAIOTCSA CBA3AHHLIMU, ECAT
OHU SIBASIIOTCSI (N — 1)-cBst3aHHBIME N-dopMmamu [Iductepa.

2.3.2 Teopema. ITycmv @1, @, — 08e aruzomponHvie gopmuv. IIpucmepa u ay,a; € K*.
Toz0a i(a;@ L a;p,) =0 uau 2", 20e v — Hauboavuiee yeaoe 4uUcao, 0Asf KOmopoz2o @,
U Q7 ABAANOMCA T-CE8A3AHHDIMU.

AT ANOKa3aTeABCTBA TEOPEMBI HaM IIOTPEOYETCsT HEKOTOPOE YCUAEHUE IIPEANOKEHMST 2.1.8.

2.3.3 VtBepxpaenue. ITycmov @ € P.(k), b € Py(k) — dee gpopmoi [Ipucmepa, P’ — vucmasn
dopma, accoyuuposarrai c V. Ecau a € D(P’' ® @), mo cywecmsyem T € P(k) maxas,
wmo P @ @ = (a) TR ¢.

Aokazamenvcmeo. Uuaykuus no s. Ecaw s =1, To P = (b)) m a € D(bg), orryaa ab €
D(¢). ITo caeactmio 2.1.11 umeeM ((a)) @ @ = (b)) ® @. [IycTs Teneps s > 1, P = (b)) @1y,
V] — uucras dopma, acconuupoBanHasi ¢ ;. Toraa P’ ®@ @ = b ® ¢ L P ® @. 3auumem
a=bx+y,rae x € D ® @) U{0}, y € D(Y; ® @) U{0}. IIpeamoroxuM CHadganra, ITO
x,y #0. Toraa P @@ = (b)) @1 ® @ = (bx)) @ ® @ mo caepcrBuio 2.1.11. Kpome Toro, o
IIPEATIOAOXKEHUIO UHAYKIUH, CymecTByeT hopma [Idpucrepa T € Ps_1(k) Takas, yro p1®@¢@ =
(y)) ®T1 ® . Teneps mo remme 2.1.7 umeeM P ® @ = (bx,y) TR @ = ((a, —bxy)) ®T1 @ @.
Ecam >xe y = 0 uam x = 0, AOCTATOYHO TOABKO IIOAOBUHBI U3 ITUX PACCY KACHUI. [
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Aoxazameavcmeo meopemsi. Ilycts T € P.(k), ¥y, P, € P(k) TakoBBI, 9TO @1 = T ® Py,
@2 = TR, u r MarRcUMaAbHO. Ecam dhopma a; @ L a@, aHM30TPOIHA, AOKA3BIBATH HEYETO.
Ecam >xe oHa m3oTpomHa, To HadaeTcs b € D(a;@;) N D(—ay@2), otkyaa a1b € D(¢) u
—ayb € D(@;). Toraa a;¢7 = by u a,@; = —b@,. Teneps He yMaasis OBITHOCTH MOXXHO
cumraTh, uTo a; = 1, a; = —1. Umeem @1 L —@; ~ T® (V5 L —), rae V! u ) —
gucThe POPMEI, accoruupoBanHusle ¢ Py u ;. IIpu sTom dim(¢@; L —¢;) —dim(t® (P; L
—7)) = 2", Ocranrock nokasars, uro dopma T® (P; L —;) arusorponsa. IIpeanoroxum
nporuBHoe. Torpa a € D(t® ;) ND(Tt®1;). Ho Toraa us npeproxenus 2.3.3 CAEAYET, UTO
@1 1 @, Ha caMoM AeAe (T + 1)-cBsI3aHHBIE, YTO IPOTUBOPEYUT BEIOOPY T. ]

2.4 MynbTunankaTueHbie hopmbl

2.4.1 Onpepenenune. ITycts V — KOHEYHOMEPHOE BEKTOPHOE IIPOCTPAHCTBO Hap k. Mer 6yaem
obo3HavyaTh yepe3 k(V) moae YacTHBIX KOABIIA @n>o S™(V), rae S™(V) — n-as cuMMeTpu-
yeckasi cremenb V. ITocae Bribopa 6asmca (eq,...,e,) B V moae k(V) OTOXAECTBASIETCS C
IIOAEM PalMOHAABHBEIX PYHKIUHA OT IMEPEMEHHEBIX (e,...,e,). C Touku 3peHus: arrebpamde-
ckoit reomeTpuu k(V) siBAasieTcss moaeM QyHKIuE adPUHHOrO MHOroobpasust V Takoro, 9To
V(k) = V* — mpocrpancTBO, ABO¥CcTBeHHOE K V. B wacTtHOCTH, ecau (V, ) — KBappaTUIHOE
IIPOCTPAHCTBO, TO ( MOXXHO CYMTaTh sAeMeHTOM S%(V*), To ecTdb, snementoMm k(V*). Ecam

(Tq,...,T,) — 6asuc, ABOWCTBEHHLIA K (€1,...,€en), TO K(V*) = k(Ty,...,T,). OueBupHO, YTO
q= q(Th s 7TTL) € D(qk(V*))

2.4.2 Onpepenenne. Keapparuunasi oopMa ¢ Ha IPOCTPAHCTBE V HA3BEIBAETCS MYNbTUMANKA-
TUBHOM, ecar pAnst a = (,0) € K* wb = (0, @) € K* umeem ab € D(@y), rae K = k(V* x V*).
ycts (Ty,...,Tn) — 6a3uc V* u K = k(Uy,...,U,, V4,..., Vo), tae U; = (T;,0) m V; =
(0, T;). Toraa ycAOBME MYABTUIAWKATUBHOCTHA MOXKHO IIEPEOPMYAMPOBATH TaK: HAMAYTCS
f1,...,fn € K Takume, aro @ (U, ..., U)o (Vi,..., Vo) = @(fy,...,f).

2.4.3 Teopema (Karaccuduranysi aHU30TPOIHEIX MYABTUIAXKATUBHEIX dopM). [Tycms @ —
aHusomponHaa xkeadpamuyras gopma Had k. Caedyroujue Ycao8ua 3K8USANEHTTVHDL:

1. @ mMysavmunauramMueHa.
2. Aas ecaxozo pacwuperusn K/k mruoorcecmso D(@x) asasemcs nodzpynnot 6 K*.

3. Aas ecaxozo wucmo mparcueroenmrozo pacuwuperus K/k mruootcecmeo D (k)
Asasemca nodzpynnot e K*.

4. @ asasemca gopmol Ilducmepa.

Aoxasamenvcmeo. (4) = (2) — u3 Teopemsur 2.1.6, (2) = (1) u (2) = (3) — oueBuUAHO,
(1) = (2) — u3 IpuUHIUIA TOACTAaHOBKY (IPUMEHUTEABHO K K; 3aMeTuM, YTO €CAU  MYABTH-
IIAMKATUBHA, TO OHA OCTAETCSI MyABTUIANKATUBHOM oCAe Afoboro pacumupenust k). Ocraercs
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AoKazaTh (3) = (4). Ilycts n = dim(q) u m — HauboabIlee 1eAoe, AAST KOTOPOTO (| COAED-
SKUT HEKOTOPYIO mopadopMy, m3oMeTpuuryio m-dopMme [Idbucrepa. [Tokaskem, uto n = 2™.
[TpepmonoskuMm mpoTmBHOE: N > 2™, @ < q m @ € Py (k). SBamumem q = ¢ L q’. [Iycts
K = k(V* x V*), rae V — IpoCcTpaHCTBO, Ha KOTOPOM 3apaHa cdopma ¢. ITo (3) = (1), npu-
MEeHEHHOMY K @, ecTb ToxxaecTBO @ (W)@ (V) = @(f), rae f € K®y V. IIycts a € D(q’). Hap
K umeetr mecTo

_e(f) _ _
0 # @it +ap(v) = L0+ ap(v) = o(v (cp (W)) ; a) .

Oba MHOXXZTEAS cIpaBa AexXaT B D(qg). I3 MyabTunAuKaTEBHOCTE ( cAepyeT, uTo @ (U) +
ap(V) € D(qk). Orcropa o Teopeme o moadopme q = @ L ag € P11(k), 9To mpoTrBOpEYnT
MaKCUMAaABHOCTH M. [

Taxum obpa3oM, eCAM N — CTeNeHb ABOWKY, TO UMEETCT TOXKAECTBO

O+ x)yi+ ) =2+t 2

TA€ Z1, . . . , Zn — PALIMOHAABHEIE PYHKLIUY OT X1, . . ., Xn, Y1, - - . , Yn. Ha caMoM pAene, MOXKHO AO-
Ka3aTh, 9TO CYIIeCTBYIOT TaKue PyHKINUY Zi, AMHERHEIE 110 Y, TO eCThb zi = ) _; tij(Xx1, - -, Xn)Yj,
rae ti € K(xq,...,%Xq).

2.4.4 Onpepenenne. KBappatuutasi opMa ¢ HaswrBaeTcs round-copmoit, ecam Dy (@) = Gy ().

2.4.5 Onpepenenne. Obosuauum gepe3 W, (k) nogrpynny kpyyenus rpymosr W (k): Wi(k) ={w €
W(k) | Lxw = 0 aast mekoroporo | € N}. Aast w € W, (k) HaumenbImee | Takoe, uTo L Xxw = 0,
Ha3BIBAETCSI NOPSAAKOM W.

2.4.6 Teopema. Wi (k) sasasemcsa 2-z2pynnot, mo ecmwv nopadok A106020 siemeHma W €
W, (k) asasemca cmenenvro 080UKU.

Aoxazameavcmeo. Ilycte W € W, (k) umeer mopsinok 1 = 2's, rae s HedeTHO U § > 1.
Toraa w = 2"W’' umMeeT MOPSIAOK S. BribepeM aHM3OTPOIHYIO KBAaAPATUYHYIO OpMYy @ =
(aj, ..., Qy), IPEACTABUTEAEM KOTOPOI IBAsTeTCsT W. Toraa s — HauMeEHbIIIEE TIOAOKUTEABHOE
YHUCAO, AAS KOTOPOro S X @ ~ 0.

Bo3sbMeM Temephb AOOYIO CTEeHH ABOMKE M, OOABIIYIO M, M paccMoTpuM ¢opMy b =
(1,— > 7 x#) map k(x) = k(x1,. .., Xn), TAE X; — Habop HepeMeHHEIX Hap k. HeTpyaHO BUAETS,
uT0o N X\ — u3oTponHas popma [Idpucrepa, mostomy nx\P ~ 0 Hap k(x). Ussx@ ~0unxip ~
0 moay4aeM, 9T0 s X (@RVP) ~0unx (@) ~ 0, orkyaa @ @ ~ 0, IOCKOABKY S ¥ 1. B3aUMHO
npocTEL. DTo O3HaUaeT, 9To @ = (Y | x?)¢ Hap k(x). B wacTHOCTH, ) IPEACTABASIET SAEMEHT
ar; Y 7 x? map k(x). Ho a; ) | x} — 210 0obmuit saeMeHT KBaApaTH4IHOA GOpMEL N X {a;).
[TocKOABKY (@ aHM3O0TpOIHA Hap k, u3 TeopeMbl 1.4.3 0 mopdopMe Telepb CAEAYET, UTO @
COAEPRUT M X (a7), Mo3ToMy M = dim ¢ > N — OpoTUBOPEIHE. O
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2.4.7 3ameyanne. C mOMOLIBIO TAKOrO >Ke THUIA PACCY’KAEHWH (CO CCHIAKOM Ha TEOPEMY O
noadopMe) HETPYAHO AOKasaTh (ympakHeHue!), 94To, CKakeM, BhIpaskenue x> + y2 + z2 + t?
HE MOJKET OBITH IPEACTABAEHO B BUAE CYMMEI Mpexr KBAAPATOB PAIIMOHAABHBIX (PYHKIUHA OT
IIEPEMEHHBIX X, Y, Z, t.

2.4.8 Teopema. [Tycmv @ < b — 0dse gopmu. IIpucmepa. Tozda cywecmeyem gdopma
ITpucmepa T maxasa, ¥mo P = @ X T.

Aoxazameavcmeo. NOKa3bIBAETCS aHAAOTMYHO; MHAYKIMS 1o dim1 — dim ¢. IIycts Y =
¢ 1 quaeD(q); HeTpyaHO mOKa3aTh, 4T0 @ ® (1, a) < . O

2.4.9 Onpepenenve. Ilycts (V,q) — KBappaTHYHOE IPOCTPAHCTBO pa3MepHOCTH N u Q —

MaTpuia GopMEl B HEKOTOpoM basmce. [AuckpuMuHaHTOM hOPMEI  HA3BIBAETCS SAEMEHT
n(n—1)

d(q) = (=1)" 7 det Q € k*/(k*)?. On He 3aBUCHUT OT BEIbOpa basuca B V.

2.4.10 Y1BepxpeHne. Omobpaorcerue ey: W (k) — Z/2, ey(@) = dim(¢@) mod 2, seasemcsa
CIOPBEKMUBHBIM 20MOMOPPUBMOM KOAEY,. ST0po 3mozo 20Momoppusma — GyHOameH-
manvHut udean IF, noasmomy W(k)/IF = Z/2.

Aoxazameavcmeo. CuM. oupepenernue 2.1.1. [

n(n—1)

MuoxuTeasb (—1)” zZ  IO3BOASIET AUCKPUMUHAHTY OBITH KOPPEKTHO ONPEAEAEHHBIM Ha
KOAblle BuTTa — AMCKPUMUHAHT He MEHSETCS IIPX 3aMeHe (POpMBI Ha SKBUBAAEHTHYIO. 3a-
MeTHUM, YTO IIPK 3TOM AUCKPUMUHAHT He SBASIETCSI TOMOMOPMU3MOM: BOODIIE roBOpsi, HEBEP-
HO, uTo d(qy L q2) = d(qi)d(qz). Ho ecam orpaHwyYuWTBCS PacCMOTPEHWEM (OPM UeT-
HOM pa3MepHOCTH (TO €CTh MPEACTABUTEAEN dAeMeHToB u3 IF), TO OKa3bIBaeTCst, YTO AUC-
KPUMUHAHT silsj(xs{)eTcsI TOMOMOP(MU3IMOM, IIOCKOABKY AAS (POPMBI (9 UETHOW pPa3MEPHOCTH

im(@

d(@) = (—1) 2 det(p) Yy nospuee (Teopema 3.1.2) MBI AOKa’KEM, 9TO AUCKPUMUHAHT
oroxxaectBasger 1F/I°F ¢ k*/(k*)2.

2.4.11 Onpepenenne. Creneru pyHAAMEHTAABLHOTO UAEANAA ONPEAEASTIOT (PUABTPAIUIO KOAB-
na Burra. Ilycte I"F = I"F/I"*'F (mpum stom I°F = W(k)). Tloctpoum abeaeBy rpymmy
gr(W) = ﬁ@ﬁ@ﬁ@. .. X BBEAEM Ha 3TOU I'PYIIIIE OIIEPAIVI0 YMHOKEHNSI, HAYIIPOBAH-
HYIO YMHOXXeHUeM B KOAblle Burta W(k): anst X € I™F, § € I"F snemenT X - § = Xy € [™F
KOPPEKTHO onIpeAeaeH. [lonyueHHOE KOABIIO Ha3bIBAETCSI FPajyMpoBaHHbIM KObLoM Butrta mo-
A5 K.

OxasbIBaeTcsi, 9To I2F OTOMKAECTBASIETCS C 2-KpydeHHEM IPYIImbl Bpayspa — kaaccumde-
cKoro obbekTa. B bamrkaiilee BpeMs MBI IIOCTPOUM IIO opMe ( IEHTPaAbHYIO IIPOCTYIO
anrebpy (Kauddopaa), u conocraBaeHue popMe Kaacca 3To#t aarebpel B rpymie Bpayspa
moast k okakeTcss ToMoMmopduaMmoM e;: IF — Br(k), KOTOpEI#t IpeBpaTUTCS B M30MOP(DU3M

[Z¥ ﬁ — zBT‘(k).
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3 K-teopusi MunHopa

3.1 DnemeHTapHble UHBAPUAHTbI

3.1.1 Yteepxpenve. 1. Ecau q = (ai,...,0an), mo dq = (—1)n[11271)a1 el Qp.

2. d(q L q") =ddg(—1)", 20e n/ =dimq’.

3. d(q L H) = d,.

4. dlq®q’) = (dg)™ (dg)™
Aoxaszamenvcmeo. J\erko. [
3.1.2 Teopema. Hneapuarm d undyyupyem usomopdpusm IF/I2F — k*/(k*)?.

Aoxazamenvcmeo. VI3 IpepBIAYIIIETO IPEANOIKEHNSI CAEAYET, UYTO d SIBASIETCSI TOMOMOPPU3-
MoM u d|;2; = 1. Bmaunt, d mEAymEpyer roMomopdusm d: IF/I’F — k*/(k*)?. On cropbek-
TuBeH, mockoAbKY d((1,—a)) = a arst a € k*/(k*)?. AAs AOKa3aTeAbCTBA UHBEKTUBHOCTH
npeanoroxuM, 9To € [Fu d(q) = 1. Beaem unaykmuio o 2n = dim q. Ecaun =1, 10 q =
(a1, ay)  a; = —aj mo moayamo (k*)?, otkyaa @ = a;(1,—1) u @ = 08 W(k). Ecamn > 1, To
¢ ={ar,az,a3) L {(as4,...,am) ~ (a1, a2, a3 ayaza;3) L (—ajazas,aq,...,az). 3aMeTUM, ITO
(a1, a2, a3, a1@2a3) = (a1, a;) ® (1, ara3) € I*F, pasmeprocTs OPMEL (—a1a,03, Ay, - - -, Q2n )
paBHa 2(n — 1), a AUCKPUMUHAHT paBeH 1. 3HauMT, OHA AEKHUT B I°F IO IPEAIONOKEHHIO
MHAYKIINY, OTKyAa @ € I°F. O

3.1.3 Cnepctene. 1. Ecau pasmeprocms gopmu, q Henemra, mo q = (d(q)) (mod I*F).
2. Ecau pasmeprocms gopmu, q wemna, mo q = (1,—d(q)) (mod I°F).
Aoxaszamenvcmeo. OgeBUAHO. [

MoskHO SBHO OmmMcaTh pactmmpernue Z/2 ¢ momomsio k*/(k*)?, ompeaenemroe W/(k)/I%F.
O6ozraunm gepes Q (k) mHOKecTBO Z/2 ® k*/(k*)?, cHab)keHHOe CAeAyIOIIeil omeparue:

(a,u) + (b,v) = (a +Db, (—1)*"uv).
3.1.4 Yteepxpenne. Omobpasicerue q — (dim(q), d(q)) undyuupyem usomoppusm
W(k)/T*F — Q(k).

Aoxaszameavcmeo. NOCTATOYHO IPOBEPUTD, YTO 3TO FTOMOMOP@U3M; ITO HAIPSIMYIO CAEAYET
u3 npeproskeHUsT 3.1.1. ]

3.1.5 Onpepenenue. ITycts (V, q) — kBappaTuyHOE IpocTparCcTBO Hap k. Anrebpoii Knuddopaa
C(q) dopmMer q HasbIBaeTCst pakTOp-aArebpa TeH30pHOH aarebprr T (V) mpocTpaHcTBa V 10
ABYCTOPOHHEMY UA€AAY, TOPOKAEHHOMY SAEMEHTaMU Bupa VRV — ((v)1, v e V.
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Ecau q = (ay,...,q,) B oproroHaarbHOM basuce (ey,...,e,) nmpocrparcrsa V, to C(q)
MOYKHO OIIMCATh KaK aAre6py, IOPOKAEHHYIO 3AEMEHTaMé €; C COOTHOIIEHUSIMU € = d; X
€i¢ + €jei = 0 ANST i 75 )

3.1.6 ViBepxaenne (yuEuBepcanbHOe cBoiicTBO C(q)). Ecau A — k-anzebpa, f: V — A —
20MOMODPUSM 6EKTOPHBIT mpocmparcme Had k maxot, wmo f(v)? = q(v) daa ecex
v € V, mo f eduncmeernrvim obpadom npodoastcaemcs 00 2omomoppusma k-anzebp
f: C(V) — A.

[Tockoawky T(V) ssBAsIETCS I'paAyXpPOBaHHOM aarebpoit u cooTHomerus B C(q) 0OAHOPOAHEL
o MOAYAIo 2, To aarebpa C(q) obaranaer ecrecTBeHHOU 7/2-rpapyupoBKoit. Byaem obosua-
gaTh gepe3 Co(q) (coorBercTBenHo Ci(()) €e UeTHYIO (COOTBETCTBEHHO HEUETHYIO) YaCTh.
Anrebpy c 7Z/2-TpapryupOBKOI eIlle Ha3bIBAIOT Cynepanredpoi.

3.1.7 Onpepenenne. ITycte A, B — aBe cymepanrebpsl Hap k. [pafynpoBaHHbIM TEH30PHLIM NpPO-
nssepennem A u B HasbIBaeTcs cymepaarebpa A&y B Takas, uTo

o A& B coBmapaer ¢ A ®y B KaK BEKTOPHOE IPOCTPAHCTEO;

e ecanm (a,a’,b,b’) € A2 x B2 — 0AHOPOAHEI, TO

(a®b)(a’&b’) = (—1)Plga’&bb’;
e ecam a € A, b € B oAHOPOAHEI CcTelleHeH 1, j, TO ab OAHOPOAEH CTEIEeHH 1+ j.
3.1.8 VtBepxpaenue. Ecau dim q =n, mo dimy C(q) = 2™.

Ecam (Vi,q1), (V2,q2) — ABa KBaApaTHUHBEIX IIPOCTPAHCTBA Hap, K, BKAIOUEHUS Vi <—
Vi®V, — C(q; L q2) BMecTe ¢ yHUBEpPCAABHBIM CBOMCTBO aAarebpnl Kauddopaa nHAyIHI-
pytoT romomopdusMmsel aarebp C(q;) — C(q; L q2), KOTOPEIE IBASIIOTCS ¥ TOMOMOP(U3MaMu
cynepaarebp. B C(q; L g2) BEIIOAHEHO ViV, = —Vovq AASE (Vi, V1) € Vi X V3; 3T TOMOMOD-
busMBI TPOAOATKAIOTCS A0 romoMopduama cymepaarebp C(q1)&C(q2) — C(qr L q2).

3.1.9 Teopema. Omom 20MOMOPPUBM ABAAEMCA USOMOPPUSMOM CYnepanzebp.

Aoxazamenvcmeo. CIOPBbEKTUBHOCTD OYEBUAHA; MHBHEKTUBHOCTD CAEAYET U3 IPEALIAYIIETO
MIPEANOSKEHUST U COOOPaAXKeHUN Pa3sMEPHOCTH. O

3.1.10 Cneactsue. [Tycmv q — xeadpamuvwran gopma, a € k* u q' = (—a) L q. Toz0a
C(aq) usomopgpra (xax anzebpa) Co(q’).

Aoxasamenvcmeo. C(q') = C((—a))&xC(q), oTryaa
C(q") = Col(~a))&C(q) ® Ci((—a))@xC(q) = C(q) ® zC(q)

(m30MOPGU3MEl BEKTOPHBIX IPOCTPAHCTB), TA z — KaHOHMYecKas obpasytomas Cq((—a)),
z? = —a. Ozcropa Co(q’) = Co(q) @ zCi(q). OcTaeTcss OTOXRAECTBUTDL ITOCAEAHEE CAATAEMOE
c

(aq). Ho z xommyTupyer ¢ Co(q) u amTmkommyTtupyer ¢ Ci(q); B wacTHOCTH, (zv)? =
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zvzv = —z*v* = aq(v) aast Bcex v € V. V3 yrMBepcaabHOTO cBoiicTBa aarebpn Kauddopaa

Teleph CAEAYeT, UTo AuHeitHOe oTobparkenue V — Co(q) & zCqi(q), Vv — zv Ipop0AIKaeTCST
20 romomopdusma aarebp C(aq) — Co(q) @ zCi(q). OueBHAHO, YTO 3TOT TOMOMOPMU3IM
CIOPBEKTUBEH, X ODMEKTUBEH II0 COOOPa’KEHUSIM Pa3MEPHOCTH. O

3.1.11 Cneacreue. dim Cy(q) = dim C;(q) = 2.

3.2 TIpynna Bpayapa

3.2.1 Onpepenenne. IIycts A — KOABIIO. A-MOAYAB M Ha3BIBAETCS NPOCTbIM, ECAM V HETO HET
mopMopyAeit, Kpome M u 0. M Ha3BEIBaeTCsI NOJlYNPOCTbIM, ECAY OH YAOBAETBOPSIET CAEAYIOIIUIM
SKBUBAAEHTHEIM YCAOBUSIM:

1. M — cyMMa CBOKX IIPOCTBIX IIOAMOAYAEH;
2. M — mpsiMasi cyMMa IIPOCTBIX MOAYAEH;
3. BCAKUHM MOAMOAYAB M BEIAEASIETCSI IPSIMBIM CAATAEMBIM.

3.2.2 Onpepenenne. Koabllo A Ha3BIBAETCS NOAYNPOCTbIM, ECAYL OHO YAOBAETBODPSIET CAEAYIO-
IIIAM SKBUBAAEHTHBIM YCAOBUSIM:

1. Bcakuit AeBBI A-MOAYAB IIPOCT;
2. A IIpOCT KakK A€BBI A-MOAYAD;
3. BCsKU mpean A BBIAEASIETCSI IPSIMBIM CAATAEMbBIM.

[ToaympocToe KOABIIO A HA3BEIBAETCSI NPOCTbIM, ECAY B HEM HET ABYCTOPOHHUX HAEAAOB, OT-
AmgHBIX oT O 1 A.

3.2.3 Teopema. Bcakxoe noaynpocmoe Koabyo ABAAEMCA NPAMBIM NPOU3EEOEHUEM KOHEY-
H020 “ucaa npocmouiz koney. OHO ABAAEMCA NPOCMBIM MO020a U MoAbKO mozda, Koz20a
gcaxul npocmoti Modyas Hald Hum usomopder emy. Becaroe npocmoe Koabyo usomopg-
HO anzebpe mMampuy, Hao MenoMm.

3.2.4 Onpepenenne. Aarebpy Hap moaeM F 6yaeM HasbIBaTh NpocToi F-anrebpoil, ecam oHa
KOHEYHOMEPHA HaA F M SIBASIETCS IIPOCTBIM KOABIIOM. F-aarebpa Ha3bIBAETCSH LEHTPAJSIbHOW,
€CAU €€ IIEHTP COBIAAAET C F.

3.2.5 Onpepgenenne. Ilycte A — F-anrebpa, B — mopanrebpa A. Lentpanusatop B B A — 3T0
B’ ={a € A| ab =ba Vb € B}. B’ ssBAsieTcss mopaarebpoii B A.

3.2.6 Teopema. 1. ITycmw K/F — pacwuperue noseti. F-anzebpa A asasemcsa ueHmpais-
HoU mpocmot mozda U moavko moezda, xkozda K-anzebpa Ax = K ®F A asasemca
yermpaavbHol npocmoii.
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2. Ilycmv A — uenmpaavraa npocmas F-anzebpa.

(a) Pasmeprocmd A Had F asasemca mowHbm Keadpamom.
(b) ITycmv B — npocmas F-nodaszebpa A, B’ — ee uenmpaausamop e A. Tozda
1. B’ npocma.
1. [B:F][B":F]=[A:F.
11. yewmpaausamop B’ e A coenadaem c B.

w. ecau B uenmpaavra, mo B’ uenmpasvra u zomomoppusm B @ B — A
ABAAEMCA USOMOPPHUSMOM.

(c) ITycms B — yenmpanvras npocmas F-anzebpa. Tozda anzebpa A ®r B asas-
emca UeHmpasvHol npocmou.

(d) ITycmwv A° — anzebpa, npomusononosichaa x A. Tozda cywecmeyem xKaHo-
Huneckuti usomoppusm A ®r A° = End(A).

3.2.7 Onpepenenne. IIycts F — moae. \Be KOHEYHOMEPHEIE IIEHTPAABHEIE IIPOCTEIE F-aATebphl
A, B Ha3wbIBaroTCsT NOA0OHBLIMU, ECAY BBEIIOAHSIIOTCS CAEAYIOIIVE SKBUBAAECHTHBIE YCAOBUS:

~

1. Aast HekoTOoporo Teaa D c menTpoMm F u meawrx a,b Beimmoansiercss A = M (D) u B =
My (D).

2. HaiiayTcsa measie a, b Takme, aTo My (A) = M, (B).
3. Kareropuu neBEIX A-MOAYA€H U AEBBEIX B-MOAyAel SKBUBAAEHTHEL.
Byaem rosoputs, uTo A HeWlTpanbHa, ecau A mopobua F.

Us TPETHETO YCAOBHUS BUAHO, ITO 3TO HOAO6I/I€ SIBASIETCS OTHOIIEHMEM 3KBUBANAECHTHOCTH.

3.2.8 Teopema. 1. CosoxynHocmdsd xaacco8 nodobus UeHMparvHur npocmux F-anzebp
obpasyem mnoorcecmeso Br(F).

2. Tensoproe npoussederue chabocaem Br(F) cmpyxmypot epynnosi; HeldmpasvHbim
SNEMEHMOM ABAAEMCA KAACC HEUMPANLHHIT anz2ebp; obpamHbild k¥ xaaccy anzebpwvi
A — amo xaacc npomusonoaodchoti aszebpuv. A°; ama 2pynna KomMmymamusHa.

3. Ecau K/F — pacwuperue noaeti, mo pacuuperue CKAAAPOE UHOYUUPYEM 20MO-
moppusm Br(F) — Br(K).

Aoxazameavcmeo. OIeBUAHO. O
3.2.9 3ameuvanue. I'pynma Br(F) HasbiBaercst rpynnoii Bpayapa moast F.
3.2.10 Mpumepbi. 1. Ecau mone F aarebpanyecku 3aMkHyTO, TO Br(F) = 0.

2. Br(R) = Z/2; Ty rpymnny mopoXAAeT KAACC KBATEPHUOHOB ['aMUABTOHA (71]1&71)
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3. Br(IFy) = 0.

3amerum, gto ((a) L (b)) = (ab)) (mod I’F) (cm. remmy 2.1.4). Kpome Toro, {(x,1 —

~

x)) = ((1,...)) ~ 0. PaccmoTpuM abeaeBy IPYIIY, IOPOKAEHHYIO CUMBOAAMY {Q1, . .., Oy}, TAE
a; € k*, ¢ COOTHOIIEHUSIMA

. {...,q,...}+{...,b,...}={...,ab,... };
2. {...,%, .., 1T—x,...}=0.
BBeaeM Ha 3TOH rpynme YMHOXXEHUE TaK:
{ar,...,ant-{by,...;bnt={as,...,an, by,..., b}

[ToAy4uTCS TPaAyHMpPOBaHHOE KOABIO, KOTopoe obosHauaercs gepes KM (k) u maseiBaercs K-
Teopueit MunHvopa moast k. DKBUBaAEHTHO,

KMXK) = T(k*)/x® (1 —x)
— (akTOp-aarebpa TEH30PHOHN aATebpHl (Hap 7Z) MYABTUIAWKATHBHON I'PYIIIEL IOAS K.

3.2.11 Onpepenenune. ITycte A — leHTpaabHas npocTasi F-aarebpa. Pacmupenue K/F HaseiBa-
€TCsI HEWTPANU3yIoLWNUM nonem, ecam Ay HeERTpaAbHA.

3.2.12 Teopema. [Tycmv A — uenmpaavras npocmas F-anzebpa; E/F — xonewroe pacuiu-
perue. E asasemca HeUmpasudyrowum noasem oas A mozda u moavko moezoa, Koz0a
cywecmesyem ueHmpaavHas npocmasn F-anzebpa B, nodobras A, maxan, wmo E as-
AAEMCA MAKCUMANBHOU KOoMMYyMamusHoU nodanzebpoli 8 B. Boaee mozo, caedyroujue
YMeepHcOeHUA IKEUBANEHTMHDL!

1. E — maxcumanvras Kommymamusras nodaszebpa 6 B.
2. E cosnadaem co ceoum ueHmpasu3amopom.
3. [B:F =[E:F~2

3.2.13 Teopema (Cronrem—Hetep). [Tycmv A — uyenmpaavhan npocmas F-anzebpa, B, C —
O0se npocmuie nodanzebpu, A u f: B — C — usomoppusm F-anzebp. Toz0a cywecmsyem
obpamumwiti a € A maxot, wmo f(x) = axa™' daa scex x € B. B wacmuocmu, 10601
a8mMoMOPPUBM an2ebpbL A ABAAEMCA BHYMPEHHUM.

3.2.14 Onpepenenne. Tlycte A — 1eHTpaAbHasi mpocTas F-aarebpa. 3anummem A = M, (D) ans
HEKOTOpOro Teaa D.

1. Crenedb A — 3T0 1enoe 4ucAo 4/ [A : Fl.

2. Wnpekc A — sTo mmeaoe umcao +/[D : Fl.
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3. JkcnoHeHTa A — 3TO MOPSIAOK KAacca aarebper A B Br(F).
3.2.15 VtBepxpaenune. Axas scaxol uenmpaavrolt npocmot F-anzebpvr A
1. sxkcnoHenma A Oeaum ee urndexc, a uHrdexc deaum ee CmeneHy;
2. unlexc u sxcnoxenma A cocmoam u3 o0uHAKO8HT npocmuir Oeaumened.

3.2.16 VtBepxpaenune. Ilycmv A — uernmpaavHas npocmas F-anzebpa; K/F — pacwuperue
nosaeu.

1. ind(A) deaumcs Ha ind(Ag).
2. Ecau [K:Fl =n < 400, mo ind(A)/ind(Ax) Asasemcs deaumenem n.
3. Ecau K/F — nwucmo mparcuerdenmnoe pacwuperue, mo ind(Ag) = ind(A).

3.2.17 Nemma (Anvbept). ITycmsv F — noae zapaxmepucmuru He 2, D — xoHewHomepHoe
yermpaavroe meno Had F u a € F*\ (F*)2. ITycms E = F(\/a). Tozda D¢ He sasanemcsa
menom mozda u moavko mozoa, kozda D codepotcum nodnose, usomopgproe E.

Aokaszamenvcmeo. D copep>XuT moatione, m3oMopdHoe E Toraa u TOABKO TOTAQ, KOTAA A
siBAsieTCsT KBaapaToM B D. Toraa

1Tex—vae)(1ex+v/a®1) =0,

nosToMy D COAEP’KUT AEAUTEAUM HYAS U He MOXKeT ObITh TeaoM. Obpatmo, ecam Dy — He
TEAO, TO HaMAyTCs S, t, U, v € D, He Bce paBHBIe HyAIO, Takze, 970 (1 ® s ++/a®@t)(q @ u+
va®v) = 0. Toraa s,u # 0 u, IocAe AOMHOXKEHWS CA€Ba Ha S| ¥ CIIpaBa Ha U |, MOKHO
cuuTaTh, 9To $ = u = 1. Toraa 0 = (1 + ty/a)(1 +vi/a) = 1 + tvd + (t + v)y/a. Orcropa

v=—tu1—dt? =0; Teneps BuAHO, uTO (t')? = a. m

3.2.18 V1Bepxpaenune. ITycmv A — yenmpaavras npocman aszebpa wad F, K — noodnoae 8
A u B =K’'. Tozda Ax nodobra B.

3.2.19 Onpepenenne. Ilycts a,b € F*. Anrebpoit KBaTepHUOHOB, ITOCTPOEHHOM 1O mape (a,b),
HasbIBaeTcs F-aarebpa (an) c 6asucom (1,1,j, k) Takas, aTo i’ = a,j’ = b,ij = —ji = k.

3.2.20 3ameyvanune. Anrebpa (“Fb) coBrapaer ¢ aarebpoit C((a,b)) (ecau 3abBITH PO CTPYK-

TYpy cynepaArebphl Ha 3Toi aarebpe Kauddopaa).

3.2.21 Teopema. [ITycmo a,b € F*. Caedyrousue ycrosus sKeusaseHmHbl:
1. Keadpamuwraa gopma (1,—a,—b) usomponra.
2. Kesadpamuwnaa gopma (a,b)) usomponna.

3. Anzebpa Q = (an) HE ABAAEMCA MENOM.
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4. Anzebpa Q usomoppra M;(F).
B wacmrocmu, Q — uenmpaavHas npocmas anzebpa Had F cmenenu 2.

Aoxazamenvcmeo. (1) & (2) — merpyaHo. (2) & (3): 3aMeTuM, 4TO €CAX X, Y, z,t € F,
To (X +yi+zj + tk)(x —yi—zj — tk) = x* — ay? — bz? + abt? = q(x,y,z, t), rae q = {(a, b)).
SHauuT, eCAM ( U30TPONHA, TO B () eCTb AEAUTEAN HYAS, a €CAM (] aHH30TPOIHA, TO BCSIKUA
aneMmeHT x+Yyi+zj+tk € Q\{0} obpaTum; obpaTHsIl K HEMY paBeH (x—yi—zj—tk)/q(x,y, z, t).

OueBupno, uTo (4) = (3). IloraxkeM uto (3) = (4). IIpepnmonroskum, auro a =1, b=—1u
IIOCTPOUM H30MOPU3M (an) = M, (F). ITycts (Ey)ijeq0,1) — KaHoHmIeckuit 6asuc Endy(FOF).
Torpa HY>XHBIA M30MOPGPU3M YCTaHABAUBAETCS TaK:

1T Eoo + E]]

i Eo] + E]o

j— Eon —Eio

k— E]] — Eoo

2 2

3ameTuM, 4TO (“Fb) = (‘13 Fbt ) A s,t € F*. 3HauuT, AAS IPOU3BOABHBIX @, b CYIIeCTBYET
pacmupernue E/F Takoe, uro Qp = (1 - 1). SHauutT, u (Q SIBASIETCS IIEHTPaABHON IIPOCTOi
u, oueBUAHO, cTeneHu 2. Bcam Q He siBAsieTcs TeaoM, TO OHa obs3aHa ObITE m30MOpdHA
M, (F). [

Bepno u obpaTHOe:

3.2.22 Teopema. Bcakaa uermpaavHas npocmas F-anzebpa A cmeneru 2 A8AAEMCA QA-
2e6potl K8aMEPHUOHOS.

Aoxazameavcmeo. MoxxHO cumTaTh, uTo A — Teno. Ilycts E C A — MakcuManbHOE KOM-
myTaTtuBHOe mopTeno A. Toraa E = F(y/a) aas mopxoasimmero a € F*. Bosbmewm i € E Takoe,
470 i’ = a. PaccMOTpuM BHYTpeHHUiI aBTOMOPMU3M O aATebphl A, OIpeAeAeHHEIH i1 BUAHO,
4yro 02 = 1. EcAu i He meHTpaAeH, To ¢ # 1; IO3TOMY ¥ O €CTb COBCTBEHHOE YMCAO, PaBHOE
—1, To ecTb, HalipeTcs j € A Tako#, uTo 0(j) = —j. Craro 6BITH, ij = —ji. /AeTKO BUAETE,
4TO j HE IIEHTPaAEH, IO3TOMY j IIOPO’KAAEeT MaKCUMaAbHOE KOMMYTaTUBHOEe IIOATEAO K B A.
ABToMopdu3zM o mepeBopuT K B cebs u €ro orpaHndeHre Ha F TPpUBUAABHO; IIO3TOMY MHOMKE-
CTBO HETOABWIXHEIX TOUEK O]k coBmapaeT ¢ F. B wactrocTn:, j2 = b € F. Hakower, moAoXuM
k = 1ij. BEcauz x + yi + zj + tk = 0 — Kaxkas-TO HeTpUBMAAbHAS AMHEHHasT KOMOWHAIUS, TO
TIOCA€ COIPSIKEHUSI IIPX IIOMOIIX 1, j ¥ K IMOAYYUM COOTHOIIEHUS

x+yi—zj—tk=0
x—yi+zj—tk=0
x—yi—zj+tk=0

oTkypa x =y =z =1t =0. O]
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3.2.23 Jlemma. Ass a,b € F* obosHavum wepes (a,b) xaacc anzebpwi (an) 6 Br(F). Toz0a

(a,b) = (b, a)
(a?,b) =0
(a,T—a)=0 (a#T1)
(a,—a) =0
(a,bb’) = (a,b) + (a,b’)

Aoxazamenvcmeo. [lepBoe cBoficTBO 04eBUAHO. CAEAVIOIIVE TPU IIOAYYAIOTCS U3 TEOPE-
MBI 3.2.21. AAsT AOKa3aTEABCTBA IIOCAEAHETO IIOCTPOUM U30MOPPU3IM

() () ()

HyCTb (1,1, ,k), (1 i, k"), (1,i”,3”,k”) — cooTBETCTBEHHO KaHOHUYECKUE HA3UCH aATebp
(e ¢ 2"). BoT o6pa3bl HEKOTOPBIX SAEMEHTOB IIPX HAIlleM X30MOpPdU3ME:
'F

. i 0 ) —i” 0
etell=1y 1) PEt=1 1)

) 0 _j 1" ) 0 b’

1) = 1®j) =
e(jeT) bl g ) e(1®j7) = |, o)
0 —x" 0 —b'i”

([)(k@]) = _b,_]k,, O ) (p(] ®k/) = i// 0 ) .

HeobxopmMO AMINE IPOBEPUTDH, UTO (P SIBASIETCH TOMOMOPGMU3IMOM aATebp; Af0bO# roMoMOp-
du3M U3 OAHOU IPOCTOX aATeOPEI B APYIVIO SIBASIETCS MHBHEKTUBHBIM, U CIOPBEKTUBHOCTD
BBITEKAET U3 COOOparkeHU pasMePHOCTH. [

3.2.24 Nlemma (Aabbept). ITycmos a,b,c,d € F¥ maxosw, wmo (a,b) = (c,d). Tozda cywe-
cmeyem e € F* maxot, wmo (a,b) = (a,e) = (c,e) = (¢, d).

Aoxaszamenvcmeo. Ilycts D = (an) u Dy — BekTOpHOE F-ntopnpocTpancTBo B D, cocTosiiee
73 37eMeHTOB cAepd O (OPTOrOHAABHEIX K 1 IO OTHOIIEHWIO K IPUBEAEHHON HOPME); TOTAA
dim Dy = 3. Orparugenue q Ha D, coBmaaaeT c oTobpaskeHueM X — —x?. [To IpeATIoNoKe-
HUIO, Ha#AYTCa &, 3,7V, € Dy Takme, uTO

o =q,p>=b,af +Px=0
v?=c, 8 =d,yd+ &6y =0.

WubiMu croBamy, («, B) u (v, &) — mapsl opToroHaabHEIX BeKTOpoB. Ho dim Dy = 3, mostomy
Haiipercs € € Dy, OPTOTOHAABHBIN K « ¥ Y. Toraa MOMKHO B3SITh € = €. O
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3.3 TIpynna Bbpayapa—Yonna

B sTOoM paszapeneM MBI OIpeAeAMM aHAAOT I'PyHnbl Bpayspa aas cymepaarebp. Ilycte A —
cymepaarebpa Hap F.

3.3.1 Onpepenenne. Cymepaarebpa A HA3BEIBAE€TCS NPOCTON, ECAY OHA HE MMEET I'PaAyUPOBAH-
HBIX ABYCTOPOHHUX MA€aA0B, KpoMme O u A.

3.3.2 Onpepenenue. (MpagynpoBaHHbIM) LEHTPOM Cyepanrebpsl A HasbiBaercs Z(A) = Zo(A) @
Zi(A), tae Zi(A) = {a € A; | ¥x € Aj,ax = (—1)Yxa,j = 0,1}. Cynepaarebpa A Hap F
Ha3BIBAETCST LeHTpanbHoii, ecar Z(A) = (F,0).

3.3.3 Npumepbl. 1. Tlycte A — anrebpa Hap F. Onpeapeanm cynepanrebpy i(A) Tak: i(A)y =
A, 1(A); = 0. Ecau A meHTpanbHast IpocTast aarebpa, To i(A) — IeHTpaAbHAsI IIPOCTAsT
cynepaarebpa.

2. Ilycts V = V@V, — KoHeYHOMepHOe BEKTOPHOE CYIepIPOCTPAHCTBO Haa F. Aarebpa
Endf (V) AOIyCKaET €CTECTBEHHYIO IPAAYUPOBKY, B KOTOPOU 3HAOMOP(MU3M U SIBASIETCS
veTHBIM, ecau W(V;) C V; u HewerHEIM, ecau w(V;) = Vi, prst Beex 1 € Z/2. Tloayuen-
Has cymepaarebpa siBASETCS IIEHTPaAbHOMR IIPOCTOM.

3. Ilycte a € F*. Cynepaarebpa C(({a)) m3somopdHa (Kak aarebpa 6e3 rpaAyupOBKH)
F[t]/(t* — a). Ee rpapyupoOBKa OIIPEAEASETCS OAHO3HAYHO U3 ycaoBus |t| = 1. HeTpyamo
BUAETH, UTO 3Ta CyIepaArebpa sSIBASIETCS IEHTPAABHON IIPOCTOI.

3.3.4 Vteepxaenne. Ecau A,B — uenmpaawvHsie npocmuie F-cynepanzebprv,, mo AQrB —
Mootce UEHMPANbHAA NPOCMAA cynepaszebpa.

3.3.5 Teopema. Ans scaxot HesbpootcOenHol keadpamuwHol gopmet q cynepaszebpa C(q)
nad F asasemcsa yenmpasvrot npocmot.

Aoxazamenvcmeo. [lpuBeperne poOpMEL K AMAaTOHAABHOMY BUAY C yUeTOM TeopeMbl 3.1.9 u
npeproskeHus 3.3.4 CBOAUT 3apady K caydalo dim q = 1, KOTOpPEI# IpuBeAeH B mpuMepe 3.3.3
(3). 0

3.3.6 Onpepenenne. ABe F-cymepanrebprsr A, B HaswiBatoTCss NOAOOHLIMW, €CAM CYIIECTBYIOT
ABa BEKTOPHBIX CymepmpocTpaHcTBa V, W Haa F Takme, uro A® Endf(V) = B& Endr(W)
(cm. mpumep 3.3.3 (2)). Obosrauenue: A ~ B.

[Iycte A —cynepanrebpa. [poTuBononoxHas cynepanredbpa A* ompepeAsIETCS TaK: KaK BEK-
TOpHOE IpocTpaHcTBO A* = {a* | a € A}, rpaAyupoBKa BBOAUTCS TaK, uTo A = {a* | |a] =i},
a TIpom3BeAeHUe BRITAIAUT Tak: a*b* = (—1)%%(ba)* ars opHOpPOAHEIX a,b.

3.3.7 Teopema. OmHowerHus Modobus ABAAEMCA OMHOULEHUEM SKBUBANEHMHOCMU HA
MHOHCECTNBE UEHMPANLHLIT npocmuiz F-cynepanzebp, cosmecmumovim C 2padyuposar-
HbM TMEH30PHBIM npoudsedeHuem. [loayzpynna KAGCCO8 3KEUBANEHMHOCTU ABAAEM-
ca Kommymamuerol zpynnol u wHasweaemcs rpynnoi bpayspa-Yonna noas F u obo-
snavaemcs wepeda BW(F). Ecau A — uewmpaavras npocmas F-cynepanzebpa, xaacca
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(A) € BW(F), mo npedcmasumenem xaacca —(A) seasemcsa cynepanzebpa A*, npomu-
80MON0IHCHAA K A.

Aoxasameavcmeo. AAsi mpoBepku KoMMyTaTuBHOCTE BW/(F) 3ameTumMm, uro ecauw A u B —
cymepaArebpsl Haa F, To mMeercst usomopdusM F-cymepaarebp AQB — B&A, 3apaBaeMblit
tak: a®b — (—1)“Pb&a anrs opmOpoaHEIX a,b. O

3.3.8 Vreepxpaenve. 1. Mmeemcsa usomoppusm C(H) = Ends(FEOF).

2. Bcau a,b,c € F*, mo

(a) Cl{ac,be))®i () = C({a, b)BL((%"));
(6) C({a, b)) ~i((%));
(C) C(«a’bx C>>) ~ 1.

Aoxazamenvcmeo. 3aMeTHM, YTO BCE YYACTBYIOUINE B (POPMYAUPOBKE CYyIepPaATedpEHl siB-
ASIFOTCSI IIEHTPAAbHBIMYU IIPOCTHEIMHU. [103TOMY AASI IPOBEPKU M30MOpPdU3Ma AOCTATOYHO IIO-
CTPOUTH TOMOMOPGU3M U YCTAHOBUTHL COBIIAAEHWE Pa3MEPHOCTER; TOTAA IIOCTPOEHHBIN I'OMO-
MOpdpu3M OYAET MHBEKTUBHLIM B CHAY IPOCTOTHI M CIOPBEKTUBHBIM U3 COODpa>keHU® pas-
MEPHOCTH.

1. IlycTs (er, e;) — KaHOHUYecKui 6a3uc runepborndeckoit maockoctu H = (1, —1). Toraa
B C(H) ects 6asuc (1,e1,ex,ee) mlell = el =1, €2 =1, e = —1, eje; = —ezey.
Cynepaarebpa Endr(FAF) obaapaer 6asmcom (E)ijeo1y € [Eool = [Enl = 0 m [Eqi| =
|E1o] = 1. MOYXHO IPOBEPUTD, YTO UCKOMEIY X30MOPPU3M UHAYIUPYETCS OTOOPasKEHUEM
1+ Eoo + E11, €1 = Eor + Eqo, €2 — Eo1 — Eqo.

2. TlepBoe TO>XAECTBO CBOAUTCS K CAydato ac = 1. Takum obpa3oM, AOCTATOYHO IIOCTPOUTH
roMomMopcdu3M cymepanrebp

C(i1 abp@iMs(F) = Cltabn () ).

2

Sanumem M;(F) Kak aarebpy KBaTepHMOHOB ¢ b6asucom (1,1,j,1j), B KoTopoMm i* = q,

i? =1, ij = —ji. Iycts (1,i’,j’,1'j’) — xanoHWIecKuit 6asuc aATebPEI (an), B KOTOPOM
i” = @, j” = b, i'j’ = —j'{’. Ilycts, HakoHem, (e, e;) (cooTBeTcTBEHHO (€, e€)) —
KaHOHUYECKU OPTOroHaAbHEIN 6asuc dopmer (1, ab) (coorseTcrBerHo (a,b)). Torapa
B C((1,ab)) (coorsercreenno C((a,b))) mosBasieTcss 6asuc (1,eq, e, e1ez) c €5 = 1,
el = ab, eje; = —eye; (coorsercrrenno (1,e], e}, ele}) cel” = a, e}’ = b, eje} = —eje!).

MO>KHO TIPOBEPUTD, YTO OTOBPArKEHUST
€]®] — e{@i/_]
e,D1 - ey’
181 — 181
18) = eje; (15
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VHAYIUPYIOT TpebyeMmblt romoMopduaM. Hakorelr, ocTranbHBIE ABa IIYHKTA CAEAYIOT U3
y>Ke AOKa3aHHOTIO.

]

3.3.9 Cneacteue. Omobpasicerue q — C(q) undyyupyem 2omomoppusm
C: W(F)/I°’F — BW(F).

Aoxasameavcmeso. [lo Teopeme 3.3.5 BCAKasi HEBBIPOXKAECHHAST hopMa ( ONPEAEASIET dAe-
meHT (C(q)) € BW(F), u mo Teopeme 3.1.9 umeem (C(q L q’)) = (C(q)) + (C(q')). Ocraercs
IIPUMEHUTDL IIpEeAAOSKeHuE 3.3.8. [

[Iycts A = Ay @ Aj — LeHTpaabHAs mpocTast F-cymepaarebpa. Bo3sMoXHEI ABa CAydas:
e F-aarebpa A siBAsieTcCst IpocToi (HerpaayupoBaHHo) aarebpoit. Toraa Ay moAyIIpocTa 1 ee
IIEHTP SIBASIETCSI 9TaAbHOM F-anrebpoit pamra 2. B 3ToM caydae TOBOPST, YTO A UMEET YETHbIN
T™n.
e A He IleHTpaabHA Kak F-aarebpa. Toraa A moaympocTa u ee meHTp Z(A) SIBASIETCST 9TaAbHOMR
F-anrebpoit panra 2, a Ay — IeHTpaAbHas nmpocTtas F-aarebpa. Kpome Toro, Ay MOAYABL A;
usoMopder Ay. B aTom caydae roBopsaT, YTO A UMEET HEYETHbI TUM.

Onpeperum oTobpa>keHme

@: BW(F) — Z/2 x F*/(F*)? x Br(F)
(A) = (e(A),8(A),b(A))

CAEAYIOIIIM 0bpa3oM:
1

0, ecam A 4YeTHOrO THIIA.

, €ECAH’ A HeYeTHOTO THUIIa;

° e(A) =

d(Z(A)), €CAM A HEYETHOTrO THUIIA;
e 5(A) =

d(Z(Ap)), ecam A 9eTHOro THIIa,
rae 4epe3 d(E) obosHavaeTcs AMCKPIMUHAHT 3TaAbHOU F-aarebps! E.

[Ag], ecam A HEYETHOrO THUIIA;
o O0(A) =

[A], eCAr A YEeTHOIO THIIa,
3.3.10 Teopema. 1. Omobpaoicerue @ Asasemca buexyuel.
2. & ABAAEMCA 20MOMODPPHUSMOM.

3. ITycms BW(F) — adpo e. Ozparuverue & na BWU)(F) asasemca zomomopdpus-
MOM.

4. ITyems BW@(F) — adpo 6. Tozda BW?) (F) =1i(B(F)) u oeparuuerue b na BWZ (F)
ABNAEMCA OBDAMHBIM % 1.
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5. Omobpaoicerue (A) — (e(A), 8(A)) urdyyupyem usomoppusm
BW(F)/BW® (F) — Q(F),
20e Q(F) — zpynna, onpedesenran neped npedroosceruem 3.1.4.

6. I'pynnosoti saxon, uHdyyuposarnsiti Ha 7/2 x F*/(F*)? x B(F) nepenocom cmpyx-
MYPvL NOCPEOCTNEOM OMOOPAAHCEHUSA @, 3ANUCHLBAENCA TAK:

(m1 a,x) + (n7b1y) = (m+ n, (_])mnab’x +U + ((_-I)m(n—i—])a’ (_1)(m+1)nb))’

20e wepes (u,v) obosHauaemcsa xaacc anzebpv. K8aMePHUOHOS (qu) e Br(F).

3.4 Koromonoruu lanya

3.4.1 Onpepenenne. Ilycte G — xoHeuHast rpymnmna. (J/leBbim) G-mogynem HasbIBaeTcsi abeaeBa
rpynmna A, cHab>keHHas A€BBIM AeiicTBrueM rpynmnbl G, To ecTb romomopdpusMoMm @: G —
Aut(A). Ecaz A 3anucwiBaeTcst apARTUBHO, TO AASI (g,a) € G X A MbI 6yaeM 0bo3HAYATH
@(g)(a) gepes ga. IIpu sToMm
g(a+b) = ga+ gb,
(gh)a = g(ha).

3.4.2 3amevanns.

MOo>KHO oIpeAeAnTE NpaBoe AeiicTBue G HAa A KaK aHmMu-20momoppusm u3 G B Aut(A); ecan
A 3aIUCHIBA€TCS aAAUTUBHO, TO IIPH 3TOM (g, a) — ag. 3apaHue AEBOrO ¥ IIPABOTO AEHCTBUS
G Ha A SKBUBAaAEHTHO: €CAM () — A€BOe AgelicTBue, To g — @ (g) ' — mpaBoe, 1 Hao60pOT.

Ecau A 3amuchIBaeTCsS MYABTUIAWKATHBHO, TO A€BOE (COOTBETCTBEHHO IIPABOE) AEUCTBHE
yaobHee 3amuchIBaTH Kak (g, a) — 9a (cooTBeTcTBEHHO (g, a) — a9) AAST M3beXKaHUST KOH-
pAMKTA C 3aIUCHbI0 YMHOXKEHUS B A.

Ecau f: H — G — romomopduam rpyni, To Ha G-MoAyAe A HIOSIBASIETCS CTPYKTYypa H-MoayAst
¢ noMoInbio onpeaeaerus ha = f(h)a.

3.4.3 Onpepenenune. Ilycte G — xoHeuHas rpynna, A — AeBBIE G-MOAYAL C aAAUTUBHOHN 3a-
mucbio. OmpeaeArM KouenHoi komnaekec G co 3HaYeHUsIMU B A:

05 C%G,A) LG A) Y. Y on,A) &

rae C"(G, A) — MHOXeCTBO BCex oTobparkeHuit u3 G" B A u

d"f(gi,..., gns1 = 91f(92,- -+, Gns1)
+

)

(=191, -, G g1 -+ > Gns1)
1

+ (=1 (g, ., gn)-
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Onement f € C"(G,A) HasbiBaeTcs n-kouenotd G co 3HaueHumsMu B A. Ecam d"f = O, f
HA3BEIBAETCS T-KOLUKNOM; IIOATPYIIIIA N-KOIMKAOB obo3HadaeTcss uepe3 Z"(G,A). Ecau f €
Im d™', f HasEIBaeTCS M-KOrpaHuLeli; TIOATPYIINA N-KOTrpaHuIl obo3Hagaercs gepes B™(G, A).
3.4.4 Npumepsl.

0-xomukA — 370 aaemerT AC :={a € A | ga = a Vg € G}.

1-KoIuKA — 3T0 oTobparkerue f: G — A Taxoe, uro f(gh) = f(g)+gf(h). Takoe oTobpa>kerue
Ha3BIBAETCSI CKPELLEHHbIM TOMOMOP(U3MOM.

2-KOIIIKA — 3TO oTobpakenue f: G X G — A Takoe, 4TO
f(g,h) + f(gh, k) = fg(h, k) + f(g, hk).
Taxoe f HasLIBaeTCsI cuctemoli (hbakTopos.
3.4.5 NNemma. Ecaun >0, mo d™'d™ = 0; unwsimu caosamu, BM(G,A) C Z*(G,A).
Aoxaszamenvcmeo. [IpocToe BEIYUCAEHUE. O

3.4.6 Onpepenenune. m-oii rpynnoii koromosiorni G co 3HayeHusMuU B A HA3BIBAETCS (PAKTOP-
rpynna H'(G,A) = Z"(G, A)/B™(G, A).

3.4.7 Yieepxpenne. 1. dynxmop (G,A) — H"(G,A) xosapuarmer no A u xowmpasa-
puartmer no G. Ecau f: H — G — 2omomoppusm zpynn, obosravum yepe3 f*
UHOYUUPOBAHHDIU 20MOMOPPUSM 2DYNN KO20MON02UT.

2. [Tyemv 0 - A/ - A = A” = 0 — kxopomkas MowHas NoOcaedo8amesbHOCMb
G-mo0yaneti. Toeda cyuecmeyem OAUHHAS MOYHAA NOCAEO08AMEALHOCTD

0 — H°G,A’) = H(G,A) —» H%(G,A") - H'(G,A) — ...
— H™(G,A’) - H"(G,A) — HY(G,A”) - H""(G,A) — ...

3. Ecau Oeticmesue G Ha A MPUSUAABHO, MO CYU,LCMEYEMm KAHOHUMECKUT U3OMOD-
Pusm mescoy H'(G,A) v Hom(G, A).

3.4.8 Onpepenenve. 1. ITycts H < G. OTobpaxkenue H*(G, A) — H*(H, A), unAyIupoBaH-
Hoe BAOKeHMEM H B G, HaswiBaeTcsi MOpU3MOM OrpaHuyeHnsi m obo3HAYAETCS 4depes
Res..

2. Ilycts H — G — CIOpBEKTUBHBIN roMoMopdu3M rpynn. VHAyIUpPOBaHHOE UM OTObOpa-
>xerme H*(G, A) — H*(H, A) HaseiBaeTcss Mopdu3mMom nHbNsuMN 1 00603HAYAETCST JEPES
Infi..

3.4.9 Teopema. [Tycmv G — koreuwnasa 2pynna, H < G.
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1. Cywecmesyem edurncmeerHbvil Habop 20MOMOPHUIMOE
Cor: H"(H,A) — H"(G,A)

(Onn ar0bozo G-modysas A u Oas arbozo n > 0), ecmecmeernuir no A, cozaa-
COBAHHBLT C OAUHHBMU MOYHBLMU NOCAEO08AMENBHOCTMAMU, ACCOYUUUDOEAHHBIMU
C KOPOMKUMU MOUHBMU nocaedosamenvrocmamu G-mooyaet, u mMaKuT, 4mo 6
cmenenu 0

Corf(a) = Z ga

geG/H
oan ecex a € HO(H,A) = AM.

2. Ecaum = (G:H) — undexc H 6 G, mo Corf o Rest = m.

3.4.10 Onpepenenne. Ilycte A, B — G-mopyau. TeH3opHbim npousBeseHnem A u B HaswIBaeTcst
abeaeBa rpynmna A ® B, cHab>xeHHas1 AraroHaAbHBEIM AeficTBreM G: g(a X b) = ga x gb.

3.4.11 Teopema. IIycms A, B — 0sa G-mo0ysana. Cyuecmseyrom busuHetiHble 20MOMOPPHUS-

MBl
HP(G,A) x HY(G,B) = H"™9(G,A®B), p,q>0

(X,U) = XY,

ecmecmseerHHvie no A u B. OHu obaadarom caedyrouumu ce0UCMEamMu.

1. AccoumatusHoctb: ecau C — ewe odun G-modyav u x € HP(G,A), y € HI(G,B),
z € H'(G, C), mo (x-y)-z = x-(y-z) ¢ yvemom usomopgpusma (A®B)C — A®(B®C),
npu Komopom (AR b)R®cr— a® (b®c).

2. KommytatusHocTtb: ecau x € HP(G, A), y € HI(G, B), mo x-y = (—1)Py - x ¢ yuemom
usomoppusma A @ B — B ® A, npu kxomopom a @b — b ® a.

3. KoutpasapuaHnTHocTb no G: ecau f: H — G — zomomoppusm zpynn, mo f*(x -y) =
f*x - f*y dasa scex x € HP(G, A), y € HI(G, B).

4. ®opmyna npoekumn: ecau H — nodzpynna G, mo Corjj(x - Respy) = (Corfx) -y daa
ecex x € HP(H,A), y € H(G, B).

Taxum O5pCL3OM ssederHoe npouseedeuue HA KO20MON02UAT HA3bleaemcs Yalle4HbIM Npo-
n3seaeHmneMm.

YareyHoe Ipou3BEAEHNE MOYKHO OIIPEAEANTE KaK OMAMHEHHOE 0OTObpaskeHre Ha KOIIEIISIX:
ecaum f € C™(G,A), f" € C*(G,B), To

(f- (g1, Gmen) = (g1, -, Im) @ g1 -+ G (Gt 1y - -+, Gmm) -

3.4.12 Onpepenenne. Tomonorudeckasi rpynmna G Ha3BIBAETCSI NPOKOHEYHOW, ECAM OHA YAOBAE-
TBOPSIET OAHOMY U3 CAEAYIOIIUX 3KBUBAAEHTHBIX YCAOBHUIA:
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1. G aBASIETCSI IPOEKTUBHBIM IIPEAEAOM KOHEYHBLIX I'PYIII;
2. G oTpeAmMa M BCsIKasi OTKPBITAsI HOATPynna G mMeeT KOHEYHBIN MHAEKC.

3.4.13 Onpepenenne. Ilycts G — mpokoHeYHas rpymnma. lTononoruydeckuin G-mogynb — 3To abe-
AeBa rpymma A, cHabKeHHasi A€BBIM AeficTBuem rpynmsl G, Takas, uro A = |J,, AN, rae
obbepuHeHNE GEPETCST IO BCEM OTKPHITHIM (CAEAOBATEABHO, 3aMKHYTHIM X KOHEYHOT'O WH-
Aekca) moarpynnaMm G. Ecam G — mpoxoHeuHasi rpymnna, A — TONOAOIMIECKUAN G-MOAYAB,
OIIpeAEAUM rpynnbl koromonoruii G ¢ koadpduumentammn B A popMynoit

H(G, A) = li; H'(G/H, A"),

rae H npoberaer Bce pasarYHbIE OTKPBITHIE IOATPYINIEI B G, @ MOPGMU3MEL, yIaCTBYIOIIVE B
OIIPEAEAEHUN IIPEAENd — MOPMUIMEI UHPASIIIUN.

Mo>xkHO AOKa3aTb, 9TO KOT'OMOAOI'MY ITPOKOHEYHBIX I'DYIIII O6AaAaIOT TEMH >X€ OCHOBHBIMHA
CBOfICTBaMI/I, 9YTO U KOT'OMOAOI'MM KOHEYHBIX I'DYIIIL.

3.4.14 Onpepenenune. Ilycte Fy — cemapabeabHoe 3ambIkaHme F. I'pymnma F-aBTOMOpdu3MOB
moasi Fg obaapaeT CTPYyKTYpoil MPOKOHEYHOMN MPYIIIEL:

Gr = lim Gal(E/F),

rae E/F mpoberaer Bce KoHeuHble moappacimupernus ['aaya B Fg. I'pynna Gy HasbIBaeTcs ab-
contoTHoi rpynnoii Manya moas F; ee Koromoaorum Ha3BIBAIOTCST Koromonorusamu lanya; o6erato
mel uinem H*(F, A) Bmecto H*(Gp, A).

3.4.15 Jlemma. Asmomoppusmuv: noas b asaaromes auretiro He3asucumwvimu Hao E omob-
DAAHCEHUAMU.

Aoxasameavcmeo. MomycTuM, 4To ) a,¢@ =0, Tae ¢ — aBTOoMOopdu3ME E, a, € E. Mox-
HO IIPEATIOAOXKUTD, YTO MHOXKECTBO HEHYAEBBIX KO3(D(DUINEHTOB a, UMEET MUHIMAABHO BO3-
MO’KHYIO MOIITHOCTH. B 9TOM MHOXXeCTBe XOTsI OBl ABa SAEMEHTA; BO3bMEM (7 # (P, TAKUE,
9TO Qg,, 0y, # 0. Haiiaercs x € E Taxoit, aTo @;(x) # @2(x). Torpa pnrs aroboro y € E
“MeeM

Z a(p(p(y) = O:
OTKyAQ

0=> ape(xy) —@1(x) ) a,0(y) =) a,(e(x)—ei1(x))e(y),

moaToMy ) a,(@(x) — @1(x))@ = 0 — HOBas AMHeWHasT 3aBUCUMOCTb, B KOTOPO} MEHBIIIE
HEHYAEBLIX CAATaEMBIX, YEM B MCXOAHOM: IPOTUBOPEYHE. ]

3.4.16 Teopema. ['uavbepma 90 ITycmv E/F — pacwuperue I'anya c zpynnot G. Tozda
H'(G,E*) = 0.
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Aoxasamenvcmeo. Ilycts (ag)geq — 1-xomura G co smagemmsmu B E*. ITo nemme 3.4.15
Havipercs x € E Takoit, 4To a = )_ geG 0gx # 0. IlosToMy Anst aroboro h € G

h, _ \ h, hg, _ —1 hg, _ —1 gy — ~—1
G—E Clg X—E ay, ahg X = qay agx—ah a,

geai geai geai
9TO U O3HAYAET, YTO (ag) SABASIETCA 1—KOI‘paHI/II_LeI'/'I. O

3.4.17 Cnepcreue. H'(F, F¥) = 0.

3.4.18 Onpepenenne. ITycts E/F — pacmupenue ['arya ¢ rpynmoit G. ITycte G peficTByeT caeBa
Ha E, ¢ — 2-xomukA G co 3HaveHuUsiMu B E*. CkpelieHHbIM Npon3BeeHneM, COOTBETCTBY FOIIIIM
C, HasbIBAeTCsI CAeAyiomas F-aarebpa E x G:

o Adoumusraa cmpyxmypa. E X. G — BEeKTOpHOE IIPOCTPAHCTBO Haa E ¢ 6asucom G.

o MyavmunauxamueHas cmpyxkmypa: yMHOKeHe F-buauneitno u ecau x,y € E, g,h € G,
TO

(x-g)(y-h) =x%Ycgn - gh.

3.4.19 Teopema. 1. Taxum obpasom onpedeserrasn anzebpa E x. G Asasemca accoyua-
musHol u yeHmpaavrol npocmot Had F cmenenu n = [E : F|; E — maxcumanvras
rommymamueHas nodanzebpa E x. G.

2. Bcaxas uenmpanvras npocmas F-anzebpa A, codepotcauw,an B xax makcumasvHoe
rommymamugHoe nod-meno, umeem eud E x. G.

3. ITycmw ¢, ¢’ — voyurawv, G co snaveruamu 6 E*. Ex. G = E X, G moada u moavko
mozda, xo20a ¢ U ¢’ KozomonozudHb, (Mo ecmw c/c’ € B*(G, E¥).

3.4.20 CnepctBue. Cywecmeyem KaHOHUYECKUT USOMOPPUIM
ugr: HA(G, E*) = Br(E/F),
20e Br(E, F) = Ker(Br(F) — B(E)).

3.4.21 Npumep. E = F(y/a), rae a ¢ F*/(F*)%. Toraa G = {1, g}. Byaem obosHauaTh AgiicTBUE
g 4epes X — X. 2-KoIuKA G ¢ KoacpdunuerTamu B £* 3a7a€TCT I€THIPBMS 3AEMEHTaMU Cq 1,
Ci,g, Cg,1 ¥ Cggq. IIpUMEHSIT COOTHOIIEHNE KOIMKAA K Tpoikam (1,1,9), (g,1,1) u (g,9,9),
IOy YaEM

C11=Ciyg

Cg1 =C11

Cg,9C1,g = Cg,9Cg,1-

[Tocae AeneHMST Ha KOTPAHUIy MOXKHO CYMTATh, 9TO Ci; = | (Takod 2-KOIMKA Ha3BbIBAIOT
Hopmanu3oBaHHbIM). Toraa ¢ g =cg1 =l mcgg=b € F*. Ilycte x € E* 1 o? = a; TOAOKEM
B=o-gcA. Torpa ap = —Bo u B? = —ab; 3HAUAT, MBI IOAYIUAU aATebPY KBaTEPHUOHOB

(7 = (4.
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3.4.22 Teopema. Msomopdusmv. Ugr u3 caeocmeusn 3.4.20 ckreusaromcsa 6 usomopPusm
up: HA(F, F5) = Br(F).

[TycTs N — HaTypaAbHOE YKMCAO, B3aUMHO IIPOCTOE C XapaKTEPUCTUKOM F; Torpa Bo3Be-
AEHVE B CTEIeHb M CIOPBEKTHBHO Ha F!. PaccMoTpuM TouHylo nocneposatenbHocTb Kymmepa
Gr-Mopyaelt

== F 5 F =,

TAE W, — I'pynna KopHe# n-oit crenenu u3s 1 B Fy. Eif cooTBeTCTBYeT AAMHHAS TOYHAS IIOCAE-
AOBaTeABHOCTEN KoroMmoaorui [anya:

T — H(F, un) — HO(F, F2) 5 HO(F, FY)
2 H (F, un) — H'(F, F) 5 H(F, FY)
— HA(F, nn) — HA(F, F2) 5 HA(F, FL).

Bamerum, aro HO(F,F¥) = F* u H'(F,F!) = 0 mo Teopeme 'manbepra 90. MBI mOoAydmAM
CAEAYIOIIYIO TEOPEMY:

3.4.23 Teopema (Teopust Kymmepa). Oma mouras nocaedosamenvHocms npusooum x uso-
MOPPUIMaAM

F*/(F)™ = H'(F, pa)
H%(F, un) — oBr(F).

[TepBoIit m30MOpduU3M MBI 6yaeM 0603HAUATL Yepe3 a — (a). B caygae n = 2 rpymma y,
SIBASIETCSI TPUBUAABHBIM Gp-MOAyAeM, m3oMopdHEIM rpyune Z/2. [Toaydaem m3oMopdpusMbI

F*/(F*)* = H'(F,Z/2)
H2(F,Z/2) = ;Br(F).

B uacTtHOCTH, ecam a,b € F*, To kaacc (a,b) arrebphbl KBATEPHUOHOB, OIPEAEAECHHON dA€-
MeHTaMZ a # b siBasiercst aaemerTom H?(F,Z/2).

3.4.24 Y1BepxpaeHue. (a,b) = (a) - (b).

Aoxazameavcmeo. Ilo onpereseHMIO YaIlleYHOE IIPOU3BEAEHUE 3aAa€TCsT POPMYAOH (g, h) —

(a)(g)- (b)(h), u ero obpas B H*(F, F) mpeacTaBAsieTcsi 2-KOIUKAOM bgp, = (—1 )(@)(g)-(b)(9) B
ab

. ) B H?(F, F¥) IpeACTaBASIETCS 2-KOIUKAOM

npumepe 3.4.21 MBI BUAEAH, UYTO KAACC AATEOPEBI (

o= 1, ecan (a)(g) =0 uaz (a)(h) =0;
“" 7 \—ab, ecan (a)(g) = (a)(h) =1.
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Ocranaock IPOBEPHUTH, 9TO by n U Cyn KOTOMOAOTHMYHEL. BospMmeM «, 3 € F; Takme, uTo o =
a, 3’ = b. /\eTKO BUAETD, YTO b;ﬂlcg,h = f(gh)~'f(g)9f(h), rae

1, ecan (a)(g) = 0;
flg)=qap, ecam (a)(g) =1
—apB, ecam (a)(g) = (b)(g) =

3.5 Teopema MepkypbeBa

3.5.1 VtBepxpaenue. [Tycms q — keadpamuuran gopma Had F. Tozda ¢(C(q)) = dimq u
5(C(q)) = d(q) (cm. obosrauerusn neped meopemots 3.3.10.

Aoxasamenvcmeo. Paccmorpum romomopdusmel (dim, d) u (g, 8) o C m3 W(F)/I’F 8 Q(F).
AAsT AOKa3aTEABCTBA MX COBIIAAEHUSI AOCTATOYHO IIPOBEPHUTH 3TO Ha mopoxkparormux W/(F),
CKa’keM, Ha KAACCaX OAHOMEPHBIX dopM (a), a € F*, uTo ogeBUAHO. [

3.5.2 Nlemma. ITycmwv q € I*F. Tozda Co(q) = A x A u C(q) = M;(A) daa Hexomopot
UEHMPANbHOU Npocmot anszebpovi A.

Aoxazamenvcmeo. Ilo npearosxeruto 3.5.1 anrebpa C(q) umeer wernsrit Tun u 6(C(q)) = 1.
I[To reopeme 3.3.10 moaywaem, uro C(q) mopobHa anrrebpe i(Ay) AN HEKOTOPOH IIEHTPAABHOM
IIPOCTO# aArebpsl Ay. APYyrEMU CAOBaMU, CYIIECTBYET BEKTOPHOE CYIEPIPOCTPAHCTBO V =
V@V Taroe, ato C(q) = i(Ay)®r Endr (V). Pasmeproctu Co(q) u C;(q) coBmaaaioT, mosToMy
dim Vy, = dim V;. OToxxaectBasist Vi ¢ V), mOAydaeM, ITO

C(q) = i(A¢)&r Ende(V) = i(Ao @F Endr (Vo)) &M, (F),

¥ IOAYYaeM HY>XHOE YTBEPXRAEHUE AT A = Ag ®f Endp(V,). O
dimq | d(q) |Z(C(q)) | C(q) | Z(Co(q)) | Co(q) | deg(q) |
S ¢ (F)2 | F(vVad) IpocTast . IleHTpaAbHAS 0
€ (F)2] FxF | Colq) x Colq) IIpocTast
¢ (F*)? mma F(vd) IpocTast 1
YEeTHO 7 F
e (F9) M, (A) FxF AxA, Amgna| >2

3.5.3 Onpepenenne. Anst KBappaTwdHOM opMeI q obo3HauuM depes c(q) anemeHT b(C(q)) €
Br(F) — uuBapuant Knuddopaa q. Takum obpaszowm,

(q) = {[Co(q)], €eCAM A HEYETHOTO TUIIA;

[C(q)], ecam A geTHOrO THIA.
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3.5.4 VtBepxpaenue. ITycms q,q’ — Jse xsadpamuyurvie gopmu.. Toz0a
c(q L q’)=clq)+c(q)+ ((=1)™"™Pd(q), (=)™ "d(q"),
20e m=dimq, n=dimq’.
Aoxazamenvcmeo. TpruBmarbHO caepyeT u3 TeopeMsr 3.3.10. O
3.5.5 Vreepxpenune. 1. ITycmv @, € IF. Tozoda c(@ @) = (d(¢), d(V)).

2. Ilycmv q — xeadpamuvraa popma, a € F*. Toz0a

(aq) = {c(q) +(a,d(q)), ecaudimq nemng;

lc(q)], ecau dim q HevemHa.

3.5.6 lemma. 1. ITycmov a,b € F*. Tozda ((a,b)) eunepbosunra < c({(a,b))) = 0.
2. IIycmw a,b,c,d € F*. Tozda {(a,b) = {(c,d)) < (a,b) = (c,d).
3. ITycmv 0,7t € GP,(F). Tozda 0 nponopyuorasvha T < c(0) = c(T).

Aoxasameavcmeo. (1) — oueBUAHO. AAsT AOKA3aTEABCTBA (2) IPEAIOAOKUM CHaYaAd, ITO
b = d. Toraa (ac,b) = 0, nosromy ((ac,b)) ~ 0 mo nyrxry (1). 3uagur, (a,b)) L —(c,d)) ~
c{(ac,b)) ~ 0, uro u TpeboBaroch. B obuiem caygae nmpumenHuM AemMmy AabbepTa 3.2.24:
HaliaeTcs e Takoe, 4TO (a,b) = (a,e) = (c,e) = (c, d), moaromy ((a,b)) = (a,e)) = {(c,e) =
{(c,d)). B (3) myctp 0 = a0y, T = b1y, TAE 00, To € P2(F). Toraa c(o) = c(0y), c(t) =c(T0), &
BCE CAEAYET U3 IyHKTA (2). O

3 npeproskenus 3.5.4 caeayeT, 4To orpaHwdeHue uaBapuanTa Kanddopaa ¢ ma I°F ab-
ASIETCSI TOMOMOP(U3MOM, IPUHAMAONIIAM 3HAYEHNS B TOATPYIIe 2-Kpyderusi ; Br(F) rpymme:
Bpayspa Br(F).

3.5.7 Teopema (MepkypbeB). ['omomoppusm
c: I’F/P’F — ,Br(F),
UROYUUPOBaAHHBIU UuHBapuarmom Kaugdgopoda, Asasemcs Uu30MOPHUIMOM.

ObozuauuMm depe3s BW,(F) muO)ecTBO saemerToB X € BW(F) Takux, uro b(x) € ,Br(F).
Aerko mpoBeputsb, ¥T0 BW;(F) siBastercss moarpynnoit 8 BW(F), coaeprxammeit i(,Br(F)) (mo
OHa He COBIIAAAET C IMOATpymnmoit 2-kpyderust BW(F)!). 3 Teopemsr MepKypreBa HETPYAHO
BBIBECTU CAEAYIOIIEE YTBEP>KAEHUE.

3.5.8 Cnencteue. I'omomopgpusm C (cm. caedcmeue 3.3.9) undyyupyem usomophpusdm
C: W(F)/I’F — BW,(F).
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3.6 Bbiclume nHBapuaHTbl

Mz1 6yaem oboszuayaTh uepe3 H"F rpymmbr koromoaoruit I'aaya H™(F,Z/2). Mer 3HaeM, 9TO
rHBapuaHTH dim, d ¥ ¢ MO’KHO pacCMaTpMBAThb KaK MHBAPUAHTEI

e": W(F) - H"F
assn=0,1,2 (cm. Teopemy 3.4.23 1 3aMedaHue IOCAE HEE).

3.6.1 Teopema. Assa n < 2 urnsapuarm e™ urOYyyUPYem uU30MopPhu3m
e": I"F/I"'F — H"F,

nPUEeM
ePTi(xy) = €P(x) - e(y)

onap+q <2, x € PF/IPHF x I9F/19F,

Aokaszamenvcmeo. [lepBoe yTBEPKAEHUE SIBASIEETCSI IIePEPOPMYAUPOBKON y>Ke M3BECTHBIX
TeopeM 3.1.2 m 3.5.7. Bropoe HY>KHO IIPOBEPUTH TOABKO AASI P = = 1, @ 3TO CAEAYET U3
upeproxxenuit 3.5.5 u 3.4.24. O

Hamomunm, uro K-Teopueii MunHopa HasbIBaeTcst rpapyupoBarHOoe Koabo KM(F), sapan-
Hoe obpasylomumu {a}, a € F* u coorromenusimu {ab} = {a}+{b} (a,b € F*), {a}- {1—a} =0
(a € F*\ {1}). Vabmvuz crosamu, KM (F) sBasteTcss bakTOpoM TeH30PHO#H aArebpHI Z-MOAYAS
F* 10 ABYCTOPOHHEMY HAE€AAY, IOPOXKAEHHOMY 3AeMeHTaM¥u a ® (1 — a) aas a # 1. Aerko

BuAeTh, uTo Ko(F) = Z, K;(F) = F*. Byaem obosradaTs mpousseaenme {a;} - ...{a,} € KM(F)
vepe3 {aj, ..., An}-
3.6.2 NNlemma. B xoavue KM(F) svinoarers. coomrowenus {a, a} = {a,—1} u{a, b} = —{b, a}

ons ecex a,b € F*.

Aoxaszamenvcmeo. IlockoabKy 1 IBASIETCS HEUTPAABHBEIM 9A€MEHTOM abeaeBoi rpynmsl F*,
mmeem {1,1} = {1,—1} = 0. IIycrs Teneps a # 0,1. Toraa {a,1 —a}=0={a"',1—a '} Us
6uanneitHOCTE caepyeT, 9o {a ', T—a '} = —{a,1—a "} = —{a, =2} = —{a, 1 —a}+{a, —a},
nostomy {a,—a} = 0. Ho —a = %, mosromy {a, a} = {a, —1}. AAs AOKa3aTeABCTBa BTOPOTO
cooTHOWIEHUST 3aMeTuM, 4To {ab, ab} = {a, a} +{b, b} + {a, b} +{b, a} = {a,—1} +{b, -1} +
{a,b} +{b,a} = {ab,—1} +{a, b} + {b, a} = {ab, ab} + {a, b} + {b, a} mo yxe porazanHOMY;
orciopa {a, b} +{b,a} =0. O

3.6.3 Mpumepnr. 1. IIycte F = [Fy. V3BecTHO, 4YTO MYABTUIIAMKATHBHAS I'PYIIa KOHETHOTO
IOAST SIBASIETCSI LIMKAMYECKOi, mosromy KM (Fy) = Z/(q — 1). YMuoxerue B KM(F,)
AAeT HaM CIOPBEKTUBHBIA roMOMOPHOU3IM

F: @z F; — KM(F,).
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* . M x
o Toraa Ky'(Fy) TaxKe sIBASIETCS IUKAMIECKOR C

obpasyrormeit {a, a}. Ho mo aemme 3.6.2 {a, a} = {a, —1}, craro 6bITH, 3Ta obpasyroIast

IIycts a — obpasyromas rpynnst F

UMeEET NOPSAOK 1 mAmM 2. 3HAYUUT, BO BCIKOM CAYUaE,
KY'(Fq) = K (Fy)/2.

BameTuM, UTO ypaBHeHME X* + Y% = a UMeeT HETPUBUAABHOE PEIIeHUe Hap, Fy. Moxxso
cumTaTh, uTo X # 0, Toraa 1 +y?/x* = a/x* u

{(11 _1} - {a/xza _1}

={a/x*, =1} +{a/x*,1 — a/x%}

={a/x*,a/x* =1}

={a/x*,y*/x*}

={a/x*,1}

=0
B rpynne KM (F,)/2, snagur, u 8 KM(F,). [Tostomy KM (F,) = 0 u, caepoBaTeabHO,
KM(F,) = 0 anst Bcex n > 2.

2. Ilycts F = R; Toraa R*/2 = 7Z/2 — nurAmdYeckas Tpymna IopsiAka 2 ¢ obpasyroirei
—1. Bmaunrt, T,,(R*/2) = (Z/2)[t], tae t ={—1}. C pApyroit CTOPOHEI, U3 ABYX 3AEMEH-
TOB @, ] — a XOTS OBI OAWH SBASIETCSI ITOAOKUTEABHBEIM, II09TOMY U3 HET'O U3BAEKAETCS

KBaApaTHLIA KOpeHb B R. DTo 03HayaeT, 94ToO 3AeMeHT a ® (1 — a) SIBASIETCST 2-AeANMBIM
B (R*/2)®2. Tlostomy KM(R)/2 = T;,(R*/2) = (Z/2)[t], tae t = {—1}.

3.6.4 V1Bepxpaenune. ITycmv n > 0. Cywecmsyrom 20MOMOPPHUIMbL

a™: KM(F)/2 — I"F/IMTF,
b™: KM(F)/2 = H"F

maxue, 4Ymo

a"({ay,...,ant = {ar,...,an)
b"({a,1,...,ant=(aj) - (an).
Kpome mozo, zomomoppudm a™ asasemcs cropsexmusHuim. I[Ipoussederue (ar)-----(an,)
8 H*F mut 6ydem obosnanramsd wepes (aj, ..., dn).

Aokaszamenvcmeo. NokaykeM, 4TO A" 1 b" — KOPPEKTHO oIpeAeAeHHBIE oTobparkenusi. Co-
IocTaBA€HEE (aj,...,0,) — (ai,..., Q) IBASIETCS TOAMAMHEAHBIM 0 AeMMe 2.1.4. Popma
2 = (1,1) aexur B IF, nosromy 2I"F/I""'F = 0. Popma ((a,1 — a)) m3oTpomHa, mO3TOMY
oHa skBuBanenTHa 0. OTobparkenue (aj,...,a,) — (ay)----- (a,) IBASIETCSI TIOAMAVHENHBIM
B CHAY OIIPEAEAEHHsS; KPOMe TOro, oueBuAHO, uro 2H"F = 0. Hakoner u3 aemMmer 3.2.23 u
npeanoxxenusi 3.4.24 caeayert, uto (a) - (1 — a) = 0. CIOpbeKTUBHOCTL A™ CAEAYET U3 TOrO,
gro I"F/I"*'F moposxpaercs kaaccamu n-cdopm Iductepa O
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3.6.5 V1Bepxaenne (Munnop). Cywecmeyem omobpastcerue
w: W(F) = KM(F)/2
maxoe, wmo w(q L q') =w(q)w(q’) daa q,q’ € W(F) uw((a)) =1+ {a}. Kpome mozo,

w(((1) —(a)) @@ (1) = (a)) =1+ {=1"""May,...,a,).

Ans q € W(F) sanuwem w(q) = anown(q); 20e wn(q) € KM(F)/2. Kaaccw wy(q)
Hnasviearomca knaccamu Lrndena—Yutun gopma q.

Aoxasameavcmeo. B cuny mpepnroxenust 1.2.15, AAST AOKA3aTEALCTBA CYIIECTBOBAHUS W
AOCTaTOYHO POBEPUTH, 4T0 W({a, b)) = w({a+b,ab(a+Db))) arst Bcex a,b € F*, a+b # 0.
[To ompepenernuo w({a,b)) = (1+{a})(1+{b}) =1+ {ab}+{a,bl m w((a+b,abla+Db))) =
(1 +{a+ b} +{ab(a +b))) = 1+ {ab} + {a + b,ab(a + b)}. OcTraroce 3aMeTUTH, YTO
{a+b,ab(a+b)} ={a+b,—ab} ={a,—ab}+{1+b/a,—ab} = {a, b}+{a+b/a,—b/a} = {a, b}.

[onoxmm (@i, ..., an) == ((1)—{a))® - -®@((1)—(a,)). AAs AOKa3aTeABCTBA HOCAEAHE
dOPMYABI IPOBEAEM KMHAYKIIMIO II0 N. OueBUAHO, YTO

(ar,...,an) = (ar,...,an 1) —anfar, ..., an1).

3HauuT,
w({ar,. .., @) =w({a, ..., a1 Mwlan(ar, ..., an 1))

O6osrasmm X, = {—1P" ' ™a,..., a.). Herpyaro BuAeTH, 4To ecau q € W(F) — mpous-
BOABHAS popMa pasMeEpHOCTH M, a € F* u

=> wi(q) (q) € KM(F)/2.

i>0
TO

w(aq) =Y (1+{a)™ "wi(q).
i>0
[ToaTomy
wlan{(@n, -, an)) =1+ (1 +{ah) 2 Xo.

3HauuT,

_n— 2

w(fa, o, @) = (14X )1+ (1 +{an]) X )
= (14 Xo ) (1 @)™ (1 {an) + X
= (] + Xn1 + {an}zn—z + Xn—1{an}2n_2)” + {an}zn—z + Xn )_1

—1

Bamerny, o {a, 2" ° = {—11" " {a,} (mo remme 3.6.2), orkyaa Xn_i{an )2 =X, 1

w(l{ar, .., @) =1+ Xo(T+{a " "+ Xpg)™
O6ozraunMm A = {a,}*" °, B := X,_;. Toraa
Xnl{an " 4+ Xnq) = AB + AB2 = {—11¥""AB +{-1" "AB =0,
orkypa w({{ar,...,a.)) =1+ X. O

2n72 2n72
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